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Notation

e A ring means a commutative ring with unity.

e n : a positive integer

e m = ¢(n) : the value of the Euler function ¢

G : a cyclic group of order n with a generator oy

Spec B/ Spec A : a G-torsor

¢ : a primitive n-th root of unity

R* : the group of inverse elements in a ring R

Gy,r © the multiplicative group scheme over a ring R

K, g - the group scheme over a ring R of the n-th root of unity
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Chapter 1

Introduction

The aim of this thesis is to determine the torsors for the finite group schemes G, of
order p, which were classified by John Tate and Frans Oort. Roughly speaking, X is
a torsor for G, if X is locally isomorphic to G, with respect to the flat topology
on the base scheme of G .

The concept of torsors has its origin in Galois theory. The ideas of Galois theory
have been developed by many mathematisians such as Newton, Lagrange, Galois,
Kronecker, Artin and Grothendieck. In classical Galois theory, the fundamental re-
sult is the Galois correspondence between the intermidiate fields of a finite Galois
extension K/k and the subgroups of its Galois group Gal(K/k). The Galois corre-
spondence was developed to the one between the intermidiate separable extensions
of k and the closed subgroups of Gal(k**?/k) with the profinite topology. From the
viewpoint of geometry, Galois theory gives the correspondece between the covering
spaces of a topological manifold V' and the foundamental groups of V. Galois theory

for schemes classifies the finite étale coverings of a connected scheme X in terms of



the fundamental group 7 (X). Furthermore, this concept is generalized to the notion
of torsors for group schemes.

The description of torsors can be regarded as the inverse problem of Galois theory
for group schemes. The inverse Galois problem asks whether or not a finite group G
occurs as a Galois group of some extensions K over k. The inverse Galois problem
for schemes asks whether a group scheme G occurs as a torsor over a scheme X.

One of the excellent solutions to the inverse Galois problem is given by Kummer
theory. Let X be a scheme and n a positive integer that is coprime to the characteristic
of the residue field k(z) for all z € X. We denote by G,, x the multiplicative group

scheme over X. We have an exact sequence of abelian sheaves on Xg;
n
1 } /Ln,X ? Gm,X ? Gm,X 17

where the morphism n : G,, x — G, x is given by raising to the n-th power and
M, x 1s its kernel of the morphism n : G,, x — G, x. This is called the Kummer
sequence. If X is a scheme over a strictly local ring A such that n € A is invertible,
then p, x is (noncanonically) isomorphic to the constant sheaf Z/nZ on X. Hence the

Kummer sequence yields the long exact sequence

0 — DX, Z/nZ) — T(X,Gnx) — DX Gux)
— HL(X,Z/nZ) — HL(X,G,.x) SLLIN H. (X, G x)
— H3(X,Z/nZ) —
Note that I'(X, G,, x) = T'(X, 0%) and H} (X, G,, x) = Pic(X). Then we obtain an

exact sequence

0 — (X, 0%)/T(X,0%)" — Hg(X,Z/nZ) — Pic(X)[n] — 0.



In particular, we consider the case that X = Speck, where £ is a field containing a

primitive n-th root ¢ of unity. By Hilbert theorem 90, we get an isomorpism
k()" = Hy (X, Z/nZ),

which explicitly describes the cyclic extensions of degree n over k.

In this thesis, we denote by n a positive integer, by m = ¢(n) the value of the Euler
function and by G a cyclic group of order n with a generator og. Let Spec B/ Spec A
be a G-torsor. We suppose that B is a free A-module. Let { be a primitive n-
th root of unity and I the representation matrix of the action of ¢ on Z[(] by the
multiplication for the standard basis of a Z-module Z™. Then we can define the
canonical G-action on B [z1,...,2m, 1/T[2, xi] by (z1,...,2,)7 = (21,... T )t
and on B by the Galois action. (See Definition 5 for details.) Galois descent theory
for G, 5 yields a group scheme over A, which we call a cyclotomic twisted torus of

degree n and denote it by G(n)4. Then the cyclotomic twisted torus can be written

explicitly:

Assertion 1. (Theorem 3.2.1.) There exist an ideal A given explicitly and G-

wmvariant parameters &y, ..., &, such that

G(n)a = Spec A&y, ..., &l /2.

A cyclotomic twisted torus is canonically isomorphic to the intersection of the
kernel of norm maps. We denote by Resp/4Gy, p the Weil restriction of the group
scheme G,,, g to A. For each positive integer ¢ dividing n, we define B, = B <Ug/é> CB
and denote by Nmy : Resp/ 4G, g — Resp, 4Gy, B, the norm map from B to B,. The

group scheme 7' (n)4 := Ny, Ker(Nmy) C Resp/aGyy p is introduced to cryptologists
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by K. Rubin and A. Silverberg [13, 14]. They pointed out that this group scheme
T (n)4 is a twisted torus. However, it is curious that any explicit expression of such
twisted tori can not be found in literature. Our second assertion is that the group

scheme 7 (n)4 is nothing but the cyclotomic twisted torus G(n).

Assertion 2. (Theorem 3.4.1.) There ezists the canonical isomorphism G(n)a =

T(n)A

Note that the assertion above is relative to consequences by B. Mazur, K. Rubin
and A. Silverberg [9].

We assume that n is greater than or equal to 2. Let p € Z be a prime number with
n|(p—1). By n|(p—1), p is completely decomposed in the number field Q(¢)/Q. We
suppose that prime ideals p lying above p are principal, namely, there exists 6 € Z|[(]
such that p = (0) for each p C Z[(]. By Z[(] C End(G,, ), we can regard 6 as an

endomorphism on G,, 5. Hence we have
1 — Kerf — Gy 5 Gy — 1.
The Galois descent yields an exact sequence
1 —>m—>G(n)Ai>G(n)A—>1, (1.1)

where Ker 6 is the Galois descent of Ker § from B to A. Then we obtain a long exact

sequence as cohomology groups

| — H(X,Kerf) — H'(X,G(n)a) "% HO(X, G(n).)
2 HY(X,Rerf) — H'(X,G(n)a) "% H'(X, G(n)4)
81
o



From the long exact sequence above, T. Sekiguchi and Y. Toda [16] described torsors
for Ker # in terms of the first cohomology group H'(Spec A, Ker 6).
In particular, we consider the case of n = p — 1. Assume that there exists an n-th

root u € Bofb e A. Let B = Afu]. Then T. Sekiguchi and Y. Toda pointed out that

(l‘l‘p,B)G = Ga,b?

where G, is a finite group scheme of order p classified by F. Oort and J. Tate [11].

Note that Ker 6 = p, 5. We have a short exact sequence by the sequence (1.1):
1 — Gap — G(n)a -5 G(n)a — 1,

which we call the Kummer sequence for cyclotomic twisted tori. Then using the exact
sequence above, T. Sekiguchi and Y. Toda described torsors for G, in the paper [16].
We call their consequence Kummer theory for cyclotomic twisted tori in the principal
case.

In this thesis, we consider torsors for the finite group scheme G, of order p. We
need not assume that the prime ideal p is principal. We consider homomorphisms
defined by ideals of the endomorphism ring on G(n)4. T. Sekiguchi and Y. Toda
proved that Z[(] = End(G(n)4) in [16]. Let a C Z[(] be a non-zero ideal. There
exists £,n € Z[(] such that a = (£,n). We define a homomorphism 1, from G(n)a
to G(n)a x G(n)a by the ideal a C Z[(]. We denote by G(n)[a] the kernel of the

homomorphism t,. Then we have the assertion of the order of G(n)4[a]:

Assertion 3. (Theorem 5.1.1) For each unramified ideal a C Z[(], we have

G(n)ala]] = Nmgq/q a.



Note that G(n)ala] is independent of the choice of the generators of the ideal a
(see Lemma 11). We provide the following exact sequence, which plays a key role to

describe torsors. Here, let 6’ be an element of Z[(] such that p = (p,0’).

Assertion 4. (c¢f. Theorem 5.2.1) For p = (p,¢'), there exists a homomorphism

such that the following sequence is exact as sheaves of groups on (Spec B) fiat:

¥p P
m m m m m
1 Ker ¢p Gm,B m,B X m,B Gm,B X Gm,B'

Therefore we obtain the exact sequence
1 — Keryyp, — Gy, g o, Kery — 1.

We will give the defining equations of Keri (see Appendix A.2). Here, we denote
by Ker 1, and Ker the Galois descent of Ker v, and Ker ¢ respectively. The Galois

descent yields the exact sequence
1 — Keryp, — G(n)a o, Kery — 1.

