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1 General introduction

1.1 Research background
1.1.1 Fukushima Daiichi nuclear disaster in March 2011

The Great East Japan Earthquake attacked the north-east area in Japan on March 11,
2011. The system of electrical facilities to control Fukushima Daiichi nuclear power station
was completely destroyed by the following tsunamis. An amount of radioactive isotopes had
leaked and been diffused from the damaged reactor containment vessels in the vicinity of the
plant, deposition of radioactive cesium was observed on March 2011 [1]. On May 12, 2011,
immediately after the accident, the Japanese government issued a mandatory evacuation
order for those living within a 20 km radius of the nuclear plant and indoor shelter and
voluntary evacuation instruction residents of a 20 to 30 km area. After December 15, 2011,
cold shutdown of the reactor and little possibility of radioactive leakage were recognized,
reconsideration of evacuation order was started. At the present (December 2013), the area
radioactive isotopes precipitated are separated “ Special Decontamination Area” , [2,3].

Japan Atomic Energy Relations Organization briefly summarizes the sequence of the
evacuation order until the present (December 2013) from after the accident [4].

Food containing radioactive isotopes has become an issue of great interest to the Japanese
public, and has caused excessive anxiety because of a shortage of fundamental knowledge
concerning radioactivity. It is indicated that there are serious gaps regarding grasping of
actual damage between specialists with general public [5].

1.1.2 Previous research: Standard method in radiology

Concentrations of radioactivity in the human body and internal exposure have been
researched extensively. Previous research of radiology, MIRD method [6-18] etc., divided
the human body into 20 organs, and energy absorbed in the organs is calculated using a
computational phantom that imitates the body, including a Monte Carlo simulation. Existing
method [19] accepted as a consensus opinion for the radioactivity measurement employs 10
elliptical containers of polyethylene filled with water. The details of industrially accepted
standard phantom is described in the report of American national standards institute [20].

The International Commission on Radiological Protection (ICRP) has contributed devel-
opment of radiology since 1950. The history of ICRP is retroactive to International X-ray and
Radium Protection Committee (IXRPC) founded in 1928. Recommendations and guidance
of ICRP has been very influential in radiation protection.

ICRP also employs computational phantoms to analyze the pharmacokinetics of various
nuclides in the human body, as described in ICRP Publ. 110 [21]. Recent researches [22,23]
calculated the effective dose from ingestion using a computational phantom including di-
rectly obtained raw data from CT scans and MRI imaging. Methods proposed previously
calculate internal exposure by dividing the human body into its constituent tissues. While
computational simulation is a standard method for calculating exposure doses among radi-
ology specialists, these methods, although exact, are too difficult for non-specialists to use
because of the complex computer simulations involved. We suggest that a new methodology
is needed because many people in both Japan and abroad are experiencing anxiety related
to the health effects of radiation exposure.



1.2 Objectives

In this article, we aimed to understand the behavior and influences of radioactivity in
the human body, using an approach different than the existing methods that is readily
understandable. Hydrological runoff analysis developed in hydrology is used to describe the
conservation of radioactive atoms in the human body. Runoff analysis is classified into two
methods, that is, lumped hydrological method and distributed hydrological method. While
lumped hydrological method is simplified runoff characteristics by parameters averaging a
whole basin, distributed hydrological method divides a basin into each sub basins of which
parameters are given individually.

Surely, there is no doubt that distributed model is helpful to know exact runoff charac-
teristics. However, there are difficulties in that it requires complicated analysis. Lumped
hydrological model is also practically useful to understand general runoff characteristics owing
to the simplicity. Appropriately simplified lumping method can provide sufficiently accurate
runoff characteristics in convenient way without the need for sophisticated distributed model.
Previous researches in hydrology have made great efforts to study appropriate lumping of
distributed model without spoiling the essence of complex natural phenomena [24-29]. The
aim of this study is to apply the knowledge studied in hydrology that finds out the core of
natural phenomena to radiology.

Previous methods that divide the human body into its constituent organs may be consid-
ered to correspond to a distributed model in hydrology. We propose a method that regards
the human body as a single large tissue in this thesis. The methods proposed here correspond
to a hydrological lumped model. A method that describes the storage of radioactivity in the
human body using a hydrological runoff analysis is proposed.

Runoff analysis is useful for describing the conservation of a physical quantity of mate-
rial. The storage of radioactive atoms in the human body is affected by both physical and
biological factors; i.e., radioactive decay and excretion, respectively. Thus, it is reasonable to
apply runoff analysis in this study. The human body is regarded as a vessel. The storage of a
number of radioactive atoms in the human body can be expressed by a continuity equation,
described as a function of time. Physical quantities related to radioactivity can be derived
from the storage of a number of radioactive atoms in the body.

Concretely, calculated physical quantities are the number of radioactive atoms in the
human body, intensity of radioactivity in the human body, the cumulative number of ra-
dioactive decay, and the effective dose. The intensity of radioactivity is linear with respect
to the number of radioactive atoms. The cumulative number of radioactive decay is obtained
from a time integral of the intensity of radioactivity in the human body. The accuracy of
the analytic solution given by the present method in calculating the intensity of radioac-
tivity in the human body is shown by comparison of the measured value by a whole body
counter. Additionally, a method of calculating absorbed energy per one radioactive decay
of individual nuclides is shown from decay schemes. The effective dose is calculated from
the cumulative number of radioactive decay and energy absorbed per one radioactive decay.
The equal accuracy of the present method in terms of calculating energy absorbed per one
radioactive decay is demonstrated by comparison with previous research [6,30].

The accuracy of the present method in calculating the effective dose is shown by compar-
ison of the committed effective dose coefficient with that determined in previous research.
The total effective dose delivered over a lifetime is termed the committed effective dose. In
the case of adults, time until death is assumed to be 50 years. The committed effective
dose coefficient is defined as committed effective dose per 1 Bq. A method to calculate com-



mitted effective dose coefficient is proposed, using the effective dose expressed as a function
of time. ICRP calculated values of the coefficient [32]. Time series of committed effective
dose coefficients calculated is shown using previously implemented ICRP software [33,34].
The software is available for anyone from website of ICRP [35]. In the present study, we
provide a method to calculate the coefficient. The accuracy of our method was examined
by comparison with values determined in previous research by ICRP. Differences in time
series of effective dose by age of cesium are shown, based on effective dose described as a
function of time. KEq.ual accuracy of the present method to calculate the effective dose of
cesium is demonstrated by comparison with results of previous research by ICRP [32]. In
this study, we show that runoff analysis is useful in calculating physical quantities related to
radioactivity. Regarding the human body as a single large tissue gives essentially equivalent
results to previous research in which the human body was divided into its organs.

1.3 Structure of this article

The structure of this article is described in the followings. It will be useful guidance to read
this article.

The purpose of chapter 2 is to calculate the number of radioactive atoms in the hu-
man body, radioactivity in the human body, and cumulative number of radioactive decay.
The solution of first-order linear differential equation is required to calculate radioactivity
in the human body. Appendix B shows the solution methods of first-order linear differen-
tial equation. Variation of constants and Laplace transform are introduced as examples of
solution methods of first-order linear differential equation. While we accept that radioactive
atoms decrease exponentially due to radioactive decay in the body of this article, appendix
A provides the mathematical theory of the exponential decrease.

In chapter 3, we discuss the effective dose caused by internal exposure based on the cumu-
lative number of radioactive decay calculated in chapter 2. The main subject of this article
is  ray (electron) and v ray (light, photon, electromagnetic wave), we require elementary
knowledge of electromagnetism and quantum mechanics to compute the effective dose.

The energy of g ray is much large, therefore, the velocity of [ ray is close to speed of
light according to special relativity. The energy of § ray derives from the mass difference
between a neutron with proton, mass-energy equivalence established in special relativity is
also important. Appendix F provides knowledge of vector calculus to study electromagnetism
and special relativity. We can study electromagnetism and special relativity in appendix G.

The transition probability of § decay and the energy spectrum of 3 ray can be discussed
by the Fermi’s golden rule derived from perturbation of the Hamiltonian in the Schrodinger
equation, which is the governing equation of non-relativistic quantum mechanics. In ap-
pendix H, we review the fundamental ideas of quantum mechanics to discuss transition
probability of 8 decay. Appendix I shows the elementary knowledge of nuclear physics for
understanding of the energy spectrum of 3 ray.

In chapter 4, the radioactivity in the soils is computed as with the human body discussed
in chapter 2. We obtain the effective dose caused by the intake of radioactivity on agricultural
products derived from fallout by using the calculation method shown in chapter 3.

In chapter 5, we introduce stochastic calculus to discuss the uncertainty and randomness
of the intake of radioactivity. Appendix E provides the mathematical footings of stochastic
calculus and statistical mechanics regarding Brownian motion which is origin of stochastic
calculus. Diffusion process of Brownian particles is described by the diffusion equation in



global, appendix C is discussed the solution method of the diffusion equation by using the
Fourier transform. In appendix E, we study the solution of advection-diffusion equation
for discussion of the Fokker-Planck equation which is one of the formalisms of stochastic
calculus.

Appendix J comprehensively discusses the conservation law which is the most universal
idea in nature and also used as a fundamental idea in this article. While appendix J is
an additional content in comparison with other sections, the universal law lying to natural
science including the subjects of this article must be greatly useful.

Chapter 6 concludes the present study, and the benefits of adopting a hydrological lumped
model related to radioactive substances in the human body are summarized.

1.4 Notation and convention

Mathematical or physical notation and convention in this thesis is summarized as follows.

e The natural logarithm is written as Inx, i.e. Ine = 1.

df () of(t, x)
yi and o

x
Notations f’(z) and f, are not used as much as possible.

e Derived functions are described as for clear writing of the variable.

e According to convention in radiology, various derived units, for example, Bq, Gy, and

Sv, are used. The international system of units is not necessarily used.
e N(p,0?) stands for a normal distribution with average p and variance o

e A vector is described in bold type, for example, as x = [a: Y z} The description x
often is used to emphasize that it notes space components. We use the description by
index as z; (covariant vector) and z’ (contravariant vector) appropriately.

1
e O is Landau notation. For example, e =1+ z + §m2 + O(2®) means that constant
multiple of |23] is sufficiently small.

e Mathematical symbols of set of numbers, for example, natural numbers set N, complex
numbers set C, are used as necessary.

e * stands for the conjugate complex of v, that is, ¢ = a + ib = * = a — ib.
e |¢)t stands for the Hermitian conjugate of [¢), that is, [) = (.

e Natural units system is used for convenience. Velocity of light in vacuum ¢ and reduced
Planck constant h are omitted 1 as ¢ = h = 1. In this system,

[energy] = [mass] = [time] ™" = [length] . (1.1)

e )(z) stands for the Dirac delta function which satisfies the followings:

_Joo (z=0) e B
d(x) = {0 (x4 0) and /_OO d(z)dx = 1. (1.2)



° 5} stands for the Kronecker delta defined as:

) 1 ) =17
syt =d) (13)
0 (@#7)
e (A) stands for the average of A, where A is a random variable or a set.

e N(p,0?) stands for the normal distribution of which average and variance are p and
o? respectively.



2 Intensity of radioactivity in the human body and cu-
mulative number of radioactive decay

2.1 Introduction

First in this chapter, we compute the number of radioactive atoms in the human body based
on lumped hydrologic method. The relationship between the number of radioactive atoms
with intensity of radioactivity is discussed. Subsequently, cumulative number of radioactive
decay is associated with intensity of radioactivity in the human body. The fundamental
equation is the continuity equation which describes the conservation of the number of atoms.
Our mathematical requirement is only the first order linear ordinary differential equation.
There is no mathematical difficulty. We can get analytic solution readily. This simplicity is
the merit of our hydrologic based methodology.

It should be emphasized that the parameters used in this section are only (physical,
biological, effective) half-lives of radionuclide. All they are well-known experimentally. There
is no arbitrary parameters which are introduced to fit our results to the existing knowledge.

2.2 Theory and Method

2.2.1 Decrease of the number of radioactive atoms

Radioactive isotopes decay to stable isotopes with emission of radiation. It is known ex-
perimentally and theoretically that radioactive atoms decrease exponentially. For time ¢, a
function of the number of radioactive atoms N(t) is described as:

N(t) = Nye " (atoms) (2.1)

under the initial condition N(0) = Ny. «, is the physical attenuation constant, it only
depends on kinds of nuclides. Later, the relationship with the attenuation constant and the
half-life is discussed. The number of radioactive decay events between change in time dt, i.e.
runoff emerged from radioactive decay ¢,(t) is described as:

dN(t

% = —a,N(t) = —¢,(t) (atoms/unit time). (2.2)
As shown in Eq. (2.2), physical runoff ¢,(¢) is linear with respect to the number of radioactive
atoms N(t). A function of intensity of radioactivity h(t) is the number of radioactive decay

events per second:
h(t) = a,N (1) (Ba), (2.3)

becquerel (Bq) is the number of radioactive decay events per second; unit of intensity of
radioactivity.

2.2.2 Half-life

Half-life is the period of time it takes for the amount of a substance undergoing radioactive
decay to decrease by half. From Eq. (2.1), half-life 7}, is defined as:

1 In2
—Ny = Nye~Tr = T = — =, 2.4
5 No = Noe s (2.4)



Up to here, physical decrease emerged from radioactive decay is only discussed. The
period of time required to decrease the material by half due to radioactive decay is defined
as the physical half-life 7T},.

The major subject of this study is internal exposure caused by ingestion of radioactive
isotopes from the viewpoint of radiological protection, thus, decrease of radioactive isotopes in
the human body caused by biological effects, metabolism and excretion, has to be considered.
It is known that the number of radioactive atoms in the human body decreases exponentially
due to biological effects. The period of time required to decrease the material by half due to
metabolism and excretion is defined as the biological half-life, T;,. As with physical half-life
shown in Eq. (2.4), biological half-life satisfies T, = In 2/, runoff emerged from metabolism
and excretion is described as gy(t).

Effective runoff of radioactive isotopes in the human body ¢.(t) is sum of physical runoff
¢(t) and biological runoff ¢,(¢). Then, N(¢) is redefined as a function of the number of
radioactive atoms in the human body. Runoff of radioactive isotopes from the human body
between change in time dt is described as:

P 0~ )
= —a,N(t) — a, N (t) (2.5)
= —(ap + ap)N(t) = —a.N(t)
Here,
Qe = a, + (2.6)

is substituted. Egs. (2.2) and (2.5) are equivalent analytically, because the difference of both
is only the coefficients. They show the number of radioactive atoms in the human body also
decreases exponentially. The effective half-life, T,, is the period of time required to decrease
the material by half in the human body, due to both physical and biological effects. As with
physical half-life and biological half-life, the effective half-life is satisfies T, = In2/c,. From
Eq. (2.6), relationship between T, T}, and T}, is:

1 1 1 T,T;
=t =T =2
T. T, T, T, +T,

(2.7)

The parameters used in this study to calculate the number of radioactive atoms in the
human body, intensity of radioactivity in the human body and cumulative number of ra-
dioactive decay are only these three types of half-lives. Table 2.1 shows the three types of
half-lives with regard to representative nuclides, from Tuszynski and Dixon [38].

From Egs. (2.3) and (2.5), the number of radioactive decay events between change in
time dt is intensity of radioactivity in the human body as:

dN (%)

h(t) = —ap =

= —a,a.N(t) (Bq/body) (2.8)
Eq. (2.7) and Table 2.1 suggest that in cases one of the half-lives is markedly shorter than
the other, it effectively becomes dominant. For example, T, and T}, of *"Cs are 30 years and
70 days (in the case of adult), respectively. T, of 37Cs is calculated as:

30(years) x 70(days)

T, =
30(years) + 70(days)

= 69.6(days) ~ Tj. (2.9)

7



Table 2.1: Physical half-life, biological half-life, and effective half-life of representative nu-
clides, taken from Tuszynski and Dixon [38].

Nuclide T, T, T.
SH 12.3 (years) 12 (days) 12 (days)
1c 5781 (years) 40 (days) 40 (days)
2p 14.3 (days) 1155 (days) 14.1 (days)
40K 1.25 x 10% (years) 30 (days) 30 (days)
PFe 45 (days) 600 (days) 42 (days)
%Co 1930 (days) 10 (days) 10 (days)
057n 244 (days) 933 (days) 193 (years)
DSr 28.9 (years) 50 (years) 18.3 (years)
18I 8. 04 (days) 138 (days) 7.6 (days)
137Cs 30 (years) 70 (days) 70 (days)

Although T, is 30 years (Table 2.1), T, of 37Cs almost equals to T}, = 70 (days). The result
suggests that T}, has little effect on calculation of T, of '¥7Cs, T}, is important to calculation
of radiation dose the human body exposed.

On the other hand, one of radioactive isotope of iodine 'T is its T, = 8.04(days), T, =
138(days). T. of '¥7Cs is calculated 7.6 (days), T. ~ T,. In contrast of **7Cs, in the case of
311, the physical half-life T}, is dominant for calculation of the effective half-life 7,. Although
that fact gives very important result for calculation of the exposure, it is described later in
detail.

2.2.3 The continuity equation regarding the number of radioactive atoms in the
human body

The conservation relationship between the number of radioactive atoms in the human
body N(t) with the effective runoff of radioactive atoms from the human body ¢..(t) and
ingestion amount per unit time of a number of radioactive atoms r,(t) is described for a
single vessel in Fig 2.1. Outflow of radioactive atoms is defined as ¢,(¢). In this study,
physical outflow of radioactive atoms gy, (t) emerges from radioactive decay and biological
outflow of radioactive atoms g, (t) emerges from excretion; they are considered as factors of
runoff. Effective outflow of radioactive atoms ge, () is the sum of g,,(t) and gu,(t) as:

Qea(t) = Qpa(t) + qa(t) = (ap + ) N(t) = aN(1). (2.10)

From Fig 2.1, the relationship between N (¢) and ingestion flux of the number of radioactive
atoms 7,(t) and g, (t) is described as:

dN(t)
dt
From Eq. (2.10), Eq. (2.11) is rewritten as:

= 7a(t) = Gea(?)- (2.11)

dN (%)

i rq(t) — aeN(t), (2.12)



(a) (b)

The ingestion number flux of radioactive atoms 7(¢)

The ingestion number flux of
radioactive atoms r,(f)

Outflow by radiation of

radioactive atoms g,,,(7) Storage of the pc--
number of
radioactive
\ atoms in a
Outflow of radioactive human body |
atoms by excretion g,,(t) N(1) T

| | Outflow by radiation of
radioactive atoms qpa( 1)

Outflow of radioactive
atoms by excretion g,,(?)

Effective outflow of radioactive atoms qm(t)=qpa(t)+qba(t)

Fig 2.1: The relationship between the number ingestion flux of radioactive atoms r,(t),
outflow by radiation of radioactive atoms g,,(t), outflow by excretion g, (t), total effective
outflow g, (t) and storage of the number of radioactive atoms in a human body N(t), which
(a) is described schematically, (b) is described as a single vessel.

which is a continuity equation regarding the number of radioactive atoms in the human
body. Eq. (2.12) is first order linear ordinary differential equation, the general solution can
be obtained by basic analysis.