Then we describe torsors for Ker 1), by computing the first cohomology group H'(Spec 4,

Kery,). In particular, when n = p — 1, we have
Ker g, = () = Gay.
Then we get the exact sequence
1= Gop — G(n)a — Kergp — 1,

which we call the Kummer sequence for cyclotomic twisted tori in the general case.
Thus we obtain the description of G, j-torsors in the non-principal case. We call the

consequence above Kummer theory for cyclotomic twisted tori in the general case.
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This thesis consists of five chapters.

In Chapter 2, we give a short review of the Galois descent for affine group schemes
and the Weil restriction.

In Chapter 3, we define the cyclotomic twisted torus. We give its coordinate ring
explicitly and some examples. Finally we prove the second assertion, namely, we give
the canonical isomorphism between G(n)4 and 7 (n)a.

In Chapter 4, we briefly review the description of G ;-torsors by T. Sekiguchi and
Y. Toda [16].

In Chapter 5, we show Assertion 3, which is the claim of the order of the kernel of
a homomorphism defined by an ideal of Z[(] = End G(n)4. Then we prove Assertion
4 and we compute G, p-torsors explicitly using Assertion 4.

As Appendix A.1, we give an elementary proof of a result on a cyclotomic poly-
nomial, which is crucial in our proof of the second assertion. Let n = p{'ps?---pSr
be the factorization of n into prime numbers. For each p;, we set F;(X) = (X" —
1)/(X™P: —1). Then the greatest common divisor of F;’s is obviously the cyclotomic

polynomial ®,(X):

Assertion 5. (Lemma 10, Proposition 15.) There ezist polynomials A;(X) € Z[X]

fori=1,...,r such that ®,(X) =>""_ | A;(X)F;(X).

Note that this fact is already given by N. G. de Bruijn [3] in a completely different
way. At the end of this thesis, we describe the defining equations of the subgroup
scheme Ker ¢ of G} 5 X G 5.

Finally, we add a few comments. L. G. Roberts [12] considers G, -torsors in the

case where the base ring of G, is the ring of integers of a local number field. And



F. Andreatta and C. Gasbarri [2] describe G, p-torsors in the case where the base ring
of the finite group scheme G, is a complete discrete valuation ring of the residue

characteristic p, and b admits a (p — 1)-th root in F,,.



Chapter 2

Preliminaries

In this chapter, we recall the Galois descent for affine group schemes and the Weil
restriction. We give the Galois descent theory in the case of affine group schemes.
Next we define the Weil restriction. We consider the one of an affine group scheme
and give some examples. For details of the faithfully flat descent and the Galois
descent, one can refer to U. Gortz and T. Wedhorn [6] and W. C. Waterhouse [21].
For details of the Weil restriction, one can refer to A. Weil [22], M. Demazur and

P. Gabriel [5] and W. C. Waterhouse [21].

2.1 Galois descent

Let G be a finite group of order n. We let SpecB/SpecA be a G-torsor. We denote
the G-action on B by x — 2 for any x € B and any 0 € G. Then we know that B
is a faithfully flat A-algebra and B has a G-action over A such that ¢ : B®y B =
B@allgA; bt @by — > bibg @ e,, where e, is the element of [, A whose entries

are zero except 1 at o.



Furthermore we suppose that B is a free A-module. Note that if A is a principal
ideal normal domain, then B is automatically a free A-module (see [4], Chap. 5, § 1,
n°® 7, Cor. 2 to Prop. 18). Let {w,...,w,} be a free basis of A-module B. Then
o1 ® w;)) = (wWf)sec. Therefore A = A(wy, ..., wy,) = det(wy);, is an invertible
element of B. Note that B> B¢ :={r € B|2° =2 Vo€ G} = A. Let C and ('
be B-algebras. For any element o € G and any morphism ¢ : Spec C' — Spec C’ over

B, we denote by
o {SpecC’ — Spec C'} X Spec B {SpecB Specs Spec B}

the morphism induced from ¢ by taking the base change Spec B Specy Spec B.
Now let G = Spec C' be an affine group scheme over B. We assume that for any
element o € G, p, : G — G7 is a B-isomorphism of B-group schemes. If these

isomorphisms satisfy the condition
Pl o ps = per Vo,7 €G,

then there exists uniquely, up to isomorphism, a group scheme G, over A such that
Go Xspec 4 Spec B = G. This group scheme Gy is called the Galois descent of G by G.

In fact, Gy is given as follows: For any ¢ € G, we denote the composition C' —
C ®p (0,B) i2NyG again by (p,)* : C'— C. Then this gives a G-action on C, and
the G-invariant subring C% C C yields the Galois descent Gy = Spec C¢ of G. In the
sequel, abusing the terminology, we denote (p,)* simply by o. For an A-algebra C,

we also denote the automorphism ide ®o of C ® 4 B simply by o.
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2.2 Welil restriction

We recall the Weil restriction. An useful tool of “realification” of a complex lin-
ear space is generalized to an operation in the theory of schemes, calling the Weil
restriction.

Let S be a scheme and Sy; be the flat site ((Sch /), cov(Sch /S) ¢,pr). Moreover,

we let X be an S-scheme. For each S-scheme U, we define F(U) by
F(U)=X(U) = Homg (U, X).

Then F is a sheaf on Sy, and it is called representable by X.
Let f : S — T be a morphism of schemes and F a presheaf on Sy. Then we

define a presheaf f,F on T by
(FLF)V) =F(f V) for each T-scheme V.

Here, the presheaf f,F has the restriction maps, which is induced by them for F. We
call f,F the direct image of F under f. Then we immediately check that if F is a

sheaf on S, the direct image f,F is a sheaf on T.

Proposition 1. Let K and k be rings and f : Spec K — Speck a morphism of affine
schemes. Let X be a K-scheme and F the sheaf on (Spec K)g represented by X.

Suppose that the k-module K is projective and finitely generated. Then we have

(1) if X is an affine K-scheme, then the sheaf f.JF on Speck is represented by an

affine k-scheme.

(2) if X a K-scheme and for each finite subset P of X, there exists an affine open
subscheme U of X such that P C U, then the sheaf f.JF on Speck is represented

by a k-scheme.

11



We denote by Resg/, X the scheme representing f,F. We call it the Weil restric-

tion of X to k. Then, by the definition we have
(Resgr X) (L) = X(L x K)
for each k-algebra L.

Example 2. Let ki, ks, ..., kg be d copies of k. We set K = ki X ko X -+ X kq. For
eachi=1,2,...,d, we assign k; the K-algebra structure induced by the i-th canonical
projection p; : K = k% — k. Let u; : Speck — Spec K be the immersion correspond-
ing to p; and we set X; = X Xgpeck (Speck,w;). Then we have the isomorphism

Resg/, X 2 [1, X;.

Example 3. Let K be a finite extension field over k of degree n and a group scheme
X = Spec R over Spec K of finite type. We give the defining equations of Resg , X.

There are oy, o, ..., a, € K such that
K=kai®kay®--- P ka,.

Since X = Spec R is of finite type over K, there exists an ideal (Fy, Fsy, ..., F,.) C

KTy, Ty, ..., Ty such that

R=KT\T,,...,T;/(F, Fs,..., F,).

12



For any k-algebra L, we have the equalities

(Resk, X) (L) = X(L @ K)
= Homg (R, L ®; K)
= Homg (K[T1, To, ..., Tyl /(F1, Fo, ..., F), L @ K)
={Y: K[T\,Ts,..., Ty — L®y K : K-alg. homo. |
V(F(Ty, Ty, ..., Ty)) =0 fori=1,2,...,r}
= {(t1,ta,...,tq) € (L@ K) | Fi(t1,ta,...,t5) =0
foranyi=1,2,...,r},

where we set t; = (1) for each i =1,2,...,d. Note that L ®, K = @_, L ®j ka;.

We set
=11 Qa1 +t12Q@ay+ - +11, Qay

t2:tzl®061+t22®042+"'+t2n®04n

td:tdl®Oé1+td2®0[2+"'+tdn®04n,
where t;j; € L for allt=1,2,...,d and j =1,2,...,n. Fori=1,2,...,7 we define

fij(t) € k[tin, taa, - .« tin, tor, ooy ooy tony - ooy tars taz, - - oy tan)

Fi(ti,ta, ... ta) = fu(t) @ aq + fio(t) @ ag + - - + fin(t) @ .

13



Then we have the equalities

(Resgyn X) (L) = {t = (tij)i; € L™ | fi;(£) =0

fori=1,2,....rand j=1,2,...

= Homkfalgebm(k[w]/(fij(w)7 L)

— Spec(klz]/(f5(2))(L).

Therefore we obtain the following defining equations of Resg , X :

0= f11($11,$12, <oy Tiny 21, X225 -+ 5 20y Ldl, Ld2y - - - ,fdn)
0= f21($11,$127 c ooy Tny L21, X225 -+ 5 L2ny Ldly Ld2y - - - 7$dn)
0= fr1($11,17127 vy X1n, 21, X225 - -+ y X2n, Tdl, Td2, - - - ,xdn)
0= f12($117$127 vy X, 21, L22y « « + y X2ny Td1, Td2, - - - Jdn)
0= fzz(xn,xu,--~7I1n,$21,$22,--~7$2n,$d1,$d2, cee ,$dn)
0= fr2(I117$12, <oy Ty L21, X225 - -+ 5 X2ny Ldl, Ld2sy - - - ;$dn)
0= fln(xlla L1253 T1ny L21, X225+ - -, L2ny Tdl, Ld2, - - - 7$dn)
0= f2n(1’11, T12y -3 T1n; 21, X225+« + 5, L2n,y Tdly Ld2,y - - - 7$dn)
0= frn($11,$12, <oy iny L21, X225 - -+ 5 X205 Ldl, Ld2,y - - - 7$dn)-

Example 4. We have the isomorphism

Resc/r P¢ = ProjR[z, y, z, w]/(z® + y* + 2° — w?).

14



Chapter 3

Cyclotomic twisted tori

We introduce a concept of cyclotomic twisted tori along [8]. It is a main object of
this thesis. We describe the coordinate ring of a cyclotomic twisted torus of degree
n. Furthermore, we prove that the cyclotomic twisted torus is canonically isomorphic
to an intersection of all kernels of norm maps between the Weil restrictions of the

algebraic torus (cf. B. Mazur, K. Rubin and A. Silverberg [9] Remark 5.11).

3.1 Cyclotomic twisted tori

We give the definition of cyclotomic twisted tori of degree n. Let ®,(x) = 2™ +
a1 x™ ' + - + a,, be the cyclotomic polynomial, namely,
)= ] -
ke(z/nZ)*
It is well-known that the coefficients of ®,,(x) are rational integers. In particular, we
can easily see that a,, = 1. We take {1,(,(?,...,(™ '} as a Z-basis of Z[(]. Now we

consider the representation of ¢ with respect to the standard Z-basis of a Z-module

15



7.
(1,¢,¢%...,¢™ )¢

= (¢, M g — A (= — (M)
00 -+ 0 —ap
10 --- 0 — Q-1

= (LC?CQV"?Cm_l) o1 --- 0 —Am—2
0 0 1 —Qaq

and

(1,6, ¢ ¢!

= (—po1 — Qo — - —ar (" = ("L ()
4y 10 -0
4y 001 - 0
=(1,¢,¢% ¢
—a; 00 1
—1 00 0

00 0 —a,
1 0 0 —Um—1
I'=10 1 0 —a, o
00 - 1 —a

16



and

—y1 10 - 0
—lyyy 01 -+ 0
I =
—a; 00 - 1
-1 00 0
respectively.
In general, for k,¢ € Z, any vector @ = (r1,%s,...,2;) and any matrix M =

(mi;) € Mgy(Z), we define the vector £ obtained by raising to the power of the

matrix M by
k k k
M _ mj1 mg;2 mjy
r = ij vH“"j H% -
j=1 j=1 j=1

Now we consider the algebraic torus

1
G, p = Spec B [331,3:2, e T, m—]

[Tim) @

over B. It is well-known that Aut(G%) = GL,,(Z). We define an action of G on G,

by )
Blxy, xa, ..o T, 1/ T 4] 2 Blay, 2y ., Ty, /T, @il
90z = (21,%2,...,Tm) — 270 = (29,...,29) =2l
be B — 70,

\

Definition 5. The Galois descent of Gy, g by G 1is called a cyclotomic twisted torus

of degree n and denoted by G(n)4:

1

G(n)s = G™ ,/G = Spec B e Ty
(n)A m,B/ pec L1, T2, y L Hizl 7

17



3.2 The coordinate ring of a cyclotomic twisted

torus

We suppose that B is free over A of rankn. Let B=A-w;+---+A-w, and G(n), =
G
Spec B [xl, T2,y T,y H%m] be the cyclotomic twisted torus as Section 3.1.
Now we define the elements & € B[z, xa, ..., &m, 1/ [[1=, @] fori=1,...,n by

& = Zw;’x‘l’

oceG

Then since A = A(wy,...,w,) = det(w?);, is invertible in B, the linear equations

above can be solved in z{’s over B:

xifé = fir1(&1,---,6n) € ZB@‘ for i=0,....,n—1
=1

m—+i—1

For each i = 1,...,n — m, we set z7° = gt ... gAmi o Note that Ay =
—am,A21 = —Qm—1,--- 7Am1 = —1and Aij €.
1
Now we prepare more notation. For any integer a, we set o’ := §(|a| —a) and
1
a’ = 5(\@] + a). Then we define some equations in B[y, ..., &,
A/ X A/ . A/ . A//‘ A//. A// .
Fi(&, o &) = fa 0V S22 ™ = [ ™

fori=1,...,n—m.
For each polynomial F' € B¢, ..., &,], we denote the isotropic subgroup at F' by

Gp:={0 € G| F° =F} C G. Under these notation, we have the theorem:

Theorem 3.2.1. The coordinate ring of the cyclotomic twisted torus G(n), is de-

scribed as
G

= A[gla s 7671]/%7



where the ideal A 1s generated by
Fki = Z (kai)a
EEG/kaFi

fork=1,...,nandi=0,...,n—m — 1.

Proof. First, we check the equality

n—1

B [ml,xfo,...,xif" } = Blry,...,xm, 1/ (21 20)].

n—1

Since B [xbxffo, AL } is G-stable, we have only to check that 1/x; belong to
it. Note that End(Gy, 5) = M,,(Z), and the correspondence Z[(] — M,,(Z) defined
by SpZo et s STR70 e I* is an injective ring homomorphism. Since ZZ;S ¢k =0,

we have S IF = O € M,,(Z) and Y} — 0k =0 € End(G}, ). Then we have the

n—1

. 0'2 g — o .
equality 27°27° ---27° = x]'. Hence we have the equalities

n—1

B |z, 27°,...,27° ] = Blry,...,xm, /(21 x)] = Bl&, - .-, &l

In the ring Blzy, @2, ..., Tm, 1/ [[;o, zi], the ideals (Fy,..., F,_,—1) and ({sz |
k=1,...,n;i=0,...,n—m — 1}) are equal to each other. We denote by 2 these

ideals. Therefore we see that

1
H?il Li

B lxy,xo,..., 2,

} >~ Bl&y, ..., &]/(AB[&, . .. &)])

and
1

H:il i

Note that we recognize &;’s as variables. Since B is faithfully flat over A and

(A[fl,,fn]/%) ®AB =B |:IL'1,ZE2,...,.Tm,

(A[&1, .., &]/A) ®a B = Blwy,@a, ..., xm, 1/ [[12, x:] is flat over B, we know that
Al&, ..., &)/ is flat over A. Hence from the exact sequence
0 — A=Ker(op—id) — B T Im(op —id) — 0,

19



we have the exact sequence

0 — (A[g]/A) @4 A — (A[€]/A) @4 B
4O Ale) /) @ 4 (o — id) — 0,

where £ = (&1, ...,&,). Note that Im(og —id) C B and (A[{]/2) ®4 Im(og — id) C

(A[¢]/A) ®4 B. This implies that

G

L — A6, 6]/

| J

B |xy,x0,..., 2y,

]
3.3 Example
In this section, we provide some examples of cyclotomic twisted tori.
Example 6. Suppose that n = p® is a power of a prime number p. Then m = ¢(n) =
peil(p - 1);
D (X) =@y (XP ) = X" X o XY

and

1 if k=ip!

ap —

0 otherwise,
wherek =1,... mandi=1,...,p—1. Hence we have x;fgl = xl_lx(_pl_mpe,lﬂ - -:1:1;1,1+1
and

Blay, ... &, /(21 -2,,)]9 = Aléy. ..., 6]/,

where



Example 7. Let B =Fw, A=F; and n = 6. Then m = ¢(n) = 2 and $¢(X) =
X2 — X + 1. Note that Fre = F7[X]/(X® — 3) and we set « = X € Fr. Then
Fro =F7-1+F7;-a+---+F;-a° Let og(x) =27 for any x € Fre. In this case, we

obtain

I =
1 1

3
— g —
and xJ° = x4, 25° = x7 'wy. Therefore we have x7° = z7* and

Fro[w1, 29,1/ (2122)]% = Fr[€y, ..., &] /2.
Here

-1 -1 -1 -1
Sil=a1+ 2o+ T2+ + Ty X1,

& = axy + 3axs + 2ax1_1y — ole_l — 3ay_1 — 2@1‘11‘2_1

2 2 2, 1 2, 1 2,1 ~1
3 =a1 + 2071y — 30T w2 — x4+ 20T, — 3a2r17,

3 1 3

& = or) — Pag + oPr ey — oBaTt + olryt — afryayt

3

& = otz — 304wy + 20dx] twy — ofayt — 3’2yt — 20ty

5 5 5,1 5,1 5,1 ~1
£ = a’ry — 20°7r9 — 3a°r] w9 — x4+ 30z, + 1175

1 = fi = =& 4 20°6 + 20265 + 203¢, + 20265 + 20
270 = fo = =& + 306 + o'& — 2078 — 3078 — ads
2{0 = fs = =& + 0’6 — 3’6 + 2078 + P& — 3o
210 = fi = =& — 20°& + 208 — 20 + 20785 — 20
210 = f5 = =& — 30°& + o'y + 2078 — 3085 + o

0.5
270 = fo = —& — o’ — 3a'EG — 20°E + &5 + 3

21



and

Fi=fsfi — fa, Fo=fufi—1

Fs=fsfo—1, Fy= fefa — 1.