2.2.4 Relationship between the number of radioactive atoms and intensity of
radioactivity

The number of radioactive atoms is discussed above. So, intensity of radioactivity (the
number of radioactive decay events per unit time) is discussed because the main subject of
this study is the influence of radiation on the human body. As shown in Eq. (2.3), intensity
of radioactivity is «, times the number of radioactive atoms. The relational expressions

r(t) = apra(t), (2.13)

and
Ger (t> = aera(t) (214)
= o N(t) = ach(t) (2.15)

are satisfied, where r,(¢) is the ingestion flux of intensity of radioactivity, and ¢.,(t) is effective
outflow of intensity of radioactivity, respectively. Multiplying by «, on both sides of Eq.
(2.12),

= pra(t) — apQea(t) (2.16)



is obtained. From the above relational expressions, Egs. (2.3), (2.13) and (2.14), Eq. (2.16)
can be rewritten as:

PO 1y 1) 4t (2.17)
where h(t) is reinterpreted as intensity of radioactivity in the human body. Eq. (2.17) can
be rewritten further as:

dh(t) =1,(t) — aeh(t), (2.18)

dt
from Eq. (2.15).
Eq. (2.18) is analytically equivalent to Eq. (2.12), the same discussion applies to the
number of radioactive atoms and the intensity of radioactivity. Ingestion flux of the number
of radioactive atoms r,(t) is assumed, for simplicity, to be:

ro(t) = {T“O (E<tm) (2.19)

where t,, and r,o are interpreted as the ingestion period and the mean ingestion flux of the
number of radioactive atoms, respectively. r,.() is linear with respect to r,(t), such that

Tr0 (t < tm>

(1) = apry(t) = {O (6> 1) (2.20)

is satisfied.

2.2.5 Cumulative number of radioactive decay

cumulative number of radioactive decay I(t) is defined by time integral of h(t) as:

I(t) :/0 h(7)dr (events/body). (2.21)

I(t) is the total number of radioactive decay events in period of time ¢, a non-dimensional
and accumulative quantity.

2.3 Results and Discussion

2.3.1 The analytical solutions of the number of radioactive atoms in the human
body and intensity of radioactivity

As mentioned in section 2.2.4, the equation of continuity of radioactive atoms in the human
body (2.12) is a first-order linear ordinary differential equation; thus, the general solution
can be obtained by basic analysis'. The particular solution of N () is described as:

N(t) = /Ot e~ (7)dr (2.22)

LConcrete method to solve the differential equation is described in Appendix B.

10
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Fig 2.2: Time series of ingestion flux of radioactivity r,.(¢f) and non-dimensional radiation
intensity in the human body h(t)/(r,0/a.) in the case of ¥37Cs.

under the initial condition that N(0) = 0. If ingestion flux of radioactive atoms r.(t) is a
step function as Eq. (2.19), N(t) is described as:

%’(1 — emaet) (t < tm)

Nit)y={ °° : (2.23)
Tab () 4 eoetm)e=act (4 > ¢, )
Qe

Multiplying by «,, on both sides of Eq. (2.22),
t
a,N(t) = ozp/ e~ (7)dr (2.24)
0
is obtained. From relationship Egs. (2.3) and (2.13), Eq. (2.24) can be rewritten as:
¢
) = N(0) = [ e (r)ar (2.25)
0

As with the number of radioactive atoms N(t), if ingestion flux of radioactive atoms r,.(t) is
a step function as Eq. (2.20), h(t) is described as:

Tro

“R(1—eot) (t < tp)
ht)y=9,° : (2.26)
QLO(—1 + etetm)emact (£ > ¢,,)

The time series of the ingestion flux of radioactivity and the non-dimensional intensity of
radioactivity in the human body is shown in Fig 2.2; ¥7Cs is used as the example. The
ingestion period ¢,, is considered to be 5 years.

As shown in Fig 2.2, the intensity of radioactivity is saturated within approximately 1
year. After the end of ingestion, radioactivity is removed from the body within 1 year.
137Cs is not required for the human body; thus, T} is much shorter than T},. So, T}, becomes

11
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Fig 2.3: Time series of non-dimensional cumulative number of radioactive decay
I(t)/(rrotm/ce) in the case of 37Cs.

dominant, effectively, and T, is nearly equal to 7}, as calculated in Eq. (2.9), although T,
is very long. Although '*7Cs is used as the example, it should be noted that these values of
time do not have qualitative meaning, the time to be saturated and to be removed depends
on nuclides.

For 137CS7
li 00,1 year h(t
HI'I(tm,t)—>( ,1 year) ( ) =~ 0.97 (227)
llm(tm7t)4>(oo,oo) h‘(t)
and T r
h(1 year) = 0.97—2 ~ - (2.28)
Qe e

are satisfied, we can say that the intensity of radioactivity is almost saturated to 1.

2.3.2 The analytical solution of cumulative number of radioactive decay

As shown in Eq. (2.21), the cumulative number of radioactive decay I(t) is provided by
a time integral of h(t). I(t) is described as:

To e
a—g(aet — 1+ et (t <tm)

I(t) = - . t . (2.29)
a—g[aetm+e H(1 —e¥t)] (t > ty,)

Fig 2.3 shows the time series of non-dimensional cumulative number of radioactive decay
under the same conditions with Fig 2.2. After the end of ingestion, () remains constant.
In the case of T, is sufficiently shorter than t,,, i.e. T, < t,,,

. Trotm
I(ty) ~ lim I(t) = . (2.30)

t—oo Qe

The result suggests that decreasing the ingestion period and the ingestion flux of radioactivity
makes decrease the cumulative number of radioactive decay. The approximation of Eq. (2.30)
is used hereafter as necessary.

12
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Fig 2.4: (a) Mean time-related intake of 137Cs per person in the Federal Republic of Germany
from W. Rithm et. al [39]. (b) Typical *"Cs body burden of a male. (Plots are measurement
values by whole-body counter quote from W. Rithm et. al [39]. The solid line is analytic
solution given from interpolation of mean time-related intake, Eqs. (2.31) and (2.25) )

Table 2.2: Age and gender-dependent food consumption rates (cr) in grams per day per
person: data are valid for former Federal Republic of Germany in 1983 (Deutsche Gesellschaft
fiir Erndhrung 1989) [40]
Age (year) 4-6 79 10-12 13-14 15-18 19-35 36-50 51-65 >66
Male 1104 1269 1473 1661 2338 2444 2811 2616 2295
Female 973 1049 1212 1354 1951 1937 2076 1881 1657

2.3.3 Comparison of the analytical solution with measurement values regarding
the intensity of radioactivity in the human body

After the Chernobyl disaster, time series of mean intake of ¥"Cs and intensity of ra-
dioactivity in the human body and intensity of radioactivity in the human body were mea-
sured [39]. A sample of intensity of radioactivity in the human body is 41 men and women
whose age is various as from 5 old to 61 old. The measurements were performed by using a
whole-body counter (WBC). Fig 2.4 (a) is mean time-related intake of '37Cs per person in
the Federal Republic of Germany (read-out from Rithm et al. [39] Fig. 2).

Rithm et al gives the formula to estimate the individual intake of radioactivity of ¥7Cs
Tind(t) (Bq mo™') from mean intake as:

rind(t) = bind X (Crage/QOOO) X 7aref(t>7 (231)

where by,q is a factor to account for potential differences between individuals and mean
food consumption, crag. is age-dependent and sex-dependent food consumption rate (g d™!)
(Table 2.2 [40]), rwf(t) is mean intake of radioactivity of ¥7Cs (Bq mo™!) based on a mean
food consumption rate of 2,000 (g d~!) (Fig. 2.4 (a)), respectively (see Rithm et al. [39]
Eq.(1)).

From and Eqs. (2.18) and (2.31), intensity of radioactivity in the human body can be
calculated. Plots in Fig 2.4 (b) are measurement value of 3"Cs body burden of a male after
the Chernobyl accident by using a whole-body counter (read-out from Rithm et al. [39] Fig.
1). The solid line in Fig 2.4 (b) is analytic solution calculated by interpolation of mean

13



Table 2.3: Parameters of ¥"Cs retention equation from the model adopted by ICRP Publ.67
[42].

Range of body weight (kg) 6 9.8 19 32 55 70
Age 3 months 1 year 5 years 10 years 15 years Adult
Coefficient of short-term biological half-life aq - - 0.45 0.30 0.13 0.10
Short biological half-life T} (days) - - 9.1 5.8 2.2 2
Coefficient of long-term biological half-life a5 1 1 0.55 0.70 0.87 0.90
Long biological half-life T, (days) 16 13 30 50 93 110

time-related intake (Fig 2.4 (a)), Egs. (2.18) and (2.31). Plots and solid line in Fig 2.4
(b) are very similar. Rithm et al. use exact ICRP model (see section XX and Fig XX)
to estimate biological half-life, the present method provides almost the same result more
readily. The accuracy of the present method to calculate radioactivity in the human body is
demonstrated. In addition, the similar investigation of internal exposures has been carried
out since October 2011 in Fukushima Prefecture [41]

2.3.4 Differences in the intensity of radioactivity in the human body and cu-
mulative number of radioactive decay by age

The intensity of radioactivity and the cumulative number of radioactive decay differ by
age because metabolic activity depends on age. Table 2.3 shows differences in parameters of
the 1¥7Cs retention equation by age, as set out by ICRP [42].

More information of on the parameters is explained. Most orally ingested radioactive
cesium is absorbed from the gastrointestinal tract immediately, and enters the blood. Then,
a certain percentage will be excreted from the body relatively quickly, moving directly from
the blood to the kidneys and then the urine. The remaining cesium accumulates in muscles
temporarily, and is subsequently excreted via the urine.

Then, a; and ay are the ratios of short-term and long-term excretion (such that a; +as =
1). T} is and T3 are the two different biological half-lives. The separation of ingested intensity
of radioactivity in the human body by short-term excretion and long-term excretion is shown
in Fig 2.5.

From Table 2.3 and Fig 2.5, the intensity of radioactivity of *"Cs in the human body
h(t), Eq. (2.25), is rewritten as:

h(t) =hi(t) + ha(t)

t t 2.32
:al/ eael(tT)rr(T)dT+a2/ e~y (7)dr (2.32)
0 0
i L 1 n 1 1 1 . 1 In 2 d n tivel
more exac wihere = — —_—, = = = —, Q] = ——, alld (e = ——, respectively.
T T, TN T, T, BT T P, TP
If r.(t) is set as Eq. (2.20), then:
B0 (1 — eaat) 4 200 () _ gaat) (t < tm)
Qe Qe
) =4 S . (2.33)
L0 (] 4 erertm)gmaert 4 20 (] 4 paertm)pmaeat (f > )
Qlel (O7%)
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Fig 2.5: The separation of ingested intensity of radioactivity in the human body by short-

term excretion and long-term excretion.
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Fig 2.6: Time series of intensity of radioactivity in the human body of 37Cs according to

age when radioactivity of 1 Bq is ingested.

Fig 2.6 is a time series of intensity of radioactivity in the human body of 37Cs per unit
intake when food containing 1 Bq is ingested, according to age. Fig 2.6 shows that intensity
of radioactivity in the human body of children, 3 months to 10 years old, is smaller than
that of adults, because metabolism of children is more active than adults, consequently the
biological half-life is shorter as shown in Table 2.3.

Eq. (2.33) gives more exact cumulative number of radioactive decay as a function of time
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I(t) of 137Cs, based on the foregoing discussion, Eqgs. (2.21) and (2.29), so that:

a17ro asTro

(et — 14+ e7 %) 4+ —= (et — 1 4 e7) (t <tm)
I(t) _ el Qo
ar QoT
%[&eltm 4 eoet(—] 4 gm0t 4 %[aeﬂm teoet(—] 4 eme2tm)] (£ >t,,)
az, Q2
(2.34)
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Fig 2.7: Time series of cumulative number of radioactive decay of *"Cs according to age
when radioactivity of 1 Bq is ingested.

Fig 2.7 is a time series of cumulative number of radioactive decay of 137Cs per unit intake
when food containing 1 Bq is ingested, according to age. As with Fig 2.6, Fig 2.7 shows that
cumulative number of radioactive decay of children is smaller than adults. Demonstration of
the accuracy of the present method is performed in detail later in section 3.3.3 by comparison
of previous research by using ICRP model.

2.4 Conclusion

In this chapter, a readily-understandable methodology for calculating the number of radioac-
tive atoms in the human body, intensity of radioactivity in the human body, cumulative num-
ber of radioactive decay is proposed based on knowledge developed in hydrology. Lumping
of distributed model has been important issue in hydrology, great efforts have been carried
out. This thesis attempts to expand the knowledge developed in hydrology to radiology.
The accuracy of the hydrological-based method proposed in this thesis is demonstrated by
comparison of intensity of radioactivity in the human body of analytic solution calculated
by the present method with measurement by whole-body counter. The results shown in this
chapter are summarized as follows.

1. A hydrological lumped model is useful for describing the number of radioactive atoms
stored in the human body. A continuity equation can be applied to the number of
radioactive atoms in the human body. The number of radioactive atoms in the human
body, intensity of radioactivity in the human body, and cumulative number of radioac-
tive decay can be described as functions of time rationally by hydrologically familiar
method.
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2. The effective half-life of a radioactive substance in a human body is derived from the
physical and biological half-lives. If one of the half-lives is markedly longer than the
other, it nearly equals the effective half-life. For example, the biological half-life of 37Cs
is much shorter than the physical half-life; thus, the biological half-life is dominant in
the derivation of effective half-life.

3. In the case of ¥7Cs, intensity of radioactivity in the human body saturates within
approximately 1 year. After the end of ingestion, radioactivity is removed from the
body within 1 year. Thus, decreasing the ingestion period and the ingestion flux of
radioactivity causes decreases in cumulative number of radioactive decay and effective
dose.

4. The accuracy of the present method was demonstrated by comparison with previous
research. Measurement value and analytic solution obtained by the present method
are very similar regarding intensity of radioactivity in the human body as shown in
Fig.2.4 (b).

In the next chapter, the hydrological-based methodology is expanded to calculating of the
absorbed energy into the human body and the effective dose caused by ingestion of radioactive
isotopes based on the results of this chapter.

17



3 Effective dose calculation and its accuracy

3.1 Introduction

In the chapter 2, the number of radioactive atoms and intensity of radioactivity were
discussed. In the following this chapter, absorbed energy per radioactive decay event and
effective dose are estimated. Effective dose (Sv, sievert) is quantity which represents the
stochastic biological effects. In this study, beta decay and gamma decay are focused on,
because these two types of decay were observed in the vicinity of the nuclear plant after the
disaster. In addition, radioactive cesium which evenly distributes whole the body is a major
subject (nuclides concentrate on specific tissues or organs, such as iodine, are discussed later
in detail). These suggest that the absorbed dose Dt g (Gy, gray), the equivalent dose Hr
(Sv), and the effective dose Heg (Sv) equal each other within the scope of this study because
the radiation weighting factors of beta ray and gamma ray are both 1, and concentration on
specific tissues or organs (tissue weighting factor) can be neglected. Going forward, the two
are regarded as equivalent without further comment. The only exception which concentration
on specific organ (thyroid gland) is considered is radioactive iodine, a separate supplement
is mentioned.

3.2 Theory and Methods
3.2.1 Beta decay

Fermi studied the theory of beta decay?, and, in outline, it can be described as follows.
When § decay occurs, emission of an electron (e~) and an electron antineutrino () is
observed per radioactive decay, at the same time converting a neutron (n) to a proton (p).
The process is:
n—>pte + . (3.1)

In the case of v decay occurs subsequently, the process
p—p+7y (3.2)

occurs in the emitted proton (proton-v reaction).

In this study, the kinetic energy of an electron (5 ray) is a subject of discussion from
the viewpoint of radiological protection. The energy of the neutrino is negligible because its
mean free path is much long and it is electrically neutral, and it has only tiny mass [43].

In 8 decay, the kinetic energy of an electron has an energy spectrum (Fig 3.1), is not
expected deterministically; however, its maximum kinetic energy K** can be determined for
each nuclide. The rest mass energy difference between the parent nucleus and the daughter
nucleus determines K as:

K™ = [M(A,Z) — M(A, Z +1)]c%, (3.3)

where M (A, Z) is mass of the nucleus, A is the sum number of protons and neutrons, i.e.
mass number, and Z is the number of protons in the parent nuclide, i.e. atomic number
of the parent nuclide. c¢ is the velocity of light in a vacuum. Mass-energy equivalence is
established on special relativity 3. The mean kinetic energy of electrons (K.) is expected

2See Appendix I in detail.
3See Appendix G.
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Fig 3.1: A schematic diagram of energy spectrum of 5~ decay.

Table 3.1: (K, )-K™* ratio £ for 8 nuclides [44].
Nuclide “e  #p WK YFe WCo WSy BT BICs
(K)-KM>* ratio £ | 0.32 0.41 0.43 0.32 0.30 0.36 0.32 0.34

roughly, the values of ratio £ regarding 8 representative nuclides are summarized in Table
3.1 quote from Japan Atomic Energy Agency (JAEA) [44].
In this thesis, ¢ is approximately to be as:

(Ke) 1

$= Ko ¥ 3

(3.4)

This result is known, theoretically and experimentally. In fact, ICRP gives a more precise

Z KmaX
mean kinetic energy of electrons [45], as (K.) = 0.33K"*f(1 — \E{O—)(l + Z

imentally known results [44] are shown in Table 3.1. However, Eq. (3.4) was used in this
study for simplicity.

). Exper-

3.2.2 Absorbed energy per radioactive decay event

The decay scheme is explained to calculate the energy absorbed per radioactive decay event.
Fig.3.2 shows the radioactive decay scheme of 1¥7Cs [46]. Thus, 94.6% of 3"Cs decays into a
metastable 1¥"™Ba, with electron emission. The kinetic energy of the electron is maximally
0.5120 MeV. Subsequently, 85.1% of ¥™Ba becomes stable 3"Ba with « ray emission (half-
life of 1¥™Ba is 2.56 min). The other 14.9% of 3™ Ba occurs internal conversion. The energy
of the gamma ray is 0.6617 MeV. The other 5.4% of 37Cs decays directly into *"Ba with
electron emission; the energy of the electron is maximally 1.174 MeV. The mean kinetic
energy of the electrons and the absorptivity of the beta ray are required to calculate the
energy absorbed into the human body per one radioactive decay event (K.). As mentioned
above, the mean kinetic energy of electrons is approximately 1/3 of their maximum kinetic
energy. The absorptivity of v ray into the human body is important for calculating the
effective dose.

In previous research by the Committee on the Medical Internal Radiation Dose (MIRD),
absorptivity was assumed to be 40% [11]. Also, ICRP assumed the absorptivity to be 60% in
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Fig 3.2: The radioactive decay scheme of 3"Cs, where the ordinate axis is energy, and the
abscissa is the proton number. The arrows indicate the emitted particles. For the v rays
(vertical arrows), the 7 energy are given; for the § decay (oblique arrow), the maximum beta
energy.