Note that ng =Fy, FY° = F3 and Gg, = G2y, = Gosr, = (03). Hence we have

51:Z(ai_1F1)” for i=1,...,6

ceG

Flg - Z FQO—
o€G/{cd)

FQQ = Z(CYFQ)J =0
ceG

Fgg = Z (O{2F2>J
o€G/{(cd)

F42 = Z(&SFQ)U =0
ceG

F52 = Z (064F2)0
O’EG/<O’8>

and

A= ({Fir, Fro, Fio, Fso | i = 1,...,6}).

3.4 A cyclotomic twisted torus as kernel of norm
maps

In this section, we prove that we can regard the cyclic twisted torus as the intersection
of all kernels of norm maps between the Weil restrictions of the algebraic torus.

The theorem in this section indicates the generalization of discussions on twisting
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commutative algebraic groups in [9]. In [9], B. Mazur, K. Rubin and A. Silverberg
consider twists of commutative algebraic groups over a field. The following theorem
gives a example of their consequences over a ring.

For each positive integer ¢ dividing n, we set G, = <03/K> C G and B, = B% C B.
For any group scheme G over B, we denote by Resp/4 G the Weil restriction of G to

over A. For each positive integer ¢ with ¢|n, let
ng . RGSB/A Gm,B — ReSBg/A Gm,Bg

be the norm map from B to By. We define the subgroup scheme 7 (n) 4 of Resp/a Gy, 5

by the intersection of all kernels of norm maps:

T(H)A = Ker (ng)gm . ResB/A (Gmﬁ) — HResBe/A (Gm,BZ)
ln

The follwing theorem is our main result of this section.

Theorem 3.4.1. The cyclotomic twisted torus G(n)a is canonically isomorphic to

the group scheme T (n)a over A:

Though the way of B. Mazur, K. Rubin and A. Silverberg in [9] makes a proof of

this theorem easier, we provide another one (cf. B. Mazur, et al. [9] Remark 5.11).

Proof. Let C' be any A-algebra. We will define a functorial group isomorphism p(C') :

G(n)a(C) = T(n)a(C). Note that
G(n)a = Spec Blx1, ..., Tm, 1/(z1 - 2,)]¢

and

Blzy, ... xm, 1/ (21 - --xm)]G ®a4B=Blry,...,xm, 1/(x12p)]

23



Therefore we have a correspondence

G(n)a(C) = Homy (Blz1, ..., Tp, 1/ (21 - -xm)]G,C’)
C Homp (B[xl,...,:vm, 1/(z1-2,)]¢ ®4 B, C ®4 B)
= Homgp(B[z1,...,2m, /(21 2)],C @4 B);

We define a G-action on Hompg(B|x1, ..., Zpm, 1/(z1 - 2)], C®4B) by ¥7 := (id¢ ®0)o
Yoo ! for any ¢ € Homp(B[zy,...,2m,1/(21- 2m)],C @4 B). By this G-action,

we obtain the Lemma:

Lemma 8. We have the equality

(Homp(B[x1, ..., 2m, /(21 2m)],C @4 B)°

= Homy (Blz1, ..., Tm, 1/ (21 2,)]%, C).

In fact, if ©» € Hompg(B[x1,...,2m, 1/(x1- - 2,)],C @4 B) is of the type ¢ =
¢ ® idp for some ¢ € Homy (Blz1, ..., Tp, 1/(z1 - 2,,)]%, C), then ¥ = g o9 o
ol = g0 (p®idg)o™! = (ide®0o)(p @ idp)(id®o™!) = ¢ ® idg = . Con-
Blwy, ... 2w, 1/ (21 2m)]¢ — C ®,4 B satisfies opo™! = op = ¢. Therefore we
have Im(p) € C = (C ®4 B)“. Since ¢ is B-algebra homomorphism, we have

1 = p ®id, which proves Lemma 8.
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Moreover we define an action of G = {g¢) on ((C'®4 B)*)™ by

(Ugy ooy U)® = (U], ..., us?)

= (ide ®00) (u1, - - ., )"

= (ldc ®0.0)(u1—1u2_‘1m*1 e ur_nal y UL, U2y - - 7um—1)
for (uy,...,um) € ((C ®4 B)*)™. Then we obtain

Lemma 9. The canonical correspondence

Homp(B[z1, ..., &m, 1/(x1- - 2m)],C ®a B) — ((C®aB)*)"
¢ = (@D(C{}l),,@b(ﬁm))

18 G-equivariant.

In fact, for ¢» € Homp(Blz1,...,Tm, /(21 2,)],C ®4 B), we have

(ide ®a0) 0o 0t = (ide ®a0)(vog (1), - .-, 105 (2m))
= (ide ®@o0) (21, . - -, Tm)!
= (ide ®o0) (W (1), -, lam)
= (W(x1), -, (@)™,

which gives the proof of Lemma 9.

By using these lemmas, we obtain the canonical correspondence

G(n)a(C) = (((C @4 B)*)™)".
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Furthermore, for any u = (u1,...,uy) € ((C ®4 B)*)™, we have the equivalences

-1

u is G-invariant <= (id¢ ®0o)u’  =u
(
. —Am—1_ —Qm—2 —a —1 —
(ide ®00) (uy U U Uy ) = U
=
(ide ®og)u; = ujyq for i=1,..., m—1
\
(
My (=1 —1)
u’=uy1 (I=1,...,m
—
u}+amf1ao+-~+a106”71+06” -1
\
(
Ut = (1=1 m—1)
1 — W41 — Ly
=
>
uln(UO) - ]_.
\

Therefore we have the canonical isomorphism
Respja (G,) (C)
|
(C®4 B)*
U
G(n)a(C) = (C®aB) )" = {u|u™ =1}
(Up, U, ooy Upy) uy.
On the other hand, let n = pi'p5* - - - pS be the prime decomposition of n. We set

n; = n/p; and

Xn—1
X — 1

fori =1,...,r. Wereadily see that (F1(X),..., F.(X)) = ®,(X). By the transitivity

of the norm maps, we have



and for any u € (C ®4 B)*

pi—1
kn;

Nmm (u) _ H w0 - = o Fi(o0)
k=0
fort=1,...,r. Therefore we have the inclusion

{u | u®n(o0) = 1} CT(n)a(C).

To prove the converse relation, we will use the following lemma, whose proof can
be seen in N. G. de Bruijn [3]. However in Appendix A.1 to this thesis, we will
give an elementary proof of it. According to Lemma 10 or Proposition 15, there
exist polynomials A;(X),...,A,.(X) with integral coefficients such that &,(X) =

Yor_y Ai(X)Fi(X). Hence for any v € 7 (n)a(C), we have
p®n(00) — 2 2i=1 Ail00)Fi(o0)
= H (sz'(ffo))Ai("(’) =1
and v € {u | u® 70 =1}, O

Lemma 10. There exist polynomials A1(X), ..., A.(X) with integral coefficients such

that ©,(X) = S, Aj(X)Fy(X).

Proof. See Appendix A.1 in this thesis. O
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Chapter 4

Review : Torsors for G, in the

case of principal ideals

In this chapter, we review the description of torsors for G,;, by T. Sekiguchi and
Y. Toda [16] in the case of the principal ideals.

Suppose that n is a positive integer with n > 2. Let p € Z be a prime number
with n|(p — 1). Note that p > 3. We assume that A is a local ring. We consider the
number field Q(¢)/Q of degree m = ¢(n). By n|(p — 1), p is completely decomposed
in Q(¢), namely, (p) = pp1---Pm_1. Suppose that the ideal p is principal in this
section. Let 6 € Z[(] with () = p.

We recall the definition of the vector & obtained by raising to the power of the
matrix M:

k k k
M = (H SN || ES Hx?”)
j=1 j=1 j=1
for k,{ € Z, any vector & = (x1,x,...,7x) and any matrix M = (m;;) € My ,(Z)

(see Section 3.1).
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We denote by I the representing matrix of ( with respect to the standard basis of

a Z-module Z™. (See Section 3.1.) Then we have an exact sequence
1—>Ker0—>@$’Bi>(Gﬂ’B—>1, (4.1)

where we regard ¢ as an endomorphism on G} 5 by Z[¢] C End(Gy; ) (see Section 3.2

or [8]). The morphism 6 is precisely defined by
O(u) = u’)

where 0(1I) is the representing matrix of § with respect to the standard basis of Z™.
Note that det §(1) = p. We denote by G(n)4 the Galois descent of Gy, 5 from B to
A, called a cyclotomic twisted torus. See Chapter 3 or [8] for details. The Galois

descent yields an exact sequence
1 — Ker) — G(n)a N G(n)a — 1,

where Ker 6 is the Galois descent of Ker @ from B to A. Therefore we get the following

long exact sequence as cohomology groups on X = (Spec A) fiqt

1 — HY(X,Kerf) — HO(X,G(n)a) % HO(X,G(n)4)

2 Hy(X,Ker) — HY(X, G(n)a) % HY(X, G(n),)

al
—_ e e

Thus we have the non-canonical isomorphism
1/ v War ) o 0 H(0) 10
Hj (X, Ker 6) = Coker[Hg(X,G(n)4) — Hy(X,G(n)4)]
(4.2)

x Ker[HY(X, G(n)4) " HL(X, G(n)a)].

Let n = p{'p5? -+ - p& be the factorization of n into prime numbers. T. Sekiguchi

and Y. Toda [16] computed the first cohomology group Hg(X, G(n)4) by a cyclotomic
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resolution

1 — G(n)a — Resp/a G B 2, H (Resp,ja Gm,5,)
i=1

5t 52
(ReSBioil/A Gm,Bioil) T

1<ig<i1 <1
57'71
— RGSBIZ.‘T/A Gm,Blgmr — 1,
n <o M0 s > . . .
where n;;,...., = —  and B, ;,...;, = B for integers 0 < 7y < i <
DiyPiy * - - Pis
- <1y < r. Then we have the short exact sequence

1 — G(n)a — Resp/a Gy 5 AN Kerdo! — 1.

Then we have the long exact sequence

0
1 — HY(X,G(n)a) — HY(X,Resp/a Gpp) — HY(X, Ker6")

2 HY(X, G(n) 1) — HA(X, Respa Gy ) = 0.
Therefore there is the canonical isomorphism

0
H(X,G(n)a) = Coker |Hj(X,Resp/a G, p) g H) (X, Kerd')| .

We have the explicit correspondence in the isomorphism above as follows: for any
5 € Coker |H}(X, Resp/a G, p) 2 Hi (X, Kerd') [, s*(Resp/a G, p), which is the
pull-back of Resp 4 G, p by s: X — Kerd', is in Hg(X, G(n)a).

Since we explicitly give the correspondence in the isomorphism (4.2) in [16], we
provide (Ker#)-torsors in terms of the cohomology groups of G(n),. In the case
of n = p— 1, we get G,p-torsors under the assumption that the ideal p C Z[(] is
principal.

In fact, let Spec A, be the base scheme of Spec A and Spec B, where

g
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Note that ¢ is a primitive (p — 1)-st root of unity in the ring Z, of p-adic integers.
First, we explain the Oort-Tate group schemes G, ;. F. Oort and J. Tate completely
classified the finite A-group schemes of order p. Let (M, a,b) be a tuple consisting of
a projective A-module M of rank one together with a € M®®~1 and b € M®1-P)
satisfying a ® b = w,, where w, is the product of p and an invertible element of A,.

The finite group scheme corresponding to (A4, a,b) is given by
Gap = Spec(Alz]/ (2P — ax))

with the comultiplication
) p =L
m*(x) =w®1+1®x—E;U(z)xz®x7’ Y
where U (i) is an invertible element of A.

Now, we describe G, p-torsors in the case where the ideal p is principal i.e. p = (0)
for some 0 € Z[(]. We assume that B = A[u], where we denote by u an n-th root of
a non-zero divisor b € A. In other words, we assume that there exists an n-th root
u € B of a non-zero divisor b € A. From the exact sequence (4.1), we have an exact

sequence

1—>,u,p,B—>GmBi>GmB—>1.

Note that deg 6 = p. The Galois descent makes it the exact sequence
1 — (#,5)" — G(n)a = G(n)a — 1.
T. Sekiguchi and Y. Toda confirmed that

(HP’B>G = Gavb
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by choosing suitable elements a,b € A in [16]. Therefore we obtain the Kummer

sequence for the cyclotomic twisted torus G(n)a:

1 — Gop — G(n)a LN G(n)a — 1.

Then we have a long exact sequence

1 — H(X, Gap) — HY(X,G(n)4) % HY(X, G(n).)
2 HY(X, Gap) — HY(X, G(n)4) % HY(X, G(n))
81

— 5 e
We have the explicit correspondence in the noncanonical isomorphism
Hi (X, Gap) = Coker H°(0) x Ker H'(6) :

for any g € Coker H(0) and any s*(Resp/a G, 5) € Ker H'(6), we have the commu-
tative diagram

p ({1} x X) —— s*(Resp/aGmp) —— 0.5*(Resp/a Gy, )
X _ —— X

_ —— X-
Note that 0,s*(Resp/a Gnp) = G(n)a x X and . (p7' ({1} x X)) = s*(Resg/a Gum,B).
See [16] for details.

Furthermore G,p, G(n)sa and G(n)s act on p~'({1} x X),
s*(Resp/a Gp,p) and 0,s5*(Resp/a G, p) respectively. Then we have

0%+ p~ ' ({1} x X) € Hy(X, Gap),

where the operation “+” is on H§(X, Gayp)-
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Chapter 5

G, p-torsors in the general

conditions

In this chapter, we introduce Kummer theory for cyclotomic twisted tori in the general
case along [7]. This is the main chapter in this thesis. First, we consider the homo-
morphisms defined by ideals of End(G(n)). Second, we provide the exact sequence
inducing the Kummer sequence for cyclotomic twisted tori in the non-principal case.

Finally, we describe torsors for G, in the general case.

5.1 Homomorphisms defined by ideals of End(G(n) )

Suppose that n is an integer with n > 2. Let p € Z be prime with n|(p—1). We provide
the claim of an order of the kernel of a homomorphism on G(n), corresponding to
an ideal in Z[¢]. This plays a key role when we consider finite subgroup schemes of
the cyclotomic twisted torus.

Let a C Z[¢] be a non-zero ideal. It is well-known that there exist £,n € Z[(]
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such that a = (&, 7). Note that Z[(] = End(G(n)a) (see [16] Theorem 4.1). We
denote by I the representing matrix of ( with respect to the standard Z-basis of
Z™ (see Section 3.1). We define a homomorphism ¢, : G(n)a — G(n)s x G(n)a

corresponding to the ideal a = (£, n) by

Vo) = (wf(f)’mn(f))

Y

where £(I) and n([) are the representing matrixes of £ and 7 respectively. For sim-

67

plicity, we may denote a vector ) obtained by raising to the power of a matrix

a(I) by x* for any « € Z[(]. We set G(n)ala] = Ker(¢y : G(n)a — G(n)a x G(n)a).
The following lemma indicates that this construction of G(n)[a] is independent of

the choice of the generators of a.

Lemma 11. Suppose that an ideal a admits a pair of generators

a=(&n) =0
Then we have
G(n)al(§,m)] = G(n)al(€, n)]-
Proof. 1t suffices to show that G(n)a[(§,n)] D G(n)al(¢,n')]. Fix a local section

x € G(n)al(¢,n')]. Therefore the local section x satisfies 1 = ¢ = x”. By the

mp My
assumption, there is the matrix M = € GL2(Z[(]) such that
ms3 My
my M2 § ¢
ms My n n

Then we have
pME — pmen

" = T,
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Hence we get the equalities

pmmag — g —maman

= ($7m477)m2
— (:cm35)m2
— prmems
myi1 Mo
Since det € Z[(]*, we obtain ¢ = 1. Similarly, we have " = 1. O
ms 1My

Theorem 5.1.1. For each unramified ideal a C Z[(], we have
G(n)ala]| = Nmg()/q a.

Proof. If two unramified ideals a and b are coprime, we easily see that G(n)4[ab] =
G(n)ala] © G(n)4[b]. Hence we may assume that a = p*, where p is an unramified
prime ideal and ¢ € Z. Let p € Z be a prime number with (p) = Z N p. There exists
6 € Z[¢] such that p = (p, §). Then we have p* = (p*, 6°) by the factorization into
prime ideals. Let f € Z be the degree of p i.e. f = [Z[(]/p : Z/pZ]. Therefore, we
obtain Nmgj/q p* = p’*.