ICRP Publ. 103 [47]. In this thesis, the absorptivity of v ray ¢ was assumed to be ( = 1/2, a
value intermediate between the previous ICRP and MIRD values. (K.) of '¥"Cs is calculated
concretely as an example. 37Cs decays as Fig.3.2. (K,) of 37Cs is calculated as:

(E) = 0.946 x é % 0.512 (MeV) (e”)

1
0.054 x - x 1.174 (MeV) (e~
+ X 3 X (MeV) (e7) (3.5)

1
+0.851 x 3 X 0.6617 (MeV) (v)
= 0.464. (MeV)

In the case of more the number of decay events are existing, (K.) can be generally described
as follows

(B) =) K"+ (vieq, (3.6)
{ J

where ¢, j, p, v, and e, are the number of events of beta decay, the number of events of
gamma decay, the probability of beta decay, the emission ratio of gamma decay, and the
emitted energy of the gamma ray, respectively. Egs. (3.5) and (3.6) show the simplicity of
the present method. Absorbed energy per radioactive decay event can be calculated in the
same way for other nuclides. The accuracy was investigated by comparison with read-out
value from previous research [6]. As described below, the energy absorbed per one radioactive
decay event is required to calculate the effective dose.

3.2.3 Absorbed dose, equivalent dose and effective dose

The absorbed dose Dt (%) is proportional to cumulative number of radioactive decay I(t)

as: I(t) x (E) (MeV) x 1.6 x 10713 (J/MeV)

weight (kg)

Drr(t) = (Gy, J/kg), (3.7)
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where 1.6 x 10'3(J/MeV) is the unit conversion from MeV to J. The weight of the human
body is assumed to be 70 kg, supposedly an average adult male.

However, we cannot discuss health effects by radiation only the energy but the type
of radiation. Particles which have large energy is more harmful than particles which have
small energy to human’s gene (recall photoelectric effect). Equivalent dose is a dose quantity
taking into account the type of radiation. Weighting the absorbed dose Dt g (t) by radiation
weighting factor wr and summing up, equivalent dose Hr(t) is obtained as:

Hy(t) =Y wrDrgr(t) (Sv,T/kg). (3.8)

Radiation weighting factor wg depends on the type of radiation. For example, wg of a ray
is wr = 20 because of mass and charge of « ray (helium nucleus). In case of 5 and v ray,
wg = 1, that is, Dy r(t) = Hr(t). The main subject of this article is nuclides of which decay
mode is # and ~ decay such as radiocesium, In that reason, we can regard equivalent dose is
equal to absorbed dose in the scope of this article.

Equivalent dose is, however, unsatisfactory to discuss health effects by radiation. Some
elements are required for human body metabolism, therefore they are concentrated in specific
organ or tissue. For example, calcium is concentrated in bone, because compound of calcium
is the main component of bone. Iodine is concentrated in thyroid to synthesize hormones. In
that case, we should consider the dose weighting by each organs or tissues from the viewpoints
of biochemistry.

Effective dose Heg(t) is a dose quantity taking into account tissue weighting defined as:

Hea(t) = wrHr (Sv,1/kg)., (3.9)

where wr is issue weighting factors. Of course, the effective dose is also proportional to
cumulative number of radioactive decay I(t).

Again, within the major scope of this thesis, regarding radioactive isotopes as cesium
which are distributed evenly whole the body, absorbed dose, the equivalent dose, and the
effective dose equal each other,

I(t) x (E) (MeV) x 1.6 x 10713 (J/MeV)
weight (kg)

He(t) = (Sv, J/kg) (3.10)
is satisfied as a general rule.

Eq.(3.10) is satisfactory regarding radioisotopes which are distributed whole the body
(e.g. radiocesium). However, Eq.(3.10) is unsatisfactory for elements which is required for
the human body (e.g. iron, zinc, iodine etc.) These elements should be considered their
biochemical property, it will be discussed later in detail.

3.2.4 Committed effective dose

As mentioned in section 1.2, the total effective dose delivered over a lifetime is termed the
committed effective dose (CED). In the case of adults, time until death is assumed to be 50
years. In previous research, the committed effective dose coefficient was used to calculate the
CED. Values of the coefficient are calculated by ICRP [32,35]. In this thesis, the effective
dose Heg(t) is described as a function of time, as Eq. (3.10).

The committed effective dose coefficient, Ccgp, can be described as:

He(50y)

Ttot

OCED = (3.11)
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Table 3.2: The table which compares energy absorbed per one radioactive decay event cal-
culated by the present method versus ICRP Publ.2.

Present method ICRP

Nuclide (MeV) (MeV)
e 0.052  0.052
2Na, 1.2 1.6
24Na 2.5 2.5
32p 0.57 0.70
358 0.058  0.056
2K 1.3 1.7
4TS¢ 0.28 0.22
9Fe 0.72 0.82
60Co 1.5 1.6
1317 0.38 0.44
137Cs 0.47 0.52

3.3 Results and Discussion

3.3.1 Comparison of absorbed energy per radioactive decay event with previous
research

The accuracy of the present method for calculating energy absorbed per radioactive
decay event was investigated by comparison with previous research. Fig.3.3 compares values
of energy absorbed per radioactive decay event by the present method with the energy
absorbed as determined according to MIRD method [6] related to individual nuclides. Both
results are similar; that is, the present method, despite its simplicity, shows accuracy about
equal to that of the previously proposed complex method.

3.3.2 Calculation of effective dose

The value of the committed effective dose coefficient is calculated analytically. From Egs.
(2.30) and (3.10),

(E)(MeV) x 1.6 x 10713(J/MeV)

Heg(50y) = 1(50y) x

70(kg)
Trobm _ {E)(MeV) x 1.6 x 1073(J/MeV) (3.12)
= 70(kg)

= CCED X Trotm (SV)

In Eq. (3.12), Ccgp is exactly the committed effective dose coefficient. Eq. (3.12) can be

rewritten as:
H.¢(50y)

T'rolm

CCED = (SV/Bq) (313)

3.3.3 Differences in committed effective dose by age

The effective dose coefficient differs by age because metabolic activity depends on age. Again,
Table 2.3 shows differences in parameters, such as the biological half-life, of the 37Cs reten-
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Fig 3.3: The graph which compares energy absorbed per one radioactive decay event calcu-
lated by the present method versus ICRP Publ.2.

tion equation by age, as set out by ICRP [42]. Egs. (3.10) and (2.34) give effective dose as a
function of time Hg(t). Difference of weight by age is shown in Table 2.3. Fig.3.4 shows a
time series of effective dose of 37Cs per unit intake when food containing 1 Bq/d is ingested
during 1 day, according to age. A similar time series using a pharmacokinetic model related
to cesium is shown by previous research [34].

Its accuracy is comparable with previous research using a complicated pharmacokinetic
model. Plots in Fig.3.4 are the time series of effective calculated ICRP [Kurihara, ICRP-
database], the solid lines in Fig.3.4 are the effective dose calculated by analytic solutions,
Egs. (3.10) and (2.34). Plots and solid line in Fig.3.4 are very similar, the accuracy of the
present method to calculate effective dose is demonstrated. The saturated values of effective
dose by age are similar to the committed effective dose coefficients calculated by ICRP [32] as
shown in Table 3.3. These results further demonstrate the accuracy of the method proposed
in this study.

Table 3.3: Comparison of committed effective dose (CED) of ¥"Cs by age determined by
ICRP Publ.72 with by the present method.

Age 3 months 1 year 5 years 10 years 15 years Adult
CED calculated by ICRP (Sv/Bq) 21x107% 1.2x1078 96x1079 10x10~% 13x10"% 13x10°8
CED by the present method (Sv/Bq) || 25 x 1078 1.2x107% 1.0x1078% 11x107®% 14x107®% 1.3x 1078
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3.3.4 Comparison of committed effective dose with previous research

Fig.3.5(a) compares values of committed effective dose coefficient calculated by the present
method with those determined according to ICRP [32]. Eq. (3.13) was used to calculate
the coefficient. Values of the coefficient are similar to those of the ICRP for five nuclides,
g, 32p, K, 9Co, and ¥7Cs. Indeed, the present method shows accuracy equal to that
of previous research in terms of calculating these coefficients. The present method, which
regards the human body as a single large tissue, shows accuracy equal to those of previous
methods for non-essential nuclides that distribute throughout the whole body approximately
evenly, such as cesium, phosphorus, and potassium.

However, for four nuclides, the calculated values are inconsistent. For %Fe, %Zn, and
9Sr, the values calculated are larger, and for 31, the value is smaller than the ICRP results.
These elements are required by the human body. Further, it is known that these elements
concentrate in specific parts of the human body.

Regarding the inconsistencies for nuclides required by the human body, it is known in
biochemistry and nutritional science that part of the ingested material is absorbed, and the
rest is excreted promptly, as shown in Fig. 2.5. For these nuclides, such as iron and zinc,
bioactivity affects to be the amount of the element constant. Short-term excretion ratio a; is
much larger than long-term excretion ratio as. Thus, it is important to consider absorption
by the digestive system when calculating the effective dose. The chemical properties of
radioactive isotopes and stable isotopes are almost identical in the human body, so knowledge
from biochemistry and nutritional science can be applied directly. Specifically, iron and zinc
are minerals required by the human body, and their absorptivity is detailed in the biochemical
and nutritional sciences literature. Fixing an appropriate value for the absorptivity of iron
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MFe, 7Zn, and ?°Sr are further modified by adding back the effective dose due to the short
biological half-life.

is difficult generally because it depends on the ingested amounts of other nutrients, which
can increase or decrease it.

In this study, the absorptivity of iron was assumed to be 15%, the value used by the Food
and Agriculture Organization and the World Health Organization report [48]. Thus, 15% of
iron ingested was considered when calculating the effective dose, and the rest was ignored.

The absorptivity of zinc depends on the amount ingested. Again, setting an appropriate
value for zinc is difficult generally because the absorptivity of zinc depends on the amount
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ingested. In this study, absorptivity of zinc from intestinal tract was assumed to be 30%,
as reported by previous researches [49-55]. As with iron, 30% of the zinc ingested was
considered when calculating the effective dose and the rest was ignored. In the cases of iron
and zinc, more plausible coefficients are obtained by multiplying by the absorptivity. Ministry
of Health, Labour and Welfare Japan (MHLW) summarize above results as a survey [56].

Next, strontium is discussed. The human body confuses strontium with calcium because
strontium and calcium are homologous elements. It is known that strontium is a bone seeker,
a nuclide that tends to concentrate in bone. The ratio of strontium concentrated on bone
by ingestion is 0.09 [57]. As with iron and zinc, 9% of the strontium ingested was considered
in calculating the effective dose and the rest was ignored. A better-matched coefficient was
obtained by multiplying by the bone-seeking ratio.

Finally, iodine is considered. It is known that iodine tends to accumulate in the thyroid
gland. ICRP recommends using a tissue weighting factor of 0.04 to convert equivalent dose
to effective dose related to the thyroid gland [47]. This means that, for example, exposure
to 1 mSv for the whole body is equivalent to exposure to 25 mSv for the thyroid gland.
The equivalent dose calculated by the present method uses exposure to the whole body
because it regards a human body as a single tank. Thus, multiplying by 25 to calculate the
equivalent dose provides appropriate in estimating the effective dose due to iodine, which
concentrates in the thyroid gland. Fig.3.5(b) compares the coefficients by the present method
with those determined according to ICRP Publ. 72 [32], with *Fe, 55Zn, ®Sr, and '3!1 values
modified as discussed above. The comparability of the **Fe, °Zn, P°Sr, and 3! values is
better than in Fig.3.5(a). These results suggest that the modifications above are appropriate.
Thus, the present methodology, corresponding to a hydrological lumped model, shows about
equal accuracy to research in ICRP Publ.72 [32]. Vales for nuclides required by the human
body, such as iron, zinc, strontium, and iodine, were modified by taking into account their
biochemical properties. Table 3.4 summarizes the considered factors and the corrected values
for the four nuclides.

Table 3.4: Modified factors and multiplied values relating to 4 nuclides.

Nuclide Modified factor Multiplied value
MFe  Absorptivity from a digestive system 0.15
657Zn  Absorptivity from a digestive system 0.30
908y Ratio of bone-seeking 0.09
1317 Tissue weighting factor of a thyroid 0.0471

The effective dose calculated will be more accurate if the neglected short biological half-
life is added back. Eq. (2.34), which calculates a more accurate cumulative number of
radioactive decay, gives a more accurate effective dose. The short biological half-life is set
to 2 days. Fig.3.5(c) compares the coefficients calculated by the present method with those
determined according to ICRP Publ. 72 [32]. 3!T is modified as in Fig.3.5(b), and 5°Fe, %Zn,
and %°Sr are modified by adding exposure due to the short biological half-life. The difference
in effective dose made by adding the short biological half-life is quite small; it must, however,
give a more accurate effective dose. Table 3.5 shows effective dose ratio caused by a long
biological half-life versus that caused by a short biological half-life of *°Fe, %Zn, and *Sr. It
can be seen that the effective dose caused by a short biological half-life is much smaller than
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that caused by a long biological half-life.

Table 3.5: Effective dose ratio: long biological half-life versus short biological half-life for
MFe, 7Zn and Sr.

Effective dose ratio:
long biological half-life versus

Nuclide short biological half-life

e 0.27
657n 2.4 x 1072
990Gy 3.0x 1073

3.3.5 Examples calculating the committed effective dose

Three examples are provided, which illustrate how to calculate the effective dose when a
human ingests food containing radioactive 37Cs.
Exercise 1:

In meat, a concentration of 100 Bq/kg of 37Cs has been measured. What effective dose
does a person receive on eating 1 kg/d of this meat during 50 years? 100 Bq/kg is the
standard limit in general foods for radioactive cesium, determined by the MHLW-Japan at
the present (October 2013), enforced from April 1 2012 [29].

Answer 1:
Ingested radioactivity is 100(Bq/kg) x 1(kg/d) x 365(d/y) x 50(y) = 1.83 x 10° (Bq).

From Eq. (2.30), cumulative number of radioactive decay during 50 years is:

rrotm  100(Bg/kg) x 1(kg/d) x 365(d/y) x 50(y)

TB0) = = = T 15769.6(d) x 24(/d) x 60°(s/m) 0% 05 (314

From Egs. (3.10) and (3.14), the committed effective dose is calculated as:

1(50y) x 0.464(MeV) x 1.6 x 10-13(J/MeV)
70(kg)

Heg(50y) = ~ 17mSv. (3.15)

If the average energy absorbed into the human body per one radioactive decay event of
137Cs calculated according to the ICRP, 0.521 MeV and Eq. (3.10) are used, the committed
effective dose is calculated as 18 mSv. If the committed effective dose coefficient of 37Cs
calculated according to the ICRP, 0.013 puSv/Bq is used, and the value of the committed
effective dose is calculated as: 0.013(uSv/Bq) x 1.83 x 100(Bq) = 23 (mSv). These results
are similar, again indicating the accuracy of the present method. Despite its simplicity,
the present method, using a hydrological lumped model, shows sufficiently high accuracy.
For reference, the United Nations Scientific Committee on the Effects of Atomic Radiation
says that total exposure dose due to natural radiation (world average) is 2.4 mSv/year [59].
UNSCEAR also noted that a dose rate less than 100 mSv/y indicates a linear no-threshold
model [60]. ICRP Publ. 103 notes that exposure less than 100 mSv/year does not provide
any clear and significant indications of cancer risk, medically and statistically [47]. The
result shown in Eq. (3.15) suggests that the new criterion for radioactive cesium set by
MHLW-Japan is excessive.
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Exercise 2:

In meat, a concentration of 50 Bq/kg of 3"Cs and 50 Bq/kg of ¥*Cs have been measured.
What effective dose does a person receive on eating 1 kg/d of this meat during 50 years?
Intensity of radioactivity of 37Cs and '**Cs was almost the same in immediately after the
accident [61].

Answer 2:
In the same way as exercise 1, cumulative number of radioactive decay of 37Cs during 50
years [137(50y) is:

Trotm  100(Bq/kg) x 1(kg/d) x 365(d/y) x 50(y)

I ~ = = 7.9 x 10'? 1
a7(30y) = == 1n2/69.6(d) x 24(h/d) x 602(s/h) r9x 107, (3.16)

where .37 is an effective attenuation constant of '37Cs, relationship with effective half-life
of ¥7Cs, Teisr, i ersr = In2/To137.

Physical half-life of *Cs is 2 years, biological half-life of **Cs is the same as 13"Cs.
Effective half-life of 3*Cs is calculated as 63.9 days from Eq. (2.7). Therefore, cumulative
number of radioactive decay of 1*'Cs during 50 years I134(50y) is:

Trotm  100(Bq/kg) x 1(kg/d) x 365(d/y) x 50(y)

I ~ = = 7.3 x 10" 1
1(30y) = == I02/63.9(d) x 24(b/d) x 60(s/h) 3x 107, (3.17)

where .34 is an effective attenuation constant of '3*Cs, relationship with effective half-life
of ¥1Cs, Teiz4, i er30 = In2/To134.

The average energy absorbed into the human body per one radioactive decay event is
calculated as 0.924 MeV. The committed effective dose is calculated as:

_ Ligr(50y) x 0.464(MeV) x 1.6 x 1073(J /MeV)

Har(30y) = 0(kg)
n I134(50y) x 0.9240(MeV) x 1.6 x 10_13(J/Me\/) (3.18)
70(kg)
~ 24mSv

If the average energy absorbed into the human body per one radioactive decay event of
131Cs calculated according to the ICRP, 1.09 MeV and Eq. (3.10) are used, the committed
effective dose is calculated as 27 mSv. When the committed effective dose coefficient of *4Cs
calculated according to ICRP, 0.019 uSv/Bq is used, the value of the committed effective
dose is calculated as: 0.5 x 0.013(uSv/Bq) x 100(Bq/kg) x 1(kg) x 365(d) x 50(y) + 0.5 x
0.019(uSv/Bq) x 100(Bq/kg) x 1(kg) x 365(d) x 50(y) = 29mSv. As in Exercise 1, almost
identical results were obtained.

Exercise 3:

In water, a concentration of 60000 Bq/L of H has been measured. What effective dose
does a person receive on drinking 2 L./d (required water consumption for adult male) of this
water over 50 years? 60000 Bq/L is concentration limit specified by laws and regulations [62].