In the rest of the proof, we see that |G(n)a[p‘]] = p’* by induction on ¢. It suffices
to check that the p-part of Z[(]/0°Z[(] is isomorphic to (Z/p*Z)’. In the case of £ = 1,

since p is lying above p we have the isomorphisms

(Z[C]/0ZIC))y = ZIC]/p

:Ff

p

f
= @Z/pZ as Z/pZ-modules,
i=1
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where we denote the p-part of Z[(]/0Z[(] by (Z[¢]/0Z[(]),. Suppose that our claim is

true for ¢, namely, we have

(Z[S)/0°ZIC)), = (2 /1" ).

Note that we have the isomorphism

(Z[C]/6°ZIC)), = ZIC) /p°
in the same way as above. We get the exact sequence
0 — p’/p™ — ZIC) /o > Z[]/p" — 0.

Let ¢; = (0,...,1,...,0) € (Z/p'Z) fori = 1,..., f. Then we have the isomorphism
!

ZC) /v = P2 /v L)

i=1
Let & € Z[C]/p™! satisfying (&) = x; for i = 1,..., f. Hence we obtain a ba-
sis {[x1],...,[@y]} of Z[(]/p = F,s, where [x;]’s are the images of Z;’s under the
isomorphism (Z[¢]/p")/(p/p")>Z[¢]/p = F,s. Since Z[(]/p" is an Artin local ring,
all x;’s are in (Z[(]/p%)*. Therefore since x; = 7(&;), we have & € (Z[¢]/p™1)* for
any ¢ = 1,...,f. We take any ay,...,ay € Z satisfying W(Z{:l a;&;) = 0. Since
xy,...,x; are generators of Z[C]/p%, a1 = --- = ay € p'Z. On the other hand, we

have the equivalences
a& =0 in Z[(]/p"™ <= vp(a&) > 0+ 1
— pa.

In fact, the first equivalence is true by the definition of a p-exponent. We know that

vp(a&;) = vp(a) + vp(&;). Since a € Z and (p) = Z N p, we have vy(a) = vy(a). Since
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& € (Z[C)/p™Y)*, vp(&) = 0. Therefore we get v,(a&;) = v,(a) > ¢+ 1 by which we
check the last equivalence. Let Z[(], be the local ring of Z[(] at p and t a generator

of the maximal ideal pZ[(],. Then we have the isomorphisms
b /ot = (Z(C) ) as Z[C]/p-modules
/
> pr(z/péﬂ)gi
i=1
f
= GB Fpéi as F,-modules
i=1

~F,;.

Note that Zlf:l(Z/p”lZ)fi C Z[¢]/p™t. We see that the homomorphism 7 re-
stricted to 327 (Z/p"t1Z)¢; is surjective. In fact, we have the isomorphism Z[¢]/p’ 2
(Z)p'Z)x1®- - D (Z)p* L)) as Z/p*Z-modules. Let ayxy +---+ayx; be fixed. Since
the map Z/p™'Z — Z/p'Z is surjective, there is a; such that its image is a; for
each i = 1,...f. Thus (321, a;&) = 2/, a;x;, as desired. Therefore we have a

commutative diagram

0 — pf/p™ ——  Z[/p —— Z[(/p —— 0

| T H

0 — By —— SLEMMDG — ZI/ — 0.
By the snake lemma, we have Z[(]/p*™! = Zlf:l(Z/pE“Z)@, which completes the

proof.
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5.2 The key exact sequence for calculating G, ;-

torsors

Here we show an exact sequence, which induces the short exact sequence like the
Kummer sequence. This will play a key role to consider G p-torsors in terms of the
first cohomology group of G, in Section 5.3.

Suppose that n is an integer with n > 2. Let p € Z be a prime number with
n|(p — 1) and hence p > 3. We consider an algebraic number field Q(¢)/Q. Let
p C Z[C] be one of the prime ideals lying above p € Z. We know that there exists

0 € Z[C] such that p = (p,#). Then we have the theorem for the key exact sequence:

Theorem 5.2.1. For the ideal p = (p,0) above, we can choose a homomorphism

such that the following sequence is exact as sheaves of groups on (Spec B) fiat:
m TZ)p m m w m m
1 S Kel”’wp e Gm,B e Gm,B X Gm,B e Gm,B X Gm,B’
where we set Yy(x) = (P, 2%) and P(u,v) = (W=, v’ v=).

First, we explain the morphisms v, and 1 in the theorem above. Recall the
definition of a homomorphism ), corresponding to the ideal a C Z[(] in Section

5, 5.1. Then we have the morphism
Vp(x) = (2", 2"D),

where E,, is the identity element of M,,(Z) , I the representing matrix of { with
respect to the standard basis of a Z-module Z™ and 6(I) the representing matrix of

6.
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Now we give the definition of the morphism 1. We have
(P) = PP1-- Pt

(0) = vt a7
by the factorization into prime ideals with p; + q; = (1) for any i = 1,.

..,m—1and

j=1,...,7. We denote an uniformizing parameter at a prime ideal q by x4 € Z[(],.

By the approximation theorem, there exists a € Q[(] such that

;

\

Upi(a - wpi) > 2

vg(a) >0

vy (@ =1 +ag) >e;+1 (j

(9 # pi, q;),

where v4 is a g-exponent for each prime ideal q. Then we easily see that o belongs

to Z|[(] satisfying a € py -+ p1 = (p)p~'. There exists an ideal a to be coprime to

all p; and q; such that (a) = p; - - - p,_1a. Moreover for each prime ideal q;, we have

the equations

o =1—xq + (terms of higher degree in ;).

Then there exists an ideal b to be coprime to all p; and q; such that (1 — «)

q7* - -+ g b. We have the equation

(p(1 =) =pp1- - Pmrdy’ - - a;b.
Note that b is coprime to p by 1 — a € (6)p~'. And we have the equality (fc)

pPP1 - Pmo195" - g5 a. Note that the ideal a satisfies that (p,a)

(b,a) =1 by

l1—a € (0)p~'. Hence we see that O € ppy -+ pp_1 = (p) and p(1—a) € pqt -+ - g =

(0). Then there exists 3 € Z[(] such that v = pf and o/ € Z[(] such that p(1 —«)

Oa’. We set ' =1 — a. We define a morphism 1 by

D, v) = (Do) yf Dy=a'(D),
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where «(I),3(I),a/(I) and ('(I) are the repsresenting matrixes of «,3,a’ and [’
respectively.

Second, we give a proof of Theorem 5.2.1.

Proof. It suffices to show that Im 1, = Kert. By the definitions of homomorphisms
1y and 9, we immediately see that Im, C Kere. Conversely, for any B-algebra R,
let a local section (u,v) € Ker[tr : (G g x G}y 5)(R) — G, 5 x G}y 5)(R)] be fixed.
Since G, g is a sheaf of group on the flat topology, we choose x € G,, p(R') such
that & = u for some suitable flat extension R’ of R. Then we have zPv= = 1 and

PP v~ = 1. Since o = pf and pf’ = 6a’, we get

v O‘_
(E) =1

) -

v ’ .
We set £ = —. Hence we have {* =1 =¢%. Since we know that
T

(a) =P Pmaa

(@) =pr1--Pm-ib,

we have
(@, @) =p1-Pr1 DPP1-Pmr = (D).

There exist x,y € Z|[(] such that p = za + ya’. Then we have & = 1, since £* =
¢ = 1. We easily see that (6) + (a) = 1. Then there exist z,w € Z[¢] such that
0z + aw = 1. Hence we get & = 95T = €92 Therefore, we have equations

u=a’ = (o)

v=¢a’ = ().
This completes the proof. n
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5.3 On the general G, ;-torsors

In this section, we provide the description of G, p-torsors in terms of elements in the
first cohomology group of G(n)4 in the case of non-principal ideals.

Let p € Z be a prime number with p > 3. We let n = p — 1. Let p C Z[(]
be an ideal lying above p. We assume that A is a local ring. Now we describe the
G p-torsors in the general case. In this section, we do not assume that the ideal p
is principal. Suppose that B = A[u], where u is an n-th root of a non-zero divisor

b € A. By Theorem 5.2.1, we have the exact sequence
L= iy — Gy 2 Ker(: G X G — G x G ) — 1. (5.1)

We will give the defining equations of Ker v explicitly in Appendix A.2.

The Galois descent for the exact sequence (5.1) yields an exact sequence
1 — Gop — G(n)a e, Kery — 1,

where Ker ) is the Galois descent of Kervy to A. We call the exact sequence above
the Kummer sequence for cyclotomic twisted tori in the general case. Then we have

a long exact sequence as cohomology groups on Xy = (SpecA) fiq

°(vp)

0 — HJ(X,Gay) — HY(X,G(n)a) —2 HY(X,Ker )

1 -
PHY(X, Gay) — HY(X,G(n) ) —% HY(X, Ker o)
81
% o o o .

We have the noncanonical isomorphism
1 ~ 0 HWp) 10/ v Team T
Hi (X, Gup) = Coker |Hg(X,G(n)a) — Hy(X, Ker))

x Ker [HE(X, G(n)a) Hl ) Hi(X,Kerv)| .
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The explicit correspondence on the isomorphism above is obtained as follows: for any

g € Coker {HE(X, G(n)a) ") 1O (X, Ker@b)}

and any

s*(Resp/a Gy B) € Ker [HE(X, G(n)a) H () Hi (X, Ker 2/1)]

(see Section 4), we have the commutative diagram

p ({1} x X) —— s*(Resp/a Gp) —— Ypes*(Resp/a G )

! | !

X = X = X.
Note that ¢y.s*(Resp/a G p) = Kertp x X and ¢, (p~ ({1} x X)) = s*(Resp/a Gy, p)
(cf. See [16] for details). Furthermore G, G(n)4 and Kert act on p~'({1} x X),

s*(Resp/a G p) and 1y.s*(Resp/a Gy, 5) respectively. Then we have
g+ p ({1} x X) € HY(X, Gup),

where the operation “+” is on Hj (X, Gop).
The discussion above can be generalized to the case of n|(p — 1). In other words,

we have torsors for Ker ).
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Appendix A

A.1 On the cyclotomic polynomial

In this section, we prove that for each positive integer n the cyclotomic polynomial
®,,(X) can be written down as a linear combination of F;(X) over Z[X]. There are
two key facts in our proof. The first one is the well-known fact that ONQ = Z, where
O is the set of algebraic integers. The second one is Newton’s interpolation formula.

We summarize these things as the following three lemmas to prove our main result.

Lemma 12. Suppose that a,...,on € O. Let f(X) = ap + a1(X — o) + az(X —
a)(X —ag)+ -+ a, (X —ap) - (X — a,_1) and b; the coefficients of X' of f(X)
for each v = 0,1,...,n. Then all a; belong to the set of algebraic integers O if and

only if all b; belong to the set of algebraic integers O.
Proof. Assume that by, ..., b, belong to O@. Dividing f(X) by X — ay we have
F(X) ={a1 + ax(X — 1) + azg(X — o) (X —ag) + - -+
ot an (X —ag) (X — ap1) JX = ap) + ao.

Thus ag is represented by b;’s and «;’s , so ag is in O. Moreover the quotient a; +

as(X —ag) +az(X —a) (X —ag)+- -+ an(X —aq) - (X —a,—1) belongs to O[X].
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Continuing such process, we can easily prove that a; € O. Conversely if all b; are O

then all a; are O clearly. O

Now we briefly review Newton’s interpolation formula. For details, one can refer
to B. L. van der Waerden [19]. Given n + 1 distinct elements ay, ..., a, and n + 1
elements (3, ..., 3, belonging to some field, we can construct the unique polynomial
f of degree at most n such that f(«a;) = G; fori =0,...,n. Let f(X)=ag+ a1(X —
ap) + az(X —ap)(X —an) +- - +an(X —ap) -+ (X —ay_1). Weset f1(Xo) = f(Xo).
For each k > 0, we define a polynomial fy,1(Xy, ..., Xo) inductively by

fk(Xka cee 7X1) - flcfl(kala s 7X0)
X — Xo '

Jer1( Xk, ..., Xo) =

Then ay, ..., a, are determined by

ap = fk+1(ak7 s 7a0)

for kK =0,...,n. We call the right side of the above equation the k-th difference quo-
tient. Note that the k-th difference quotient is independent of the order of ay, ..., a.

The following lemma plays an important role to prove Proposition 15.

Lemma 13. Let n+1 distinct elements &y, &1, ..., & € O and A(X) be a polynomial
of degree n with the form: A(X) = ap + a1(X — &) + a2(X — &)X — &) + -+ +
an(X — &) (X —&,_1). If there exists G1(X) € O[X] such that G1(§;) = A(&;) for
alli =0,1,...,n, then the k-th difference quotient Axy1(&k,E—1,--.,&0)(= ax) € O

forallt=0,1,...,n.

Proof. We are going to give a proof by induction on i = 1,2,...,n. By Newton’s

interpolation formula, We have

_AG) —AlGi) _ Gi&) — Gi(&i-a)
& — &1 & —&i1
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for i = 1,--- ,n. Replacing &; with &;_;, the numerator of A,(;,&,-1) equals to 0.
Thus G1(&;) — G1(&;-1) has the factor {; —§;_; forall j =1,2,...,n, so we can write
Ay(&;,€-1) as a polynomial in §; and &;_; for all j =1,2,...,n. It is that for all j =
1,2,...,n, there exists a polynomial G5(X7, Xo) such that Go(§;,&-1) = Aa(&;,&—1)-
In particular, the first difference quotient As(&1,&) € O. Suppose that we have veri-
fied our claim for k£ — 1, that is, we suppose there exists Gy (Xy_1, X2, ..., Xo) such

that Gk(gk-i-j—la €k+j—2a e 7§j) = Ak(gk-i—j—ly £k+j—27 e ,gj) fOI‘ all] = 0, 1, e, k?—l—

1. By Newton’s interpolation formula, we obtain

Ak+1 (£k+i+1> £k+i7 v 752)
_ Ak(£k+i7 £k+i717 s e 7£’i+1) - Ak(£k+i717 £k+i727 e 752)

Skvi — &
_ GrlGhtir Srevi-1s - &iv1) = Grl€rrion, Shvi-2, - &)
Shti — &
fori =0,1,...,n—k. Replacing ;1 with &;_1, the numerator of A1 (&ktj—1, Epri2,

...,&€—1) equals to 0. Thus

Gr(rrij1, Ehri—2 &) — Grl&hpj—2, Ehpj—ss -5 §j-1)

has the factor &4 ;1 —¢&;—1 forall j =1,2,... ,n—k+1, so we can write Aji1(§prj—1,
Ektrj—2---,&j—1) as a polynomial in &4jq,...,& and & for all j = 1,2,...,n —
k 4+ 1. We easily see that for all j = 1,2,...,n — k + 1 there exists a polynomial
Gr1( Xk, Xg—1, - .., Xo) such that Grr1 (&t Errimty - - &) = Appr (Eorgy Erjets - - -

,&;). In particular the k-th difference quotient Agiq(&k,&k—1,...,&) € O, which

completes the proof. O]

Lemma 14. Let f(X) and g(X) be polynomials with coefficients in Q. We denote

by d(X) the greatest common divisor of f(X) and g(X). By the extended FEuclidian
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algorithm, there exist polynomials A(X) and B(X) such that d(X) = A(X)f(X) +
B(X)g(X). Then we have the following inequalities

deg A(X) < degg(X) — degd(X),

deg B(X) < deg f(X) — degd(X).
Proof. Since the proof is straightforward, we omit it. O]

Let n be a positive integer, n = p*p5* - - - p&* with distinct primes py,pa, ..., p,

n

and positive integers ey, es, ..., €., and n; = — for each i = 1,2,... 7. Set F;(X) =
Di

X" -1

X 1 for each ¢ = 1,2,...,r. In the last section, we know that for all n, the

cyclotomic polynomial ®,,(X) is a Q[X]-linear combination of F;(X)’s.

Proposition 15. Notations are as above. For each n, the cyclotomic polynomial

®,,(X) is a Z[X]-linear combination of F;(X)’s.

Proof. Let (, be a primitive n-th root of unity. For simplicity, we denote (, by (.
. Han/nZ(X - Ca)
a [Toezna(X — ¢Pi®)
denote by Fj(X) the greatest common divisor of Fi(X),..., Fy_1(X) and Fj(X),

Then we can write down F;(X) for each i = 1,2,...,n. We
that is, (F(X), Fy(X), ... Fu(X))
= Fu(X). If k= r, then F,(X) is equal to ®,(X).
We are going to give a proof by induction on k. If k = 2, we have that Fy(X) =
X" —1)(X™m2 -1
( ! >, where we set nis = S By the extended Euclidian algorithm

(X = 1D(X7 —1) pipa
and Lemma 14, there exist A5(X) and By(X) belonging to Q[X] such that

Ay (X)FL(X) 4 Bo(X)Fa(X) = Fa(X), (A.1)

deg Ay(X) < deg F5(X) — deg Fo(X) = n1 — nyp and deg By(X) < deg Fi(X) —

deg F5(X). Note that As(X) belongs to Z[X] if and only if By(X) belongs to Z[X],
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and so to give a proof we have only to verify just that the coefficients of As(X) are
in Z. We substitute (P** to X of (A.1), where b is in Z/n,Z and it is coprime to p,
and so the number of b’s is n; — ny2. Then we have