Answer 3:
Physical half-life of 3H is 12 years, biological half-life of 3H is 12 days and effective half-life
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of 3H is 12 days as shown in Table 2.1, in the case of tritiated water. cumulative number of
radioactive decay of 3H during 50 years I(50y) is:

rotm  60000(Bq/L) x 2(L/d) x 365(d 50

1(50y) ~ 0 _ (Ba/L) x 2(L/d) x 365(d/y) x 50(y) _ o g3, (3.19)
Qe In2/12(d) x 24(h/d) x 602(s/h)

The average energy absorbed into the human body per one radioactive decay event is calcu-

lated as 6.2 keV from Eq. (3.4). The committed effective dose is calculated as:

I(50y) x 6.2(keV) x 1.6 x 1071%(J /keV)
70(kg)

When the average energy absorbed into the human body per one radioactive decay event
calculated according to the ICRP, 5.8 kev and Eq. (3.10) are used, the value of committed
effective dose is calculated as 43 mSv. When the committed effective dose coefficient of 3H
calculated according to ICRP, 0.018 nSv/Bq is used, the value of the committed effective
dose is calculated as: 0.018(nSv/Bq) x 60000(Bq/L) x 2(L/d) x 365(d/y) x 50(y) = 40 mSv.
Again, as in Exercises 1 and 2, almost identical results were obtained. The effective dose per
a year is 0.93 mSv, which is much lower than total exposure dose due to natural radiation.

H.(50y) = ~ 46mSv (3.20)

3.4 Conclusion

In this chapter, we calculate the effective dose caused by the intake of radioisotope. The
method to calculate the absorbed energy into the human body per one radioactive decay
event is proposed. The effective dose is computed from the absorbed energy per radioactive
decay and cumulative number of radioactive decay. It is demonstrated that the method to
calculate the effective dose proposed in this article has comparable accuracy with previous
study in radiology. The results of this chapter are summarized in the followings.

1. The absorbed energy into the human body per one radioactive decay event is estimated
from the decay scheme considering the energy spectrum of g ray and absorptivity of
~ ray. The average energy of f ray is estimated to one third of its maximum energy.
Absorptivity of v ray is estimated to be a half because the energy order of v ray is 0.01-
0.1 MeV. Reading out the decay schemes of each nuclides, we compute the absorbed
energy per one radioactive decay.

2. Multiplying the absorbed energy per one radioactive decay by accumulative number of
radioactive decay, we obtain total energy absorbed into the body. The absorbed dose
is computed by dividing body weight into the total energy. The weight is set to be 70
kg assuming typical adult male.

3. In case of radiocesium, main subject of this article, absorbed dose, equivalent dose,
and effective dose are equal to each other. This is because cesium is not required
human body and does not concentrate in a particular organ. Comparison of committed
effective dose with existing study shows that this method also applies to other nuclides.

4. Elements which human body requires, for example iron, zinc, strontium (congener
of calcium), and iodine, should be considered biochemical properties to compute the
effective dose. For iron and zinc, the absorptivity from digestive organs is considered.
Strontium is modified taking into account the property as a bone-seeker. For iodine,
we should consider concentration in thyroid and its tissue weighting factor. These
modification give more consistent values of effective dose with existing study.
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5. The values of committed effective dose are calculated assuming the case that people
take radiocesium on food and water supply referring the standard limit for radiocesium
in Japan in 2015. The standard limit of radiocesium yields only the dose much less
than natural radiation.

In this chapter, we studied readily-understandable effective dose calculation method. As
more practical problem, we will discuss radioactivity on agricultural products derived from
fallout and the effective dose in next chapter.
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4 The effective dose calculation caused by radioactiv-
ity on agricultural products derived from radioactive
fallout

4.1 Introduction

In this chapter, we aim to expand the scope of the research from the human body to the
soils. We model the transfer of radiocesium from the radioactive fallout into the soils to the
intake of radioactivity on agricultural products. Subsequently, we calculate the effective dose
by applying the methods we have been studied up to previous section. We show that our
hydrologic-based method can be straightforwardly applied to not only the human body but
also the soils.

Our modeling of the radiocesium transfer from the soils to the human body is based on
the previous research regarding the vertical infiltration, the transfer factor to plants, and
the residence time of cesium in the soils. We compute the intensity of radioactivity on the
soils per area and the effective dose derived from the intake of radioactivity on the rice using
actual measured radioactive fallout after the Fukushima Daiichi NPP accident. The actual
measured data show that the dose rate caused by the intake of radioactivity on agricultural
products derived from fallout after the Fukushima Daiichi NPP accident is less than natural
radiation.

4.2 Theory and Methods

4.2.1 Modeling of transfer from radioactive fallout to radioactivity on agricul-
tural products

We consider the transfer of radiocesium from the soils to the intake of radioactivity on
agricultural products by using the data of fallout. Fig.4.1 shows a schematic diagrams of
the radiocesium transfer. Fig.4.1(a) describes radiocesium fallout into the soils. We can
know the actual intensity of radioactivity per area from above mentioned data of Nuclear
Regulation Authority [61].

Fig.4.1(b) describes the transfer of radiocesium from the soils to rice, which is a typical
example of agricultural product in Japan. Here, we introduce the transfer factor n defined

as:
The concentration of radioactivity

in agricultural products (Bq/kg) (4.1)

= The concentration of radioactivity

in the soils (Bq/kg)

There are many reports regarding the transfer factor [63-65]. The unit conversion from
intensity of radioactivity per area (Bq/m?) to the concentration of radioactivity in the soils
(Bq/kg) is also required. Their treatment in this paper is described in detail later.

Fig.4.1(c) describes the intake of radiocesium on the rice. We can calculate the effective
dose by using the method the authors had proposed. We recognize the transfer of radiocesium
formally up to here.
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Transfer of radiocesium from soils to rice
(the transfer factor: 7)
(c) . oactiv
The intake of radioactivity on
the rice: r,(f) (Bq/y)

Radioactivity in the human
body: A,(f) (Bq/body)

A7

Fig 4.1: Schematic diagrams of the radiocesium transfer, (a) from the radioactive fallout to
the soils, (b) from the soils to the rice and (c) the intake of radioactivity on the rice.

4.2.2 The attenuation of radioactivity on the soils

In the followings, we consider the procedure of the calculation. Fig.4.2 shows the flowchart
to calculate radioactivity in the human body from the radiocesium fallout through the soils
and the rice. At first, we can know the fallout of radiocesium from the above mentioned
data [61]. The intensity of radioactivity per area on the soils hs(t) is calculated from the
residence half-time 7., which is defined as the time the intensity of radioactivity on the soils
decreases by half, and so: hy(T,.) = hs(0)/2. The specific value of T, is referenced previous
studies [66—69].

The existence of residence half-time suggests that intensity of radioactivity per area on
the soils decreases exponentially. We can also say that runoff is linear with respect to the
storage. The authors have studied the method to calculate intensity of radioactivity in the
human body by solving first order linear ordinary differential equation. Here, we suggests
that intensity of radioactivity on the soils also can be described by first order linear ordinary
differential equation. This is the aim of this paper, we attempt to expand the subject of our
method from the human body to the soils.

Recall that again, intensity of radioactivity per area on the soils decreases exponentially
and runoff is linear with respect to the storage. Fig.4.2(a) gives the relationship of total
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(b) Soil | Unit conversion: Bqg/m> — Bq/kg

A 4

(c) Rice | Transfer factor from soil to rice: /7

A 4

(d) Rice | Unit conversion: Bq/kg — Bq/y

(e) Human body
Radioactivity on the intake of the rice: r,(r) (Bq/y)
Radioactivity in Ph){sicall rpanf of
the human body: radioactivity in the human
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..... radioactive decay: g, ,(f)
« -
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| T Biological runoff of
<« = radioactivity in the
- X human body

emerges from

Effective runoff of radioactivity in .
excretion: g,(f)

the human body:
q.n= qp;b(t) +q,(1) = a, h(n) (Bgly)

Fig 4.2: The flowchart to calculate radioactivity in the human body from the radiocesium
fallout through the soils and rice.

runoff ¢, (¢) with physical runoff ¢,s(¢) and runoff by environmental factors on the soils ¢ (?)
as:

¢r(t) = ps(t) + ¢s(t) = (p + @) hs(t) = arhs(t), (4.2)
where a, and «, are attenuation constant on the soil and residence attenuation constant.
That is, the relationship between residence half-time 7}, physical half-life 7},, and "half-life
on the soils” (named here for convenience) Ty is:

== (4.3)
as with the human body shown in Eq.(2.7).
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From Fig.4.2(a), we can denote the continuity equation of radioactivity in the soils as:

D) )~ a0, (4.4
From Eq.(4.2), Eq.(2.4) is rewritten as:
P 1)~ anhafe), (45)

that is a first order linear ordinary differential equation. We can get the solution of Eq.(4.5)
analytically as:

t
hs(t) = / e~ o (7)dr 4 hgge ! (4.6)
0

under the initial condition h4(0) = hgp.

4.2.3 The vertical infiltration of cesium in the soils

We discuss the vertical infiltration of cesium in the soils. It reasons the unit conversion from
intensity of radioactivity per area (Bq/m?) to the concentration of radioactivity in the soils
(Bq/kg). It is reported that cesium remains the shallow topsoils [70,71]. If we can know the
infiltration depth of cesium on the topsoils I (m) and the unit weight of the soils p (kg/m?),
then we can obtain the concentration of radioactivity in the soils as:

The concentration of radio- _ hy(t) (Bg/m?)
activity in the soils (Ba/ke) = p (kg/m3) I (m)

Eq.(4.7) describes the unit conversion from intensity of radioactivity per area (Bq/m?) to
the concentration of radioactivity in the soils (Bq/kg).

(4.7)

4.2.4 Transfer factor of radiocesium from the soils to polished rice

From the definition of the transfer factor Eq.(4.1),

The concentration of radio- hs(t)
activity in the polished rice (Ba/kg) =1 ol (4.8)

The specific value of 7 is referenced previous studies [63-65, 72].

4.2.5 The annual intake of radioactivity on the rice

If we can know the average annual rice consumption per capita of Japanese adults k (kg/y),
then we can obtain the annual intake of radioactivity on the rice r;(¢) as:

ri(t) = kn h;(lt) (Ba/y). (4.9)
Eq.(4.9) is simplified as:
ri(t) = Ahg(1), (4.10)

where A = kn/pl. Thus, the annual intake of radioactivity on the rice r;(t) is proportional
to radioactivity on the soils h4(t) for the proportionality coefficient A (m?/y).
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Table 4.1: The parameters regarding 7., [, p, n and k used for specific calculation

The parameter Symbol | The value
Residence half-time T, 18.1y
Infiltration depth of ce- ] 0.03 m

sium on the topsoils
Unit weight of the soils P) 2000 kg/m?
Transfer factor from

the soils to rice " 0.01,0.1,04
Average annual rice

consumption per
capita of Japanese & 60 ke/y
adults

4.2.6 Mathematical description of transfer from radioactive fallout to radioac-
tivity on polished rice

Our previous study describes the intensity of radioactivity in the human body hs(t) (Bq/-
body) by the following continuity equation:

dhy(t)
dt

=1r;i(t) — aehp(t), (4.11)

Solving Eq.(4.11), we can get hy(t) analytically as a function of time ¢ as:

hy(t) = /0 t ey, (r)dr (4.12)

under the initial condition hy(0) = 0.
t T ,
hb(t) = /\/ (e—ae(t—r) / Tf(T/)G_aT(T_T )dT/ + hSUG_OC"T) dr (413)
0 0

4.2.7 Specific parameters regarding the transfer of radiocesium from fallout to
the rice for internal dose calculation

Table 4.1 shows the parameters regarding 7., [, p, n and k used for concrete calculation.
The parameters are justified by the below references. Residence half-time 7,=18.1 (year) is
average across Japan [69]. It is employed as a typical example. Tanihata [71] suggests that
the depth which the radioactivity of radiocesium decreases to one-tenth is 31 mm, and so we
employ the infiltration depth of cesium on the topsoils as { =0.03 m. The unit weight of the
soils p=2000 kg/m? is represent value for convenience. For example, Braja [73] notes that
The unit weight of the soils is 1970.3 kg/m?®. Tt is known that the transfer factor from the soils
to rice n is fluctuated due to the environmental factors [63-65]. National Institute for Agro-
Environmental Sciences reports that the range of transfer factor is 3 x 107 <7 < 0.18 [72],
and the average is 2.6 x 1073. Here, we assume 1n=0.01, 0.1, 0.4, as plausible values. In the
case of n=0.4, it is larger than double of the maximum measurement value. We can say that
we estimate sufficiently more unsafe dose when n=0.4. The average annual rice consumption
of Japanese adults kis referenced Abdullah [74], set to be 60 kg/y.
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Then, the proportionality coefficient A is branched as:
0.01 m?/y (n=20.01)
A=< 01 m?*y (n=01) . (4.14)
04 m?/y (n=04)
4.3 Results and Discussion

4.3.1 The calculation of radioactivity on the soil using the measured fallout
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Fig 4.3: The time series of the annual amount of radiocesium fallout and the intensity of
radioactivity per area on the soil hg(t).

Fig.4.3 shows the time series of the annual amount of radiocesium fallout and the intensity
of radioactivity per area on the soil. The annual amount of radioactive fallout is estimated
by the summation of measured monthly amount of fallout [61]. It should be noticed that the
annual amount of fallout after the April 2014 (i.e. ¢t > 3) is extrapolated. Fig.4.3 suggests
that almost fallout had fallen with in 1 year after the accident.

Fig.4.3 (1) shows the intensity of radioactivity per area on the soil h4(t) in the case of
the residence half-time 7, = T, = 30 y, that is, the case runoff emerges from environmental
factors are neglected. It is the improbable case realistically. We can also say Fig.4.3 (1) is
maximum intensity of radioactivity.

Fig.4.3 (2) shows the intensity of radioactivity per area on the soil hy(t) in the case of the
residence half-time 7,, = 18.1 y. It is the average of Japan [69] as mentioned above. Here,
we employ the value as a typical example. In the followings, we discuss using the solution
of the intensity of radioactivity per area on the soil hy(t) shown in Fig.4.3 (2).

4.3.2 Radioactivity in the human body caused by the intake of radiocesium on
the polished rice

The relationship between hg(t) with r;(t) is described in Eq.(4.10). Substituting Eq.(4.10)
into Eq.(4.11), we can get the intensity of radioactivity in the human body h,(t). Fig.4.4
shows the time series of hy(t) according to the transfer factor 7. It should be noted that we
calculate hy(t) in the case of there is no artificial decontamination.

In the next section, we calculate the effective dose based on the result shown in Fig.4.4.
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Fig 4.4: The time series of the intensity of radioactivity in the human body hy(t) according
to the transfer factor 7.

4.3.3 The effective dose calculation due to the intake of radioactivity on the
rice derived from fallout

Substituting the solution of Eq.(4.11) into Eq.(2.21), cumulative number of radioactive de-
cay I(t) is obtained. Subsequently, substituting 7(¢) into Eq.(3.9), we can get the effective
dose Heg(t). Fig.4.5 shows the time series of the effective dose according to n. If n=0.4, the
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Fig 4.5: The time series of the effective dose according to the transfer factor n.

dose rate is 5.8 mSv/y. We should notice that this calculation excluding artificial decontam-
ination activity completely. It should be noted that the rice exceeds the standard limit for
radiocesium in Japan (100 Bq/kg) is not on the market.

For reference to compare, the United Nations Scientific Committee on the Effects of
Atomic Radiation (UNSCEAR) states that the total exposure dose due to natural radiation
(world average) is 2.4 mSv/y [59]. UNSCEAR also noted that a dose rate less than 100
mSv/y indicates a linear no-threshold model [60]. It is said that the dose rate does not
provide a significant indication of cancer risk [47]. We can say that the order of dose rate
caused by the intake of radioactivity on the rice is same with those of natural radiation in
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the case of n=0.4.

4.4 Conclusion

In this chapter, we calculate the effective dose due to the intake of radioactivity on agricul-
tural products derived from fallout. The scope of our research is expanded from the human
body to the soils. Radioactivity on the soils is described as a single vessel as with the human
body. Selecting rice as a typical example of agricultural products, we discuss the transfer
of radiocesium from the soils to the rice based on previous studies. Thus, we calculate the
effective dose due to the intake of radioactivity on agricultural products derived from fallout
according to our previously proposed method. The results are summarized below.

1. Radioactivity on soils is computed hydrologic-based single vessel as with the human
body. Radioactivity on soils is described by the continuity equation which includes
radioactive fallout and residence half-time. We use actual measurement of radioactive
fallout after the Fukushima Daiichi NPP accident. As with the effective half-life in the
human body, residence half-time is determined by physical half-life and half-life on the
soils.

2. Transfer of radiocesium from the soils to rice is modeled taking account for the vertical
filtration of cesium in the soils, transfer factor of cesium from the soils to rice, and
average annual rice consumption per capita. The annual intake of radioactivity on rice
is proportionally corresponded with radioactivity in the soils.

3. By using the annual intake of radioactivity on rice obtained in that way, we compute
the effective dose due to the intake of radioactivity on agricultural products derived
from fallout. In most cases, the dose rate is less than natural radiation. Even if the
transfer factor n is larger than double of the maximum measure value, the order of the
dose rate is same with those of natural radiation. It should be noted that we calculate
the effective dose due to the intake of the rice in the case of there is no artificial
decontamination.

Thus, we studied radioactivity in the soils as an example of the application of the present
hydrologic-based internal dose calculation in this chapter. We suggest that the methodology
proposed in this article has a potential to discuss the behavior of radioisotopes and internal
dose in various applications because of the simplicity of the fundamental equation.
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5 Stochastic calculus of the internal dose calculation

5.1 Introduction

Up to previous chapters, we consider one-to-one correspondence between ingestion of ra-
dioactivity with intensity of radioactivity and the effective dose. That is, for any input,
output is determined uniquely. The average behavior of the ensemble can be grasped enough
by above method. However, we are dissatisfied with deterministic discussion. Radioactiv-
ity in the human body should be indeed distributed by individuals because of difference in
physical or biological factors, for example different intake of radioactivity and metabolism.
In fact, Hayano et al. studied the radiocesium body burden distribution by using whole-
body counter in Fukushima prefecture after the Fukushima Daiichi NPP accident [77]. If we
would like to discuss the probability density function of radioactivity in the human body, we
shall introduce stochastic viewpoint including random fluctuation. We suggest that radioac-
tivity in the human body not only deterministically but also stochastically considering the
uncertainty and randomness.

In this chapter, we discuss the probability distribution of radioactivity in the human body
and the effective dose based on stochastic calculus. We discuss the applications of stochastic
calculus of the internal dose calculation based on lumped hydrologic method in the body
of this thesis. We will study the fundamental and detailed theory of stochastic calculus in
Appendix 5, major subjects are only discussed in the body of the thesis.

We introduce the stochastic process for internal dose calculation including random fluctu-
ation. The Wiener process is typical and standard stochastic process to know the Gaussian-
white random fluctuation such as Brownian motion [75,76]. We treat the random fluctuation
of radioactivity in the human body as white noise as presupposition for simplicity. It is known
that the stochastic fluctuations can be described by three kinds of formalisms, that is, the
Langevin equations, Stochastic differential equations (SDEs), and the Fokker-Planck equa-
tion. These three formalisms are equivalent, they can be converted optionally each other (the
equivalence is discussed in Appendix 5). We review the fundamental forms of these three
formalisms. Based on each fundamental forms, we consider the application to radioactivity
in the human body. The Langevin equation is adopted as the starting point of discussion
adding the random fluctuation term to continuity equation. The probability density function
of radioactivity in the human body is computed based on the Fokker-Planck formalism.

The effective dose can be computed by time integral of radioactivity in the human body.
While the effective dose can be calculated uniquely from radioactivity in the human body,
the inverse operation is non-unique cause of integral operation. In that reason, it seems to
be difficult that we denote the effective dose by the stochastic process from the complete
mathematical operation. As an alternative strategy, we propose the stochastic process of
the effective dose which satisfies the convergence in the average. In the same way with
radioactivity in the human body, we compute the probability density function of the effective
dose by solving the Fokker-Planck equation.

While the previously deterministic methodology studied in chapter 2-3 is enough to plan
radiological protection for the public, the probability distribution such as shown by Hayano
et. al. [77] is also practically important to know actual internal dose. The method proposed
in this article will provide stochastic viewpoint for radiological protection based on lumped
hydrologic method. Although the main subject of this article is radiation exposure, the
hydrologic-based methodology proposed in this article has a potential to discuss general
hydrological phenomena including uncertainty and randomness.
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5.2 Theory and method

5.2.1 The Langevin equation which describes fluctuation of radioactivity in the
human body

First, we review the fundamental form of the Langevin equation, after that, we attempt to
apply the Langevin equation to radioactivity in the human body.
The fundamental form of the Langevin equation is described as in the following:

WO i) + &), (5.1
where the second term of rhs of Eq.(5.1); £(¢) stands for the random fluctuating term.

The Langevin equation was originally introduced to discuss random motion of minute
particles in a fluid [78]. The Langevin equation, however, can describe various phenomena
which includes random fluctuation and noise. For example, the random fluctuation of electric
charge of capacitor in an electric circuit can be discussed by the Langevin equation [79]
which describes the conservation law of electric charge and Johnson-Nyquist noise (random
fluctuation of electric charge caused by the agitation of electrons). In our hydrologic-based
internal dose calculation, we compute the continuity equation of radioisotopes by analogy
with lumped hydrological method. Because of the similarity of the fundamental equations,
it is natural idea that we attempt to apply the Langevin equation to radioactivity in the
human body when we take account for the random fluctuation of the intake of radioisotopes.

Hence, we will study the application of the Langevin equation to radioactivity in the
human body. The continuity equation of radioactivity in the human body is again described
as:

dh(t)

— = () —ah() (52)

as with chapter 2.
Adding the random fluctuation term &(t) to Eq.(5.2), then we obtain

dh(t)

— = r(t) +E() — ah(t). (5.3)

Eq.(5.3) is the Langevin equation of radioactivity in the human body. As shown in Fig.5.1,
the Langevin equation which denotes conservation relationship of radioactivity in the human
body (Eq.(5.3)) is schematically described by a single vessel as with lumped hydrological
method.

We scrutinize Eq.(5.3). Let be intake of radioactivity r(t) and £(¢)

r(t) = {M O<t<tn) (5.4)

[0 0<t<t)
gm—{o oy (5.5

where (-) stands for the average. Here, the average intake of radioactivity (r) is treated an
any constant. Egs.(5.4) and (5.5) state that while there is intake of radioactivity including
random fluctuation until the time ¢,,, there is not intake of radioactivity after the time t,,.
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Fig 5.1: A single vessel similar to lumped hydrological method which describes the conserva-
tion relationship of radioactivity in the human body including random fluctuation of intake

of radioactivity. It is denoted by the Langevin equation of radioactivity in the human body
as Eq.(5.3).

The fluctuation term n(t) satisfies
(n(t)) =0, (5.6)

and
(n(Om(e) = =715 1), (5.7

where D and p are a diffusion constant and the mobility respectively?. Eq.(5.6) states that
the fluctuations cancel each other. Eq.(5.7) states that the fluctuations are time independent.
Egs.(5.6) and (5.7)are important properties of random fluctuation term, that is discussed
again from the different viewpoints later.

Intake of radioactivity described by Egs.(5.4-5.7) is shown in Fig.5.2. Intake of radioac-

tivity is distributed obeying to normal distribution with the average (r) and the standard

t
1 D
deviation 2D/ dr(l — e )% = 2—(1 — e ") (Section 5.3.4 discussed the variance in
0 v g
detail.). Fig.5.2 states that we cannot know pulse-like intake of radioactivity of each time
deterministically, however, we can know the probability distribution.
When Eqs(5.4) and (5.5) are satisfied, then the Langevin equation of radioactivity in the

human body is denoted by:

dh(t) _ J{r) —ah(t) +n(t) (0<t<tn)
dt | —ah(t) (t>tm)

v =22 = uf, where f is external force.

(5.8)

4
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Fig 5.2: Intake of radioactivity including random fluctuation.

Recall that in case of there is no random term, then the differential equation can be solved
elementally. The non-random solution can be regarded as the average of a lot of random
paths because the random term &(t) is white-Gaussian noise with the average zero. We can
also regard the non-random solution as the deterministic solution shown in Eq.(2.26).

That is, we can put on par with non-random solution, the average, and the deterministic
solution. These relationship is denoted by:

d{h(t)) _
o = () —alh®)), (5.9)

random fluctuation term is vanished by averaging. It is difficult to know behavior of the
individual samples including random fluctuation, however, it is easy to know the average
behavior of a lot of samples. This fundamental idea is critically important to discuss the
phenomena which have randomness and uncertainty.

Solving Eq.(5.9), we obtain

@(1 — e ) (0<t<ty)
)y =4 . (5.10)
%)(—1 +em)em (> tp,)
Eq.(5.10), indeed, agrees with deterministic solution shown in Eq.(2.26) which calculates

radioactivity in the human body deterministically.

5.2.2 The stochastic differential equation of radioactivity in the human body

As with the Langevin equation, first we review the fundamental form of the SDE.
The theory of It6 calculus [80-83] allows us to denote the Langevin equation, Eq.(5.1),
by the stochastic integral equation as:

x@:AE@am+%EAEW@, (5.11)

where p corresponds with the average (z(t)) and W (t) stands for the standard Wiener
process respectively. Wiener process is the typical mathematical method describing random
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fluctuation, we introduce the Wiener process to discuss random fluctuation of radioactivity
in the human body.

In Eq.(5.11), the random term treated as the functional integration of the Wiener process
W (t). It should be noted that while the first term of rhs of Eq.(5.11) is the ordinary Riemann
integral, the second term of rhs of Eq.(5.11) is the It6 integral.

Expressing Eq.(5.11) in the differential form, we obtain the SDE as:

dz(t) = p(t, z(t)) + V2DdW (t). (5.12)

The Wiener process W (t) satisfies W (0) = 0 and W (¢) ~ N(0,t), where N(u,c?) stands
for the normal distribution with average p and variance o?. We can interpret that the
Wiener process W (t) describes the probability density function is the normal distribution
for a particle which exists at the origin point at the time ¢ = 0. It is noteworthy that the
Wiener process represents Fick’s law of distribution and Fourier’s heat conduction law. That
is, the standard deviation of the probability density function is proportional to v/%.

We cannot differentiate W (t) everywhere, but the infinitesimal change dW () can be

calculated obeying Ito’s rules;
{dW (t)}* = dt and dW (t)dt = (dt)* = 0. (5.13)

It is natural idea that we neglect second or more order terms of infinitesimal changes. There-
fore, the Tto’s rule, {dW (¢)}* = dt, seems to be irregular. The rule, however, enables to
describe consistently diffusion process of which standard deviation is proportional /2.

Up to here, we reviewed foundation of SDE formalism. Next, we attempt to apply the
SDE to radioactivity in the human body. Expressing the Langevin equation, Eq.(5.8), with
SDE, we obtain:

(5.14)

dh(t) = [r — ah(t)]dt +V2DdW () (0 <t <t,)
| —ah(t)dt t>tn)

Eq.(5.14) is the SDE of radioactivity in the human body.

5.2.3 The Fokker-Planck equation and the probability density function of ra-
dioactivity in the human body

The Langevin equation and SDE provide equivalent Fokker-Planck equation for the proba-
bility density function. The standard form of the Fokker-Planck equation is in the following:

owX) 0 Pp(t, X)

which corresponds to Eq.(5.1) (Langevin formalism) and Eq. (5.12) (SDE formalism). p(¢, X)
stands for the probability density function of the random variable X. It is repeatedly empha-
sized that the Langevin equation, SDE and the Fokker-Planck equation are equivalent each
other. They describe the same one from different viewpoints. We should choose appropriate
formalism as necessary.

The Fokker-Planck formalism is useful when we would like to get the probability density
functions. The aim of this article is to know probability distribution of radioactivity in
the human body, therefore, it is reasonable to employ the Fokker-Planck formalism. In this

(5.15)
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article, we compute the Fokker-Planck equation choosing the Langevin equation as a starting
point of discussion.
The Fokker-Planck equation of radioactivity in the human body is described as:

% _ _aiH () — aHlps(t, H)}+D% (0=t tn) (5.16)
Opn(t, H) _ 0 1o o b=t |
5 = Oza—H[ pu(t, H)] (6> En)

where py(t, H) is the probability density function of radioactivity in the human body, H
stands for the random variable of radioactivity in the human body. Capital letters are used
to distinguish clearly random variables in this article.

Generally, the Fokker-Planck equation cannot be solved analytically. We can solve the
Fokker-Planck equation analytically only in the special cases. Eq.(5.16) cannot be solved at
the interval 0 < ¢ < t¢,,. However, Eq.(5.16) can be solved analytically at the interval t > ¢,,.

Our strategy to compute Eq.(5.16) is numerical calculation at the interval 0 < t < t,,,
and we compute Eq.(5.16) analytically at the interval ¢ > ¢,, using the boundary condition
at t = t,, given by above numerical calculation.

The initial condition and the boundary conditions should be p,(0,H) = 6(H) and
limpy 400 pu(t, H) = 0. However, being numerical calculation, they are substituted to be
pr(0, H) = N(0,¢) and py(t,+=A) = 0, where ¢ < 1 and A > r/a.

5.2.4 The stochastic differential equations and the Fokker-Planck equations of
the effective dose

Up to previous section, we discuss the stochastic process and probability density function of
radioactivity in the human body, however, we wish we could calculate those of the effective
dose from the viewpoint of radiological protection. In this section, we attempt to compute the
stochastic process and probability density function of the effective dose from two inferences.
Although we cannot derive them by strict mathematical operation, we state the reasons why
these two inferences are reasonable and likely.

Radioactivity in the human body h(t) is the number of radioactive decay per unit time,
hence, cumulative number of radioactive decay o(t) is defined by time integral of radioactivity
in the human body as:

o(t) /0 h(r)d (5.17)

The effective dose s(t) is proportional to cumulative number of radioactive decay as:

s(t) = Be(t), (5.18)

where £ is a constant which divides absorbed energy per one radioactive decay (E) by body
weight (8 = (E) (MeV)/weight (kg)=[J/kg] = [Sv]). The proportional constant § is treated
to depend on only the kind of nuclides.

When A(t) is not including random term, in other words deterministic, we can compute
©(t) and s(t) elementary. It is difficult, however, to calculate the stochastic process and
the probability density function of ¢(t) and s(t) in case of h(t) includes the random term.
This is solely derived from ¢(t) cannot map h(t) in one-to-one correspondence because of
the integral operation. For any value of ¢(t), countless paths of h(t) are allowed to exist,
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therefore, we cannot uniquely determine correspondence between h(t) with ¢(t). It will be
difficult to denote () in the SDE from by:

dip(t) = pg(t) + /2D, (£)dW (2). (5.19)

However, convergence in average is clue to consider the stochastic process of ¢(t). Re-
peatedly saying, the average agrees with non-random solution and deterministic solution.
We can denote the relationship by:

¢
(wt) = [ iy, (5.20)
0
in the sense of convergence in the average. That is, we can compute (p(t)) as:

(at — 1+ et) (0<t<tp)
(0%

iy =4 , (5.21)
?[atm +e (1 — e (t > t,)

by substituting Eq.(5.10) into Eq.(5.20). Eq.(5.21) indeed agrees with deterministic path
of ¢(t) shown in Eq.(2.29), which calculates the cumulative number of radioactive decay
deterministically.

The non-random solution should agree with the average, hence, p, in Eq.(5.19) should

be
iy = (h(t)) (5.22)
Next, we attempt to redefine the random term in Eq.(5.19). There is a suggestive example.
The Wiener process is non-differentiable, but integrable as:

/0 W(r)dr = /0 (t —7)dW (1) ~ N(0,t3/3). (5.23)

Corresponding stochastic process to Eq.(5.23) is tdW (t). So, we may denote random term
in Eq.(5.19) by:
D, = DtdW (t). (5.24)

In Eq.(5.19), the deterministic term p,dt and the random term o,dW (t) are independent.
Therefore, we propose as the candidate SDE of ¢(t) in the following:

do(t) = (h(t)) dt + V2DtdW (t). (5.25)

As discussed above, Eq.(5.25) satisfies the convergence in the average and the integral of
Wiener process. These two property are enough to be trustworthy that Eq.(5.25) is not a
bad guess as the SDE of o(t).

The effective dose is proportional to ¢(t), the SDE is denoted by:

ds(t) = Bdp(t) = Bl(h(t)))dt + V2DtdW (t)]. (5.26)

Substituting Eqgs.(5.4) and (5.5) into Eq.(5.26), we obtain

ds(t) = {ﬁ[(h(t))dt+ V2DtdW (#)] (0 <t < tn) (5.27)

B () at (t>tm)
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Eq.(5.27) is the SDE of the effective dose.
Corresponding Fokker-Planck equation of the effective dose is denoted by

Wb 5) O B 0y pa(t.9)] + Dt%’% (0<t<t) 525,
op(t,S) 0 | |
T = _% [6 <h(t)>ps(ta S)] (t > tm)

where S and ps(t,S) are the random variable and the probability density function of the
effective dose.

As with Eq.(5.16), we compute Eq.(5.28) numerically at the interval 0 < ¢ < t,,. They
can be solved analytically at the interval ¢t > ¢,,, only the boundary condition at ¢ = t,, is
given the numerical calculation.

5.2.5 Two variables Fokker-Planck equation
We consider the simultaneous stochastic differential equations in the followings °:

dx = ydt (5.29)
dy = (—yy + f(t))dt + V2DdW (t) '

Eq.(5.29) is denoted in the vector notation by:

(-6 ) ER)e (e () om

Eq.(5.30) is denoted in tensor notation by:

da'(t) = Ala? (t)dt + B'dt + C'dW (t)  (i,j = 1,2), (5.31)

where ai(f) — (zég) Ab = (8 _17> B = ( f?t>>, and O = ( \/g—D) . respectively.

Indexes in Eq.(5.31) is summed according to the Einstein convention.
Corresponding Fokker-Planck equation with Eq.(5.31) is denoted by:

op(t, ')
ot

= —0;Ala"p(t,z") — 0; BIp(t, ') + ééjkajakC’lClp(t, z') (5.32)

®The property of random fluctuation 7(t) (Egs.(5.6) and (5.7)) and the Wiener process give the average
properties of x1 and x4

(Az) = yAt,

(Ay) = (—vy + (1) AL,
<(Am)2> =0,

(AzAy) =0,

<(Ay)2> = 2DALt.

r
The Einstein’s relation for diffusion coefficient D = pk,T" = —; is used. When x diffuses with diffusion

constant D and fluctuation (n(t)n(t')) = 2Dé(t — t'), then y diffuses with diffusion constant DS.
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That is, the Fokker-Planck equation corresponding with Eq.(5.31) is denoted by

) 9 0
% _ y% — A=Y + ()l X, Y)) 553
L 0wt XY) |

oY?

Eq.(5.33) is the two variables Fokker-Planck equation. Integrating Eq.(5.33) by X, we have
the Fokker-Planck equation which yields probability distribution function of Y. Conversely,
we have the Fokker-Planck equation which yields the probability distribution function of X
by integrating Eq.(5.33) by Y.

We discuss to apply two variables Fokker-Planck equation Eq.(5.33) to radioactivity in
the human body and effective dose. Eq.(5.18) gives

ds(t) = Bh(t)dt. (5.34)

Taking simultaneous equations with Eq.(5.34) and Eq.(5.14), we have the simultaneous SDEs
of radioactivity in the human body and effective dose as:

{ds(t) = Bh(t)dt

dh(t) = (r(t) — ah(t))dt + V2D (1) (5.35)

The Fokker-Planck equation of radioactivity in the human body and effective dose corre-
sponding with simultaneous SDEs Eq.(5.35) is denoted by:

WESH) 2SO tot) —ampie, s, )
(5.36)
p2lt.5.1)
e

In principle, Eq.(5.36) yields the probability density function of radioactivity in the human
body and effective dose setting aside the difficulty of computation. Being a many variables
partial differential equation, it can be calculated analytically only special cases.

5.2.6 Estimation of average intake amount of radioactivity and diffusion con-
stant of radioactivity in the human body

Hayano et al.(2014) showed that the centroid and width of 3*Cs body burden distribution are
825 Bq and 480 Bq, four months after the Fukushima Daiichi NPP accident in Fukushima [77].
By using the actual measurement radioactivity in the human body radiocesium, we estimate
average intake of radiocesium and diffusion constant of radioactivity in the human body.

The measurement with whole-body counter was carried out between July 11, 2011 and
July 29, 2011 [77], that is, between 122-140 days after the Fukushima Daiichi NPP accident.
Here, time ¢ is set to be t = 131 days, taking intermediate for simplicity of computation.
Effective half-life of 1**Cs is 95 days, that is @« = In2/T = In2/95 (day). Substituting ¢ = 131
days and (h(t)) = 825 Bq into Eq.(5.10), we obtain

(r) (Bg/day) o
95 (Bq) = ~/L 4/ " (] _ o~ In2/95 (day)x131 (day)y ‘
825 (Ba) In2/95 (day) (1—e ) (5.37)
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Computing Eq.(5.37), we obtain average intake of radioactivity as:
(ry =9.8 (Bq/day). (5.38)
The diffusion constant D and standard deviation ¢ have a relationship
V2Dt = o (5.39)

according to the property of a Wiener process as detailed in appendix E.5 (It can be also
interpreted as fundamental property of diffusion equation.). The diffusion constant of ra-
dioactivity in the human body D is estimated to substitute ¢ = 131 days and standard
deviation o = 480 Bq into Eq.(5.39) as:

V2D x 131 (day) = 480 (Bq). (5.40)

Computing Eq.(5.40), we have
D =879 (Bq?/day). (5.41)

5.2.7 Transformation of random variables of the probability density function
from effective half-life to radioactivity in the human body and effective
dose

Although we have studied the uncertainty and probability distribution of intake of radioac-
tivity up to previous section, we study the probability distribution of effective half-life in this
section. The intake of radioactivity r is fixed as a constant for convenience.