€p15n12 -1

Ag(¢M?) = o =1

We denote the primitive p;-th root of unity by (,,, that is ¢,, = (™. Then we have

b1
AZ(Cplb) = ;121) 1
D2
e
o pib 1

P2
_ Cplbnz(p’ﬁl) + Cplbnz(p’lﬂ) +---+1€0,

since there exists p| such that pjp; = 1 mod p;. We recall that the number of
Ay(CP?b)’s is greater than the degree of Ay(X). Therefore by Newton’s interpolation
formula, we uniquely determine the coefficients of Ay(X). Since all Ay(¢P1®) are
polynomials in (P respectively we prove that the coefficients of Ay(X) are in O by
Lemma 13. Next suppose that we have verified our claim for every i < k— 1. By the
extended Euclidian algorithm, there exist Ax(X) and By(X) belonging to Q[X] such
that

Ap(X)F(X) + Br(X) Fle—1(X) = Fu(X), (A.2)

deg Ap(X) < deg Fix—1)(X) — deg Fr(X)

= o(py Py P T

and deg By (X) < deg Fi(X) — deg Fj(X), where ¢ is the Euler function. Note that
Ai(X) belongs to Z[X] if and only if By(X) belongs to Z[X], and so to give a proof

we have only to verify just that the coefficients of Ay(X) are in Z. We substitute ¢P+*
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to X of (A.2), where b is in Z/n;Z and it is coprime to p; - - - pr_1 and so the number

of b's is ¢(p* -+ pp7 )pzk_lp?ff -+ ptr. Then we have the following equation

Ap(CP)pr = Fia ().

n ) .
We set n;,4,..;, = — . Since we describe

pilpig o 'pis

Fo(X)=(Xx"-1) J] x" -1 [](X™ -1)--

=1,k i<j
H (Xml“'ik—l _ 1)(—1)’“71 (ank . 1)(—1)1“’
<<y
) X'n _ 1 Xniluq;s _ 1 Xnil"'itk _ 1 .
we consider the values of X”;(; 1’1Xni1~~isk — and e where s};sn eveln
i i — =~ xmw(ee—l) n(Pe—=2) 1 ... = -
and t is odd. Since Fj(X) o _1X X kl +X;( R=2) 4 14_1’ for S
we get F(C%*) = p. The values of : nd - substituting (P

a
Xnil“‘isk _ 1 Xnil“‘it — 1

to X are represented by the polynomials on (** respectively as follows

(Cbpk)nilmis -1 (Cbpk>pkni1»-»isk -1

(Cbpk)nil.“isk -1 (Cbpk)nilmisk —1

— (Cbpk>ni1misk(pk*1) + (Cbpk)mlmisk(pk*Q) S |

and ,

(Cbpk)mlmitk -1 piypiy 1

bpr \Miq iy - bpy,
(C ) 1 pil'"Pit - 1
bokpl, 1

~ Spiypiy

T bpe

DiyPiy 1

— (Cbpk)ni1~-~it(p;€_l) 4 (Cbpk)nil~-~it (P}, —2) 4+ 41

since there exists p, such that pgp}, = 1 mod p;, ---p;,. Thus we obtain Ag(¢%*)

+°

represented by the polynomial of (°?* and so it is in . Therefore we can verify that

the coefficients of Ax(X) belong to Z by Lemma 13, which completes the proof. [
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A.2 Defining equations of some subgroup scheme
afG%B><G%£

In this section, we give the explicit defining equations of the subgroup scheme Ker ) C
Gnp x G We recall that ¢ : G, 5 x Gt g — G p X G 5 5 (w,v) =
(uPv=, u¥v™") (see Section 5.3).

Since o, 3,/ and [’ are in Z[(], we set
a=a(() = am1C""" 4 apal" 7+ -+ ar( + ag
B=06(C) = bmaC" 4 b ol -+ b1 + b

and o/, 3’ replacing a;’s, b;’s for a}’s, b;’s respectively. Let ®,(X) = XM pp XM 14

-+ +p1 X +po be the cyclotomic polynomial, satisfied by (. The matrix I representing

of ¢ forms
0 -+ 0 —pma
1 —Pm-2
0
L —po

with respect to the standard Z-basis of Z™. (See Section 3.) For k € Z, we denote
by 4, the last column of I* € GL,,(Z) and for j = 1,2,...,m, by @i: the j-th entry
—Pm-1

. —Pm—2
of 4;. We know that ¢] = —p,,,_; for each j =0,...,m — 1 and ¢; = . We

—Po
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set e; = | 1 | of which the j-th entry is one but the others are zero. Then we have
0
I=(eyes - ey 1). By straightforward calculating I* = I*~1I, we have
B
> il i m—k+1<j<m-1
g ) =1
iy = k—1
APy T 1< j<m—k
=1

e j=m-—1

A i 1< ji<m—2.

Note that these recurrent formulas are equal to each others. Thus we have I¥ =
(€rt1 €xya ~++ €y 81 By -+ tg) for each k =1,...,m — 1. So we obtain the matrix
a(I) corresponding to a(() as follows,
m—1 m m—1
a(l) = (Z e 1 Apm_1t + Z a_oe; - Z ajt; + aoem>
1=0 1=2 1=1

in which the k-th column is Zf:ll kit + o ai—rey for k= 2,....,m. We see
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that the first column and the k-th column are respectively

-m—1
Zz 1 Am—1 " Yy
ag :
m—k-+1
ay Zl 1 @m—i " Yy
and
k—1
=1 m—q zk 0 +a0
Am—1
Zl 1am gyt G

And we obtain the matrices corresponding the others by substituting a;’s for the

coefficients of them. Fix any (u,v) € (Ker¢)(R) for A-algebra R. We have

200 = D).

We set w = (uy,ug,...,Uy,) and v = (v1,0s,...,0,). Comparing the two sides of
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v*D) = 4P we have the equations

( m m
aj—1 _ bj71
[Iv =11
Jj=1 Jj=1
1 Kl m—j 1 m m—j
m— m— m— m—
Am—11 17 +a;j_o bm_11 bm_11 +bi_o
Ulm 1 ||,U'm 1 J :ulm 1 ||um 1 j
J J
Jj=2 Jj=2

k-1 k—1 m—j M k-1 m—j
| | ,Uzlzl m—1t) I |vzz:1 Am—1y_y" +aj—k
J J
i=1 j=k

k-1 k—1 m—j k-1 m—j
_ uZl:1 bm*llkfl ulel bmflzk,l +bj7k
o l l J I I J

j=1 j=k

m—1 .m—j m—1 .0
Zl:l Am—1tp, 1 2121 Am—1%,, _;+ao
v Um,

m—1 m—1 -m—j m—1 -0
_ Zl:l bm*”'mfl Zl:l bm712m71+b0
J=1

Similarly, from v® () = 4”(D we have the equations of u;’s and v;’s by substituting

a;’s and b;’s for a’s and b}’s respectively. We set

fl(X17 .. 7Xm7}/1,. . ,Ym) = H}/;.aj_l — HX‘?j_l,
J=1 j=1

and
k—1 .om .
Zkz—l am_”-m_fj Zkz—l am_lim_7] Ta; g
fk(Xlw--aXm?}/l’--wYm):Hifj 1=1 leY; 1=1 k—1 T4
=1 j=k
k—1 .m .
25:11 bm—li;en—_lj Z;:f bm—li;cn—_lj +bj—k
-11% 1%
J=1 Jj=k
for each k = 2,...,m, and substituting a;’s and b;’s for a}’s and b’’s respectively

gives the definitions of f{(X1,..., X, Y1,...,Yy) and fi(Xq,..., X, Y1,...,Y,,) for
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each k = 2,...,m. Then we have the equalities
(Ker)(R) = { (u,0) € G 5(R) x Gl ()] 0" =, 0" = u }
= {(u,v) € G}, 5(R) x Gy, 5(R)] 0= fi(u,v) = fj(u,v) Vj}

)

where the ideal F is generated by f;(Xy,..., Xpm, Y1,...,Y) and fi(Xy, ..., X5, Y1,

1

X, 0 XY, Y =
Hj:lXij

= HomB_alg (B

., Yy) for j =1,2,... m. Thus the defining equations of Ker« are f1(Xy,..., X,

Yieoo Vo) FeXe o X Yas o Y)s, (X0 X Vi, . V) and FL(X, ...
s Xy Y1, ..., Y)'s, namely,
1 1

aYm> m ) m /F )
Hj:l Xj Hj:l YJ )

where F' is the ideal generated by fi(Xi,..., X, Y1, ., Yn), fi(Xq, ..o, X, Y1, -

X1, X Vi,

Ker 1) = Spec (B

Yo)'s, fi( Xy, ..o, X, Ya, ., Y) and (X, ..., X, Ya, .. V) s,
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