As shown in Eqgs.(2.26), radioactivity in the human body is saturated as:

lim  A(t)= lim [1(1 - e*at)} =L (5.42)

(t,tm—r00,00) (t,tm—r00,00) LY «
Let define saturated radioactivity in the human body hg, as below:

T rT
hsa = T = 7 a4
T In2

(5.43)

where T stands for effective half-life.

When we know the probability density function of effective half-life, then we can know
the probability density function of hg, according to the transform rule of probability den-
sity function. We will study the transformation of the probability density function in the
followings.

Let be a monotonic function y = f(x), that is, the variables x and y have an order and
one-to-one correspondence. When we have p,; the probability density function of x, the
probability that x exists between an any infinitesimal interval dz is denoted by:

pod. (5.44)

In the same way, the probability that y exists between an any infinitesimal interval dy is
denoted by:

pydy. (5.45)

Being y = f(x) is monotonic, both probabilities must be agreed:

Padr = pydy (5.46)
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Px

dx X

Fig 5.3: Transformation of probability density function from p, to p, for a monotonic function
y=f(z).
as shown in Fig.5.3. Eq.(5.46) yields

df~'(y)
dy

py(y) = p(f ' (y)) (5.47)

where z = f~!(y) stands for an inverse function. Eq.(5.47) is the transformation of random
variables of probability density function.

As shown in Eq.(5.43), saturated radioactivity in the human body hg, is monotonically
increasing for effective half-life T | hence, the transform rule of probability density function
Eq.(5.47) can be applied. When we have the probability density function of the effective half-
life pr(7T), then we can obtain the probability density function of saturated radioactivity in
the human body pps(H;) as:

dhg, _
phs<Hs) = thpT(hsai(T))

5.48)
In2 In2 (
= pr < Hs) )

r r

where H, stands for a random variable of saturated radioactivity in the human body.
Eq.(5.48) is the transformation of the probability density function from effective half-life
to saturated radioactivity in the human body.
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Next, we study the probability distribution of effective dose caused by the difference
of biological half-life by individuals. Eq.(5.21) states that the effective dose s(t) can be
approximated as

Tl
s(t) = Bp(t) ~ 577 (5.49)
in the case of ¢ is sufficiently larger than t,, as t > t,,.
Let be y y
Tlm Tlm
=32 =527 5.50
s» =B =B (5.50)

Then the effective dose s, is monotonically increasing with respect to effective half-life T',
hence, we can take transformation of probability density function according to Eq.(5.47).
The probability density function of the effective dose ps, is denoted by:

drT In2 In 2
L (S,) = T me . = S, ). 5.51
() = oD = v (s, (5.51)

Eq.(5.51) is the transformation of the random variables from effective half-life to effective
dose.

In the section 5.3.6, we will study the probability density function of radioactivity in the
human body and effective dose by using actual measured distribution of effective half-lives.

5.3 Results and Discussion

5.3.1 The sample paths and the probability density functions of radioactivity
in the human body

(b)
(v)

ph(t’H)

ra  h(t)

(iii)

! !

oM ) i) Gv) () 7 0 | Ha H

Fig 5.4: (a) The sample paths of radioactivity in the human body h(t) and its average
(h(t)). (b) The probability density function of radioactivity in the human body py(t, H).
The Roman numerals stands for the py,(¢, H) for each time ¢ described in (a).

We reproduce the sample paths of radioactivity in the human body by using pseudo-
random number generated by the computer. A sample path is one of the possible path of
the stochastic process. The stochastic process of radioactivity in the human body is denoted
by the SDE formalism in Eq.(5.14).

Fig.5.4 (a) shows the sample paths of radioactivity in the human body. The bold line in
Fig.5.4 (a) is the average (h(t)) described in Eq.(5.10). The average (h(t)) of a large number
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of sample paths agrees with the deterministic path not including random fluctuation. It
should be noted that the agreement is by no means trivial, derived from the properties of
Gaussian white noise and the Wiener process focused in this article.

Computing the Fokker-Planck equation of radioactivity in the human body Eq.(5.16),
we can get the probability density function of radioactivity in the human body as shown
in Fig.5.4 (b). The centroid of p,(t, H) also obeys the average (h(t)). At the interval
0 <t < tp, the centroid of p,(t, H) approaches r/a, which is the asymptote of (h(t)).
The centroid of p,(t, H) is almost stationary at the interval Th.r < t < t,,, the width of
pr(t, H) increases because of random fluctuation. After the end of ingestion of radioactivity
t > t,, the centroid of p,(t, H) decreases to 0 exponentially. The width of py (¢, H) also
decreases monotonically, it is expected that lim; o pp(t, H) = 6(H). This result agrees with
our intuitive understanding that radioactivity in the human body is removed almost surely
after sufficient long time has passed from the end of ingestion of radioactivity.

5.3.2 The sample paths and the probability density functions of the effective

dose
. (a) . . e 5 ®
& : ! S
i ' ' ' : Y (i)
S ! ! d
3l it il
= i ; : \ . (i)
= \ f i) | )
o L o) v
: i Ll | | = \._ . i
0 () G GiDGv)(v) 0 B Ja S

Fig 5.5: (a) The sample paths of the effective dose s(t) and its average (s(t)). (b) The
probability density function of the effective dose ps(t,.S). The Roman numerals stands for
the ps(t,S) for each time ¢ described in (a).

Fig.5.5 (a) shows the sample paths of the effective dose, corresponding SDE is Eq.(5.26).
During the ingestion period 0 <t < t,,, paths are distributed randomly around the average
(bold line) (s(t)). After the end of ingestion of radioactivity ¢ > t,,, the paths become
stationary thorough smooth increase.

As shown in Fig.5.5 (b), the centroid of the probability density function of the effective
dose ps(t,S) obeys the average (s(t)). During ingestion period 0 < ¢ < ¢,,, the width of
ps(t,S) increases faster than that of pj(¢, H) (recall Eq.(5.23)). After the end of ingestion
t > t,,, the centroid and width of p,(t, S) become stationary through some increase.

5.3.3 Solution of the linear Fokker-Planck equation (Ornstein-Uhlenbeck pro-
cess)

We attempt to solve
op(t,X) _ O0Xp(t,X) . Pp(t X)
5% — % ax D X7 (5.52)
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Eq.(5.52) is the linear Fokker-Planck equation, corresponding stochastic process is called the
Ornstein-Uhlenbeck process. Eq.(5.16) at the interval ¢ > t,,, agrees with Eq.(5.52) when the
diffusion constant D = 0. Taking the Fourier transform both sides of Eq.(5.52), we have

8ﬁ<t7K) _ > —iKXaXp(taX) o 2~

o0

where Fourier transform and inverse Fourier transform are defined as:

p(t, K) = / dXe " Xp, (5.54)
L[~ iKX=
p(t, X) = oy dKe™ " p, (5.55)

respectively.
The first term of RHS of Eq.(5.53) is computed by integral by parts in the following:

v O0Xp(t, X ‘ o0

. 0X
=— / dXe_iKXaiK(ozKp(t, X)) (5.56)
_ 0t K)
=aKk K
Hence, Eq.(5.53) is denoted by:
p(t, K p(t, K
% = QK% — DK*p(t, K). (5.57)

Solving Eq.(5.57) under the initial condition p(0, K) = e'5%¢ (i.e. p(0, X) = §(X — X;)), we
obtain ©

. DK?(1 — e 20t — 2ia K X,
p(t, K) = exp (- ( 2a> 0) : (5.58)
Taking inverse Fourier transform of both sides of Eq.(5.58), we have
1 o ,
pt.X) = o [ dKe (e K)
™ —00
1 ( (eatX _ Xo)QOK) (559)
= exp | —
VTD(1 —e~201) [ P D(—1+ e?t)
Eq.(5.59) is the solution of the linear Fokker-Planck equation.
6% = faK(,?—f( + % = —DK?p, where % = —ak and % = 1. These are yielded from the formula
_ Op op
dp = S r-di + St
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5.3.4 Analytical solution of the Langevin equation of radioactivity in the human
body in the special case

In this section, we discuss the probability density function of radioactivity in the human
body in case the Langevin equation can be solved analytically [84]. Solving the Langevin
equation of radioactivity in the human body

PO — 1) +(t) — ah(t) (5.60)

under the initial condition h(0) = 0, we have radioactivity in the human body h(t) as:

h(t) = /Ot dTe_a(t_T)r(T) + /Ot dTe_a(t_T)T](T)
= (h(1)) +6()

(5.61)

informally, where 0(¢) and v (7) are defined as:

H(t):/o dTe_a(t_T)n(T) :/o dri(t)n(r), (5.62)

() = e, (5.63)

respectively.
Hence, we can know the probability distribution function of h when we know probability
distribution function of # by subtracting (h). The relation of random variables H and © are

H = (h(t)) + ©. (5.64)
The Wiener process W (t) is defined by the time integral of fluctuation as:
t
W(t) = / drn(T). (5.65)
0

The probability density function of the Wiener process is normal distribution as:

1 X2
t,X)= exp| —— ). 5.66
p0.X) = e (1 (5.66)
Eq.(5.66) is important property of Wiener process.
0 = Z%‘Ujﬁtj = Z%W(Atj) = Zaj
’ ’ (5.67)

= [vtmaw) = [ daim),

where a; = ;W (At;) and a(t) = ¢ (t)W(t). Eq.(5.66) yields the probability density function
of a; as:

) = s ( Aﬁ), (5.68)

\ /47le2- 4l32
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where [; is defined as:

l; = D2 At;. (5.69)

The probability density function of § = Z a; is denoted by:
J

pO(@j):; X ( @—2> (5.70)

exp | —
AT G 4250

from the central limit theorem, where
t
Y =D yiAt; = D/O dr(¢(7))? (5.71)
J J

Hence, the probability distribution function of  is denoted by:

1 exp | — o . (5.72)
\/47TD9/0 dr((1))?

pg(t, @> = t
1D, [ dr(u(r)’
0
In case of our discussion of radioactivity in the human body shown in Eq.(5.62),

t ¢ . .
/ dr((7))* Z/ dre™200=") — {—e_Qa(t—r)}
0 0 . 0 (5.73)
1
= — 1 — —2at .
204( e™)

Substituting Eqs.(5.64) and (5.73) into Eq.(5.72), we obtain the probability density function
of radioactivity in the human body as:

- (S E) e

When r(t) and £(t) satisfy Eqgs.(5.4) and(5.5), then Eq.(5.74) is described as:

' (r) ’
. « (H - —(1- e‘f"t)>
Q
_ 0<t<t,
\/QWDQU 20t) P 2Dy(1 — e=2a1) (0<t<tn,)
— e~ (67
ph(th) = < @
—a(tm—t) {r) —at ’
1 a| He=atm=t) _—(1—e~%tm)
—altm—t)— = t >ty
\/27TD9 ] Cout P (b=t 2D (1—e—o(tm—1)) ( )
=)
(5.75)

Eq.(5.75) is calculated by substituting Eq.(5.10) at the interval 0 < t < ¢,,. Eq.(5.75) is
calculated at the interval ¢ > t,, by giving the boundary condition at t = t,,.
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Taking limit (¢,t,,) — (00, 00), we have

lim  pp(t, H
(8%

U
(ttm)—(00.00) )= \/ﬁ exp % ~ N (m : %) (5.76)

Eq.(5.76) states that the steady state of the probability distribution after enough time from
the beginning of intake of radioactivity is dependent on only biological half-life (7}, = In2/ay)
and average intake. The width of probability density function of radioactivity does not
increase infinitely, likely maximum value and exceedance probability can be estimated.

5.3.5 Sample paths and probability density function employing estimated av-
erage intake of radioactivity and diffusion constant from actual measure-
ment

Fig.5.6 (a) and (b) show respectively the sample paths and probability density function of
radioactivity in the human body according to the SDE and the Fokker-Planck equation,
by using diffusion constant D=879 (Bq?/day) and average intake of radioactivity (r)= 9.8
(Bg/day) estimated in section 5.2.6 from actual measurement. Comparing (ii) and (iv) of
Fig.5.6 (b), the Fokker-Planck equation seems to provide the probability distribution which
is more large kurtosis than Gaussian distribution. Although we assume Gaussian distribution
for simplicity here, comparison with actual frequency distribution may be useful to discuss
more accurate distribution of radioactivity in the human body for each individual. However,
we keep the discussion only on the comparison with Gaussian distribution in this article.

5.3.6 Probability distribution of saturated radioactivity in the human body and
effective dose caused by the difference of effective half-life

Up to previous sections, we studied the probability distribution of radioactivity in the human
body caused by the difference of intake amount of radiocesium. In this section, we will study
the probability distribution of radioactivity in the human body caused by the difference
of effective half-life based on the transformation of probability density function discussed
in the section 5.2.7. Actually, it is indicated by measurement that biological half-life of
cesium is different for each individuals [39,85]. Table 2 of Rithm et al. (1999) shows the
difference of biological half-lives of each German individuals for 41 subjects [39]. Fig.5.7 (a)
shows the histogram of effective half-lives of radiocesium according to Table 2 of Rithm et
al. (1999) for 33 subjects, where 8 subjects under the age of 10 are removed for avoiding
confusion of the age-dependence of biological half-life. Assuming Gaussian distribution, the
average and standard deviation shown in the histogram Fig.5.7 (a) are 81.6 days and 19.1
days, respectively. Although the distribution of biological half-life will be different by racial
factors, body weight or eating habits etc., this distribution is adopted in this article as an
example.

Taking transformation of random variables of probability density function as shown in
Eq.(5.48), we can obtain the probability density function of saturated radioactivity in the
human body from the distribution of effective half-life. Fig.5.7 (b) shows the probability
density of saturated radioactivity in the human body computed by Eq.(5.48). The intake
amount of radioactivity r is fixed to 1 Bq/day for convenience. The average and standard
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Fig 5.6: (a) The sample paths and (b) probability density functions of radioactivity in the
human body, by using diffusion constant and average intake of radioactivity estimated in
section 5.2.6 from actual measurement.

deviation of saturated radioactivity in the human body are 117.7 Bq and 27.6 Bq respectively.
It should be noted that the average and standard deviation are linear respect with the intake
amount of radioactivity r.

Similarly, the probability density function of effective dose can be calculated according
to transformation of random variables as shown in Eq.(5.51), where 8 = (E) /weight =
0.465 (Mev) x 1.6 x 10713 (J/MeV)/70 (kg) = 1.1 x 107" (mSv) regarding *"Cs. Fig.5.8
shows the probability density function of effective dose caused by the distribution of effective
half-life, where intake amount of radioactivity and ingestion period conveniently are r = 1
(Bq/year) = 1/365 (Bq/day) and t,, =365 days=1 year respectively for convenience. The
average, standard deviation, and coefficient of variation of effective dose are 0.011 uSv, 0.0025
wSv, and 0.23 respectively. As shown here, the probability distribution of biological half-life
yields the probability density function of radioactivity in the human body and effective dose
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Fig 5.7: (a) Histogram of effective half-lives of radiocesium according to W. Rithm et al.
(1999). (b) Probability density of saturated radioactivity in the human body computed by
transformation of probability density function described in Eq.(5.48).

Probability density
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Effective dose (LSv)

Fig 5.8: Probability density function of effective dose caused by the distribution of effective
half-life taking transformation of random variables as described in Eq.(5.51).

in case of fixed intake amount of radioactivity 7.

Fig.5.9 compares the committed effective dose of 3"Cs calculated by the present method
with those determined according to ICRP [32] as with Fig.3.5, which includes the error bar
according to the distribution shown in Fig.5.8. The length of the error bar is 1o, Fig.5.10
shows the correspondence of the error bar and probability density function.

Fig.5.8 and Fig.5.9 enable to compute the exceedance probability of committed effective
dose. For example, 0.3% of the people (30) receive the 0.018 uSv of effective dose for the
intake of radioactivity of ¥"Cs per 1 Bq. In the same way, we can compute one person of
10000 people receive 0.02 uSv of effective dose for the intake of radioactivity of 37Cs per 1
Bq.

Thus, computation of the probability density function is useful to calculate the exceedance
probability of effective dose and estimation of the number of the people who receive larger
than a certain value which is much larger than average.
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Fig 5.9: Comparison of the committed effective dose of 37Cs calculated by the present
method with those determined according to ICRP [32], which includes the error bar according
to the distribution shown in Fig.5.8. The length of the error bar is 1o.
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Fig 5.10: Correspondence of the error bar and probability density function.
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5.4 Conclusion

In this chapter, we introduce the stochastic process to discuss the probability density function
of radioactivity in the human body and the effective dose. We provide the Langevin equa-
tion of radioactivity in the human body adding random fluctuation term to the continuity
equation previously studied method in this thesis. The results are summarized below.

1. The Langevin equation can be deformed to equivalent SDE and Fokker-Planck equa-
tion. Based on the SDE formalism, the sample paths of radioactivity in the human
body are generated. Solving the Fokker-Planck equation, we obtain the probability
density function of radioactivity in the human body. The probability density function
of radioactivity in the human body is computed numerically during ingestion period.
After the end of ingestion, the probability density function of radioactivity in the hu-
man body is solved analytically.

2. The candidate of stochastic process of the effective dose is proposed considering the
convergence in the average and the integral of the Wiener process. In the same way
with radioactivity in the human body, we produce sample paths of the effective dose
based on SDE formalism. The probability density function of the effective dose is
computed solving the Fokker-Planck equation.

3. By using the actual measurement of radioactivity in the human body, we estimate
the average intake (r) of radioactivity and the diffusion constant D of radioactivity
in the human body. It is shown that the probability density function obtained by
computing the Fokker-Planck equation employing above (r) and D differs from the
Gaussian distribution.

4. Considering the probability distribution of biological half-life, we compute the prob-
ability distribution functions of saturated radioactivity in the human body and the
effective dose by using transformation of random variables. The method enables to
compute the exceedance probability of effective dose and estimation of the number of
the people who receive larger than a certain value which is much larger than average.

The method studied in this section has a potential to provide radiological protection based
on the stochastic viewpoint including the uncertainty and randomness by using lumped hy-
drologic method. We suggest that it can be useful idea to consider the probability distribution
rather than a certain value.
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6 General conclusion

The objective of this thesis was to provide readily-understandable internal dose calculation
based on lumped hydrologic method different from existing methods in radiology which uses
sophisticated human body imaging. We compute the number of radioactive atoms in the
human body solving the continuity equation, which is describe by the first order ordinary
differential equation. A methodology for calculating intensity of radioactivity in the human
body, cumulative number of radioactive decay, and effective dose is proposed based on the
number of radioactive atoms in the human body.

We also compute radioactivity in the human body and the effective dose due to the intake
of radioactivity on agricultural products derived from fallout according to above discussed
hydrologic internal dose calculation.

The distribution of radioactivity in the human body is studied to treat the continuity
equation as a stochastic process. The probability density function of radioactivity in the
human body is computed by the Fokker-Planck formalism.

This thesis thus studies the internal dose calculation based on lumped hydrologic method,
which may provide a readily-understandable knowledge of radiological protection.

The results are summarized as follows:

1. The number of radioactive atoms in the human body and radioactivity in the human
body is described by readily-understandable method which corresponds to lumped hy-
drologic method. The method gives a continuity equation of the number of radioactive
atoms in the human body as a first order ordinary differential equation. Radioac-
tivity in the human body is also computed by solving the continuity equation in the
same way. The cumulative number of radioactive decay is obtained by time integral of
radioactivity in the human body.

2. Radioactivity in the human body depends on the effective half-life, which is determined
by physical and biological half-lives as shown in Eq.(2.7). If one of the half-lives is
markedly longer than the other, it nearly equals the effective half-life. For example,
the biological half-life of *"Cs is much shorter than the physical half-life; thus, the
biological half-life is dominant in the derivation of effective half-life.

3. In the case of 37Cs of which effective half-life is 70 days, radioactivity in the human
body is saturated with in 1 year after the beginning of ingestion of radiocesium. Like-
wise, it is removed from the human body within 1 year after the end of ingestion . The
cumulative number of radioactive decay increases during the ingestion period. After
the end of ingestion, it becomes almost constant.

4. Considering the energy spectrum of 5 ray, the average energy of g ray is estimated to
be one third of its maximum energy. The absorptivity of v ray is estimated to be a
half, because the order of energy of v ray is about 0.01-0.1 MeV. In these reasons, the
absorbed energy of § decay into the human body can be estimated rationally from the
decay scheme. Effective dose can be computed to multiply the absorbed energy of
decay into the human body by cumulative number of radioactive decay.

5. The accuracy of the present method was demonstrated by comparison with previous
research. Measurement value and analytic solution obtained by the present method
are very similar regarding intensity of radioactivity in the human body as shown in
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Fig.2.4(b). The energy absorbed per radioactive decay event calculated by the present
method is similar to that in previous research as shown in Fig.3.3. The values of the
coefficient of committed effective dose are comparable. For most nuclides, the results
are similar to previous research. For some nuclides, however, there were discrepancies
with previous research. Committed effective dose values for **Fe and %°Zn, minerals
required by the human body, are modified by taking into account adsorption into the
human body from the digestive system. ?°Sr is homologous to calcium and is known
to be a bone-seeker. Multiplying by the ratio of strontium concentrated in bone gave a
better coefficient. The value for iodine was modified by taking into account its concen-
tration in the thyroid gland, using a tissue weighting factor for the thyroid gland. The
comparisons of committed effective dose coefficient calculated by the present method
with previous research are summarized in Fig.3.5.

6. Concrete calculation of committed effective doses are shown as exercises; each involves
ingestion of food and water containing radioactive isotopes. In Egs. (3.15), (3.18) and
(3.20), the values of committed effective dose are computed considering the standard
limit for radioactive isotopes in general food and water in Japan in 2015. Even if food
or water that contains radioactive isotopes at the standard limit is ingested for 50 years,
the committed effective dose is less than 100 mSv. which does not cause significant
difference in cancer risk epidemiologically. It is the value that no significant difference
in cancer risk is likely to be found epidemiologically.

7. Transfer of radiocesium from the soil to agricultural products is modeled considering
half-life on soil, the unit weight of the soils, transfer factor, and annual consumption per
capita. We choose rice as a typical example. By using actual data of fallout, we compute
the effective dose due to intake of radioactivity on rice derived from radiocesium fallout
. It is estimated that the order of internal dose rate caused by intake of radioactivity
on rice derived from radiocesium fallout is same with that of natural radiation.

8. We introduce a stochastic process to describe the probability distribution of radioactiv-
ity in the human body. Adding random term to the continuity equation of radioactivity
in the human body, we obtain the Langevin equation to be a starting point of discussion.
The Langevin equation is denoted by other two equivalent formalism, that is, stochas-
tic differential equation and Fokker-Planck equation. The Fokker-Planck formalism is
useful to compute the probability density function. Hence, the Langevin equation of
radioactivity in the human body provides the Fokker-Planck equation of radioactivity
in the human body. Solving the Fokker-Planck equation of radioactivity in the human
body numerically, we obtain the probability density function of radioactivity in the
human body.

9. Probability density functions of radioactivity in the human body and effective dose
caused by the difference of biological half-life are computed by using transform of the
probability density function. The probability density function of the effective dose is
useful to calculate the exceedance probability and the number of the people who receive
the effective dose larger than a certain dose.

The present methodology, which corresponds to a lumped hydrological model, indicates
equal accuracy with previously proposed methods. These divide the human body into its
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constituent organs, which may correspond to a distributed hydrological model. The re-
sults of this study demonstrate that regarding the human body as a single large tissue is
essentially equivalent to dividing the human body into its organs. The universality of knowl-
edge developed in hydrology; that is, a hydrological distributed model and a hydrological
lumped model, was shown to be essentially equivalent in the field of radiology. The present
hydrologic-based methodology has a potential to expand the scope of discussion of internal
dose calculation straightforwardly because of the simplicity of the fundamental equation. In
this article, we studied the radioactivity on the soil and stochastic calculus of internal dose
calculation as practical examples of application. In summary, the present study provides an
understanding of the influence of radioactive substances on the human body that not only
radiologists but also general technologists can comprehend.
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List of symbols

Chapter 2

»: Physical half-life
Ty: Biological half-life
T,: Effective half-life

In2
o, Physical attenuation constant; 7T}, = —
Qp
. . . In2
ayp: Biological attenuation constant; 7, = —
oy
. . In2
a.: Effective attenuation constant; T, =
e
t: Time
N(t): The number of radioactive atoms in the human body

h(t): Intensity of radioactivity in the human body
Ny: The number of radioactive atoms at time ¢ = 0; i.e. initial condition N(0) = Ny

¢pa(t): Physical runoff of the number of radioactive atoms; ¢,(t) = o, N (t)

qva(t): Biological runoff of the number of radioactive atoms; q,(t) = a, N (t)

Qea(t): Effective runoff of the number of radioactive atoms; ¢.(t) = g,(t) + q(t) =
a.N(t)

ro(t): Ingestion flux of radioactive atoms

r-(t): Ingestion flux of intensity of radioactivity; r,(t) = a,r.(t)
¢er(t): Effective runoff of intensity of radioactivity; ge,(t) = ach(t)
rq0: Mean ingestion flux of radioactive atoms during ingestion period

r.o: Mean ingestion flux of intensity of radioactivity during ingestion period; 7. =
ApTa0

tn: Ingestion period

I(t): Internal total exposure dose

7: A convenient variable describes time

Tef(t): Mean intake of intensity of radioactivity based on a mean food consumption
rina(t): Individual intake of intensity of radioactivity

CTage: Age-dependent and gender dependent food consumption rate

69



e bq: Factor to account for potential differences between individuals and mean food
consumption

e a;: Coefficient of short biological half-life
e ay: Coefficient of long biological half-life; (a; + az = 1)
e T: Short biological half-life

e T,: Long biological half-life

1 1 1
e T, Effective half-life emerged from short term excretion; — = — + —
T, 1T, T
. . ) 1 1 1
e T, Effective half-life emerged from long term excretion; — = — + —
T 1T, T
. . . In2
e «.: Effective attenuation constant emerged from short term excretion; a; = -
el
. . . In2
e «,9: Effective attenuation constant emerged from long term excretion; aio =
TeQ

e hy(t): Intensity of radioactivity in the human body emerged from short term excretion
e hy(t): Intensity of radioactivity in the human body emerged from long term excretion

e ¢y Runoff emerged from short term excretion; gp-1 = a1hy(t)

Qor2: Runoff emerged from long term excretion; g0 = aha(t)

Chapter 3

e n: Neutron

e p: Proton

e : Electron / f ray

Us: Anti electron neutrino

v: v ray / Photon / Electromagnetic wave

K Maximum kinematic energy of [ ray
e A: Mass number

e Z: Atomic number, i.e. the number of protons

M (A, Z): Mass of a nuclide

c: Velocity of light in a vacuum

e (K.): Mean kinematic energy of /3 ray
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o & (K.)-KM ™ ratio

(: Absorptivity of v ray into the human body

1: Index of summation regarding energy of § ray, i.e. the number of § decay path

J: Index of summation regarding energy of v ray, i.e. the number of v decay path

w: Probability of 8 decay

e v: Emission ratio of v ray

e ¢,: Energy of v ray

e R: Index of summation regarding radiation types

e T Index of summation regarding the tissues or organs
e Drg(t): Absorbed dose

e Hr(t): Equivalent dose

o H.s(t): Effective dose

e Ccep: Committed effective dose coefficient

e 1 Total ingested intensity of radioactivity

Chapter 4

e 7: Transfer factor from the soils to agricultural products
e h,(t): Intensity of radioactivity per area on the soils

e T,.: Residence half-time in the soils

e ¢, (t): Total runoff of radioactivity on the soils

® ¢, Physical runoff of radioactivity on the soils

e ¢(t): Runoff of radioactivity by environmental factors on the soils

In2
e (. Attenuation constant; Ty =
aS
) ) ) . In2
e «,: Residence attenuation constant of in the soils; T, =
a

e T,.: Residence half-time in the soils
e T: Half-life on the soils
e r¢(t): Inflow flux of radioactive fallout

o hyo Initial value of hy(t) as :hyy = hs(0)
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[: Infiltration depth of cesium on the topsoils

p: Unit weight of the soils

e x: Average annual rice consumption per capita of Japanese

ri(t): Annual intake of radioactivity on the rice

A: Constant as: A = kn/pl

hy(t): Radioactivity in the human body

Chapter 5
e i(t): Any function (in original Langevin equation, velocity of minute particles)
e ~: Any constant (in original Langevin equation, drag coefficient)
e £(t): Random fluctuation term
e 7)(t): Random fluctuation term at the interval (0 <t <t,,)
e (r): Average ingestion flux of radioactivity which is treated as an any constant
e [': Any constant
e (h) (t): Average of radioactivity in the human body
e z(t): Any function including stochastic integral
e u(t,x(t)): Drift term
e W (t): Standard Wiener process
e X :Any random variable
e H: Random variable of radioactivity in the human body
e py(t, H): Probability density function of radioactivity in the human body
e ¢: Sufficiently small constant as: € < 1
e A: Sufficiently large constant as: A > r/«a
e (t): Cumulative number of radioactive decay
e s(t): Effective dose

e (3: Energy absorbed into the human body per one radioactive decay which depends on
each nuclide

o /i,(t): Drift term of effective dose
e 0,(t): Diffusion term of effective dose

e (p(t)): Average of cumulative number of radioactive decay
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P,(t, @): Probability density function of cumulative number of radioactive decay
®: Random variable of cumulative number of radioactive decay
pr(t,S): Probability density function of effective dose

S: Random variable of effective dose
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Appendix

A Mathematical theory of half-life

A.1 The reason why radioactivity decreases exponentially

In the present section, we show mathematically why radioactivity decreases exponentially
due to radioactive decay. Let’s consider the probability which a nuclide decays between time
t with t +¢. Here we set the decay probability D(g) 7 , and take ¢ is time interval sufficiently
small. The decay probability is linear respect with the time interval ¢ as:

D(e) = ag, (a.1)

where « is attenuation constant which depends only the kind of nuclide 8.

For readily understanding, we imagine a roulette that determines whether or not occur
radioactive decay. We assume if a ball falls into the pocket 00, then radioactive decay occurs.
The attenuation constant o can be regarded as the spinning frequency of the roulette. If
attenuation constant « is large, then the number of times spinning the roulette increases.
And so, the probability which a ball falls into the pocket 00 also increases of course. Again,
if the time interval € increases, then the probability which a ball falls into the pocket 00
increases in the same reason. From these analogies, it seems that the imaginary roulette
reproduces the radioactive decay.

We consider the probability which radioactive decay does not occur within the time
interval e. The probability p(¢) is complementary event of D(e),

p(e) =1—D(e) =1— ae. (a.2)

It should be that p(2¢) is the probability which radioactive decay does not occur between
time ¢t with ¢ + € and between time t + ¢ with ¢ + 2¢, that is,

p(2¢) = {1 - D(e)}* = (1 — ag)*. (a.3)

Eq. (a.3) is generalized substituting ¢ = ne as:

p(t) = {1 = D(e)}" = (1 — az)" = (1 _ O‘—t)n. (a.4)

n

Here, t is fixed. When the time interval € — 0, then n — oo. Taking limit, we can get’

at\"
=1 1—— ) =e . )
p(t) = lim < n) € (a.5)
Eq. (a.b) represents exponential decrease of radioactivity itself. Eq. (a.5) shows that the
probability of radioactive decay does not depend on the past state, depends on only the
current state. Such process is said to be memoryless process.

It is implied that D does not depend on time t.
8In terms of mathematical accuracy, Eq. (a.l) is inaccurate. When ¢ > 1/a, D(¢) becomes greater
than 1. It is nonsense as the probability of course. The probability D(e) should be strictly described as
D(e) = ae + O(£?). This means that when ¢ is sufficiently close to 0, then O(g?) is much smaller than
constant times e enough to neglect. For simplicity, we omit O(¢?) in the main text intentionally.
9 lim (1 + E)n =e”.
n

n—oo
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We confirm that radioactive decay is memoryless. Recall the attenuation of radioactivity
and the definition of half-life, we can get

h(t)

h(t +T,) = h(0)e +T) = p(0)e rle=Tr = 5

(a.6)
Eq. (a.6) shows that radioactive decay is memoryless, that is, depends on only the current
state.

Above discussion is all based on the experimental fact that radioactivity decreases expo-
nentially. The exponential decrease proves the memorylessness and stochasticity of a physical
phenomenon, such as radioactive decay.
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B First-order linear ordinary differential equation

B.1 Variation of constants

General non-homogeneous first-order linear ordinary differential equation is describes as

WO 1 a(wytr) = o), (b.1)

At first, homogeneous differential equation (i.e. identically b(¢) = 0)

d‘l;—f) +a(t)y(t) =0 (b-2)

is solved to solve Eq. (b.1). By separation of variables, Eq. (b.2) is deformed as

1
—dy(t) = —a(t)dt. b.3
(0 = aft) (b3
To integrate both sides of Eq. (b.3),
In|y(t)| = —/a(t)dt +C (b.4)

is obtained. C'is a constant of integration, redefined accordingly. Eq. (b.4) is deformed as
y(t) = Ce= Jalb)dt (b.5)

Eq. (b.5) is the general solution of the homogeneous differential equation Eq. (b.2). Under
the initial condition y(ty) = yo,

y(t) = yoe Jio A (b.6)

Again, solution of the non-homogeneous differential equation Eq. (b.1) is discussed.
Variation of constants is one of a method to solve non-homogeneous differential equation.
Constant of integration C' is replaced with C(t), function of the variable ¢. Eq. (b.5) is
rewritten as

y(t) = C(t)e S o®dt, (b.7)
To differentiate both sides of Eq. (b.7),
dy(t) _ dC(t) — [a(t)dt — [a(t)dt
il C(t)a(t)e (b.8)

is obtained. Product rule %fg = dfracdfdxg + fdfracdgdx is used. To substituted Egs.
(b.7) and (b.8) to Eq. (b.1),
dC(t)
Cdt
is obtained. To integrate both sides of Eq. (b.9),

= b(t)e [ o (b.9)

C(t) = / b(t)el “OUgt 4 O, (b.10)
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To substitute Eq. (b.10) to Eq. (b.7),
y(t) = e~ o) ( / b(t)el “Odtqs + c) (b.11)

is obtained. Eq. (b.11) is general solution of the non-homogeneous first-order linear ordinary
differential equation Eq. (b.1).

If interval of integral and initial condition are set as [to,t] and y(tg) = yo respectively,
Eq. (b.11) is rewritten as

t t t
y(t) = e_fto a(r)dr </ b(T)eftO a(T)deT 4 y0>. (b.12)

to

Eq. (b.12) is one of a particular solution of Eq. (b.1)
As addressed in the main of this thesis, if a(t) is time constant (i.e. a(t) = o = const),
Eq. (b.1) is rewritten as

WO 1 ayte) = b, (b1

If smaller endpoint of interval of integral is set to be ty = 0 and initial condition yo = 0,

y(t) = /Ot b(r)e = dr. (b.14)

Eq. (b.14) is the particular solution of equation of continuity discussed in the main of this
thesis.

B.2 Laplace transform

Laplace transform is widely used solving linear ordinary differential equations, it is much
dissimilar with variation of constants. In many cases, Laplace transform is easier because
the differential equation is transformed to the algebraic equation.

Laplace transform of a function f(¢) (t € R) is denoted as

L)), (b.15)

which is linear operator that transforms f(¢) to a function F(s) (s € C). Laplace transform
is defined as

F(s) = LIf(1)] = /0 T Fe . (b.16)

Inverse Laplace transform is denoted as
LTF(S)] = f(t). (b.17)

Eq. (b.1) is solved by using Laplace transform as an example. In this problem, property
of differentiation
df (t)

E[T} — sF(s) — £(0), (b.18)

property of convolution

,c[ /O t F(P)gt — T)] — F(s)G(s), (b.19)
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and the formula

S+« B
are used.
The Laplace transform is taken to both sides of Eq. (b.1),

SY(5) — yo +aY (5) = B(s),
where 3o = y(0). Solving Y(s), Eq. (b.21) is arranged as

B
y(s)= 26w
st+oa s+

The inverse Laplace transform is taken to find the solution,

t
y(t) = / b(r)e= =y 4 yoeor.
0

(b.20)

(b.21)

(b.22)

(b.23)

If the initial condition is set to be yy = 0, the same result with Eq. (b.14) can be obtained.

Thus, Laplace transform is one of useful method to solve differential equations.
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C Diffusion equation

C.1 Fundamental form of the diffusion equation

The diffusion equation is the partial differential equation which describes the diffusion of
material density. The equation is usually written as:

dp(t *plt
p(JI):D p(7x)’ (Cl)
ot Ox?
where D is said to be the diffusion constant. Let solve the diffusion equation by using the

Fourier transform.

C.2 Fourier transform

In this article, we define the Fourier transform F as:

fwwﬂ:f@»zfidmww%m, (c2)
and the inverse Fourier transform F~! as:
O L R I (c3)

respectively .

C.3 Fundamental solution of diffusion equation

We solve the diffusion equation Eq.(c.1) by using the Fourier transform. Taking the Fourier
transform of both sides of Eq.(c.1), we obtain

op(t, k) 0?p(t, k)

o =D FICa (c.4)

At first, we solve Eq.(c.4). After that, the solution is taken the inverse Fourier transform.
Thus, we obtain the solution of the original differential equation Eq.(c.1).
It can be computed that

ox

ox

o0

~ (c.5)
— fe S plta) ik [ dne (e ) = (e, ),

—00

where lim p(t,z) = 0. That is, Eq.(c.5) states that differential in z-space corresponds to

|z|—00
1k times in k-space. Likewise,
?p(t, k)

0x?

= —k23(t, k) (c.6)

10Tt should be noted that they are defined by the pair. It is needed to return the original function for
inverse transform.
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Op(t,x)

is satisfied when ‘ llim = 0.
| —00 X
Thus, Eq.(c.4) is denoted by:
op(t, k) o

= —kp(t, k). 7
5 pt, k) (c.7)

Solving Eq.(c.7), we obtain
P(gtk) = Ce PF1, (c.8)

Taking the inverse Fourier transform of Eq.(c.8), we can compute

p(t, l’) — %/ dkeikxe—Dk2t
1'2
72 Oo+2D
= Dt¢? (c.9)
5 %P < 4Dt> /_OO+ d€ exp(—DtE”)
_C (N
o P\ 4Dt )\ Dt

C . ( x? >
VA Dt P 4Dt

[e.e]
ax2

where we use the variable transformation { = k — 55 and Gaussian integral '! / dre ™ =

—00

™
a .

If/ dxp(t,x) =1,

ot ) = \/;r_Dt exp <—4“"—1;> | (c.10)

Eq.(c.10) is the fundamental solution of the diffusion equation. The initial condition is given
as p(0,x) = 0(z), which is also called a Green’s function or a propagator.
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D Advection equation

D.1 Fundamental form and the solution of advection equation

The Fundamental form of advection equation is described in the following:

Np(t,z) _U8¢(t, x) .

= d.1
ot ox (d.1)
The formula of total derivative o0 o0
dp = —dt + —d d.2
V=t gt (d2)
provides
dy  OYdt Odr
ds Otds Oxds (d:3)
When the new variable s satisfies
dt dx
- -1 d = = d.4
ds e (d4)
then Eq.(d.3)=0 agrees with Eq.(d.1). When the initial conditions at s = 0 are
t(s)|s=o =0 and x(s)|s=0 = w0, (d.5)
then Eq.(d.4) provides
t=s and x=x+ vt (d.6)
Eq.(d.3) is rewritten as:
dy
k) d.7
o, (@7

that is, ¥(s) is constant with s. When we have the initial condition ¢(s)s—o = (0, z¢) =
f(x), then the general solution of advection equation psi(t,x) is denoted by:

W(t,x) = f(t,x — vt). (d.8)

D.2 Advection equation velocity is not constant

We solve the partial differential equation

ov(t) _  dulta)

o or (d9)
In the same way with previous section, we have
=Gt s O @10
where dt d
i 1 and 5 = ToT (d.11)
When the initial conditions at s = 0 are
t(s)|s=o =0 and x(s)|s=0 = w0, (d.12)

86



then
t=s and x=mxpe (d.13)

When we have the initial condition ¥(s)s—¢ = ¥ (0,z9) = f(z), then the general solution of
advection equation psi(t,z) is denoted by:

Y(t, ) = f(ze™). (d.14)

Eq.(d.14) agrees with the Fokker-Planck equation of radioactivity in the human body shown
in Eq.(5.16) at the interval ¢ > t,,.

D.3 Advection-diffusion equation

We solve the partial differential equation

0 0
w(att’ ?) = ax% — D2 f(t,z), (d.15)

In the same way with previous section, we have

dp Opdt OYdx 9
L= 4+ " =_D d.1
ds  Otds | Ords TYls), (d.16)
where @t J
x
-~ -1 = = 1
s and s az, (d.17)
When the initial conditions at s = 0 are
t(s)|s=o =0 and x(s)|s=0 = w0, (d.18)
then
t=s and 1 =mxee . (d.19)
Solving
d
2/;(85) = —Da*y(s) = —Dade >*y(s), (d.20)
under the initial condition (0, z) = f(x¢), we have
Dx2672as
U(s) = f(zo) exp <—% ) (d.21)
a
D 2
Y(t,x) = f(ze)exp (2_w) (d.22)
a

Eq.(d.22) is computed to solve the linear Fokker-Planck equation as shown in Eqs.(5.16) and
(5.57)

[1] S.J. Farlow, Partial Differential Equations for Scientists and Engineers, Dover Publica-
tions, New York (1993). (translated in Japanese by M. Iri and Y. Iri)
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E Stochastic calculus

E.1 Requirements of randomness

At first, we review fundamental knowledge of randomness and its requirements. The term
"randomness” should satisfy the following two requirements. Let consider a six-sided dice as
a familiar example of randomness.

1. Equability
Randomness requires equability. In the example of a six-sided dice, the six pips appear
equally as 2
5,3,6,2,3,2,3,6,6,5, 2,5 5 5 6---. (e.1)

It is not allowed that a specific pip appears frequently 3.

2. Irregularity
Another requirement of randomness is irregularity. In the example of a six-sided dice,
the sequence
1,2,3,4,5,6,1,2,3,4,5,6,1,2, 3. (e.2)

has regularity. Such trial cannot be treated random.

These two requirements state that randomness is unpredictable essentially.

E.2 Brownian motion

Brownian motion ! is the random and jagged motion of small particles in a fluid as shown
in Fig. E.1 (a). It should be noted that Brownian motion is completely random and non-
differentiable everywhere. The jaggedness leaves as it stands even if in the infinitesimal
displacement, we cannot define the derivative dx/dt.

We introduce a thought experiment for understanding of the existing probability of a
Brownian particle. Let be the 1-dimensional space coordinate x(t), where t is time. The
initial condition is #(0) = 0. The random trial such as dice throwing is repeated n times.
The time interval of the trial is 7. That is, the period of time ¢t = n7. Let be Z; a random
variable. The index 7 stands for the number of time steps. The displacement of a Brownian
particle z(t) is described as:

x(t) =21+ To+ - + Tp. (e.3)
Let be
a (probability: p)
Z; = ¢ —a (probability: p) : (e.d)
0  (probability: 1 — 2p)
That is, the displacement z(t) is the sum of random variables. Here, we consider the density

of a number of Brownian particles p(¢,x). Focus the space interval a around the space
coordinate z. In the time interval 7, the inflow number of particles and the outflow number

12The author generated the sequence by actual dice throwing!

13Such dice will be said to be cheating.

14Robert Brown studied random motion of pollen grains at first. He found that the same random motion
was also observed for coal dust and fossils and metal powder as with pollen grains. He concluded that the
random motion is universal phenomenon which does not depend on a material.
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(b) The existing
probability density
of Brownian
particles

(a) The paths of Brownian particles

Displacement x(7)

Period of time ¢

Fig E.1: (a) The paths of Brownian particles which move according to the Wiener Process.
(b) The existing probability density of Brownian particles. It distribute according to a normal
distribution.

of particles are described as pap(t, x — a) + pap(t,x + a) and 2pap(t, ), respectively. We can
get

ap(t + 7,x) = ap(t,x) — 2pap(t, ) + pap(t,z — a) + pap(t,x + a) (e.5)
The Taylor expansion of p(t,x) gives
p(t+ 1,2) ~ p(t,z) + TﬁpgﬁLz ?) (e.6)
and 5 o2
ot a) ~ p(t,z) + a pgxx) 4 a2$. (e.7)

Substituting Eqs.(e.6) and (e.7) into the Eq.(e.5) and taking the limit ¢« — 0 and 7 — 0
while remaining a*/t constant, we can get the diffusion equation,

Op(t, x) _ D@p(t,x)
ot ox?

where D is the diffusion constant which satisfies D = pa?/7. The fundamental solution of

Eq.(e.8) is 19
(t ) = ! e — i (e 9)
plt,x) = D XP 1D1 .

under the initial condition p(0,z) = dé(x). Eq.(e.9) states that random Brownian particles
obey the orderly motion in the ensemble average. Although each particles move randomly,
the set of great number particles are extremely predictable according to a normal distribution
as shown in Fig.E.1 (b). We can also understand the operation and result by using Pascal ’
s triangle elementary.

In Egs.(e.6) and (e.7), it seems to be much intentionally that we compute first order
Taylor series of time t in spite of we compute second order Taylor series of x. However, the
reason is justified by the Ito’s rules described later.

(e.8)

15See Appendix.C for detailed solution method.
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E.3 Einstein-Smoluchowski relation

The Einstein-Smoluchowski relation connects macroscopic diffusion process with microscopic
molecular motion through discussion of Brownian motion. The equation relation is generally
denoted by:

D = pkgT, (e.10)

where kp stands for the Boltzmann’s constant, T is temperature. The mobility p describes
the thermal drift velocity to an applied force f as v =1 = uf.
Let prove Einstein-Smoluchowski relation Eq.(e.10). The advection-diffusion equation is

generally denoted by:
dp dp

as shown in D.3. In equilibrium state, the time change of density p is vanished as:

dp d*p
— =—-D—:. A2
Vdz da? (12)
Solving Eq.(e.12), we have
P = po €Xp (—%x) (e.13)

under the boundary condition'® p|,—¢ = po. The potential energy of a particle which is
applied to external force f is fx. Hence, the average potential energy of particles is computed

f/ooo dx xpoexp <_%$> fm B fQ_ (e.14)

/Ooodxpoexp<—%x> - /D T

On the other hand, the average energy of particles is given as: kgT' from the law of equipar-
tition of energy regarding one-dimension. That is, we can obtain

D

Thus, the Einstein-Smoluchowski relation is derived from the advection-diffusion equation
and the law of equipartition of energy. It is known that the Boltzmann’s constant is de-
noted by kg = R/N4, where R and N, stand for gas constant and Avogadro constant.
The Einstein-Smoluchowski relation interestingly suggests that we can know microscopic
Avogadro constant from macroscopic diffusion phenomena.

E.4 Langevin equation

We attempts to describe the random motion of Brownian particles by adding random force
term to the Newton’s equation of motion as:
di(t)
dt

= —Bi(1) +n(t), (¢16)

6The boundary condition corresponds with the ”bottom” in the potential.
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where [ is constant and 7(t) stands for random force. Eq.(e.16) is said to be the Langevin
equation. The random force 7(t) satisfies

(n(t)) =0, (e.17)

and
6 D

1

Eq.(e.17) states that random forces are canceled each other. Eq.(e.18) states that random
forces are time-independent and are not affected each other. The random force 7(t) is pulse-
like and non-differentiable everywhere. It seems to be difficult to treat such pathological
function 7n(t) in consistent way. Thus, we will study the Wiener process and Ito’s rules how
to describe the random fluctuation 7(t) in the next section.

(n(t)n(t')) = BkpTo(t —1') = (t—1). (e.18)

E.5 Wiener process and Ito’s rules

A stochastic process is a set of time-evolving random function. The Wiener process W (t) is
typical one, which obeys the following properties:

(i)

W(
(ii) W(0) = 0. That is, the initial point is fixed as the origin point.
Wi

(iii)

t) is continuous everywhere. It does not jump to other points discontinuously.

t+At) and W (t'+ At') are is independent respectively, where the interval [t, ¢+ At]
and [t' + At’] do not overlap.

} 1 (AW)?
iv) W(t+ At) is distributed Gaussian as: N(0, At) = exp(—
(i) W(t+20); 0,80 = —— el

(AW (t)) = 0 and the variance V(AW (t)) = V(W (At)) = At.

). The average

The properties (iii) and (iv) state the scale-invariance of a Wiener process.
Here, we compute the following integral

t
/ W (r)dW (7) (c.19)
0
to characterize a Wiener process. Eq.(e.19) is said to be stochastic integral. Let be
AW (t;) = W(tip1) — W(ty), (e.20)
where ;11 = t; + At;. Eq.(e.20) gives

{AW (1)} = {W (1)} + {WV (1)} — 2W (t) W (1)
= {W(tia)}* = {W ()} = 2{W(tina) = W ()W (1) (e:21)
= {W(ti)}? = {W(t:)}* — 2AW (t) W (t),

hence,

{W (tig1)}? = {W (8)}* = {AW (t;)}? + 2AW (t;) W (t;) (e.22)

is satisfied.
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Then, stochastic integral Eq.(e.19) is defined as:

Y HW (tir)} = {W ()} = Z{AW(E)V +2 Z AW (L)W (t:). (e:23)

i

Taking At; — 0, Eq.(e.23) is denoted by:

= /0 {dW (T)}? +2 /0 W (r)dW (7). (e:24)

The definition of stochastic integral is similar with Riemann integral. However, everywhere
non-differentiable Wiener process cannot be determined rectangular area in the naive sense.
Computation rules different from ordinary integral will be required.

We turn to the properties of the Wiener process to compute stochastic integral. The
variance of Wiener process is computed as:

V(AW) = (AW — (AW))?) = ((AW)?) — (AW)?. (e.25)

The property of the Wiener process (iv) states that (AW) = 0 and V(AW) = At. Consid-
ering infinitesimal change, Eq.(e.25) requires

{dW (t)}* = dt. (e.26)

t seems to be strange that the square of the infinitesimal change cannot be neglected. The
property of a Wiener process which is distributed Gaussian, however, requires that the square
of the infinitesimal change of a Wiener process {dW (¢)}? has a same order with dt. Eq.(e.26)
is the important computation rule to define the stochastic integral. On the other hand,

dtdW (t) = 0 and (dt)* = 0. (e.27)

Egs.(e.26) and (e.27) are said to be the Ito’s rules.
Following Ito’s rules, Eq.(e.24) yields

t
/ W)W (7) = (W (1)) - -/ (W(r)Ydr
0
1
= W) - / dr (e:28)
2 Jo
1
= (W)} - =t.
W) -
Different from ordinary integral'”, new term —t/2 appears.
In this section, we have studied the property of the Wiener process and its calculus. We

will again study the Langevin equation by using the Wiener process and the Ito’s rules in
the next section.

17In this thesis, it means Riemann integral.
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E.6 Stochastic differential equation

The Wiener process enables to denote the Langevin equation by:
dx(t) = p(t,xz)dt + o(t, x)dW (t). (e.29)

Eq.(e.29) is said to be the stochastic differential equation (SDE) or Ito process. It should
be noted that SDE denotes the change dz (displacement) itself rather than the derivative
function dz/dt (velocity). The first term of RHS of Eq.(e.29) describes the deterministic
external force which does not include randomness,; p is said to be a drift. The second term
of RHS Eq.(e.29) describes the random term, o is said to be a volatility. In physical term,
a volatility corresponds to a diffusion constant D as: D = 1/202. Their correspondence
selectively used as appropriate.

While Eq.(e.29) is denoted by differential form, it can be also denoted by integral form
as:

z(t) = x(0) +/0 ,u(T,x(T))dT—i—/O o(r,z(7))dW (). (e.30)

The first term of RHS of Eq.(e.30) is ordinary integral. The second term of RHS of Eq.(e.30),
on the other hand, is Ito integral. It is important idea that the random term is integrated
as functional of the Wiener process.

We consider the function f(t,z), where z is the stochastic process denoted by Egs.(e.29)
and (e.30). The Taylor expansion of f(¢,x) yields

f of 1%

— _J - 2 3
df = dt+ 5 dr + 28x2( z)° 4+ O((dz)?). (e.31)
Substituting Eq.(e.29) into Eq.(e.31), we can get
df = fdt + 8—f(udt + odW) + 56—"5(;@5 + odW)? + O((dx)?). (e.32)
Following the Ito’s rules Egs.(e.26) and (e.27), Eq.(e.32) is described as:
of 0 1 ,0%f of
df = <— P + 50 92 > dt + ag—dW (e.33)

Eq.(e.33) is said to be the Ito’s formula, which states that we obtain another SDE by sub-
stituting a SDE into any function.

E.7 Fokker-Planck equation

The Fokker-Planck equation is the partial differential equation which describes the proba-
bility density function including random fluctuation. When a random variable follows the
SDE, then its probability density function is described by the Fokker-Planck equation. The
Langevin equation, SDE and the Fokker-Planck equation are mathematically equivalent each
other, they state same one from different viewpoints.

The equivalence is demonstrated by computing the average of an any smooth function
() in two ways. Let be p(t, z) is the probability density function of ¢(z), then the average
of p(x) at t 4 dt is generally denoted by

@%Z/WWQM@+&JW$
s (e.34)

_ / Z ((p(m)ap gt x)ét) dz.
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where infinitesimal change is substituted to 0 to distinguish the integral variable. Eq.(e.29)
also provides the average of p(z) as:

(o) = < / (@ sn)p(t, m)dx> | (e.35)

—00

In Eq.(e.35), the Wiener process term is vanished by averaging, That is, Eq.(e.29) is the
constraint itself to establish Eq.(e.34) equals to Eq.(e.35).
The Ito’s rules allow us to compute

o(r + dox) = Og_(as)éx + %%(6@2 e
iole) i T
=~ (ult, 2)3t + o(t,2)0W (1) + S{o(t, 2)}P ==,
Eq.(e.35) can be denoted by:
(p) = /OO (u(t,x)dfi(;) + %JZ(t,x)dCZ(f)) dtp(t, x)dz. (e.37)

Integral by parts '® deforms Eq.(e.37) to

() = /_°° (_a(u(t,zlp(t,x)) N % 02(02(2 52)p(t,x)) o(@)de. 039

Eq.(e.34) equals to Eq.(e.38) identically, then

op(t.x)  o{ult)p(t)} | 10Nt 0)p(t, o))
o or * 2 0x? (¢:39)
should be satisfied. Eq.(e.39) is said to be the Fokker-Planck equation, which describes the

probability density function of paths that obey the SDE Eq.(e.29).

o0
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F Vector calculus

F.1 Linear combination and vector space

Let us consider n scalers ¢y, ca, - -+, ¢, and n vectors &y, s, - -+, ,. Then,
C1xy + oy + - -+, (f.1)
is said to be linear combination.
If
C1T1 + Coxo + -+ - + Crxy, = 0, (f2)
and then,
co=cp=-=¢, =0 (£.3)
is satisfied, set of vectors @y, @o, - - -, @, is said to be linearly dependent. Otherwise, the set

of vectors is linearly independent 9.

Here we define n-dimensional vector space as linear combination of linearly independent
n vectors. For example, spacetime treated in special relativity is 4-dimensional space con-
sisted of real components 2°, while quantum state treated in quantum mechanics is infinity

dimensional space consisted of complex components.

F.2 Vector field

The scalar field (e.g. temperature) is a scaler-valued function in space. Each point gives
each scalar. The vector field (e.g. air flow) is a vector-valued function in space. Each point
in space gives each vector. Here, we shall introduce 3 important operations regarding scalar
and vector field 2!

1. The gradient
The gradient is defined as:

grad f = {% % ﬁ}

f.4
or Oy 0z (£4)

for scalar field f(z,y,z). The gradient indicates the difference in the scalar quantity
between two nearby points.

2. The divergence
The divergence is defined as:

0A 0A 0A
VA — T Yy z
div ox * oy + 0z

(£.5)

for a vector field A(z,y,z2) = [Az A, AZ}. The divergence indicates outflow flux of
a vector (inflow flux is expressed as negative value).

19Tn terms of elementary geometry, all vectors are not parallel each other.

20Tn this thesis, we do not use imaginary time.

21 Although we restrict ourselves to 3-dimensional Cartesian coordinate system in this section for simplicity,
these operations can be applied to more dimensional space.
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3. The rotation
The rotation is defined as:

e; e, e,

rotA = 2 2 2
or Jdy 0z (£6)
A, A, A, '

_[0A., 04, 04, 0A, 0A, 0A,
| Oy dz 0z or O Jy

for vector A (e, e,, e, are unit bases parallel to z, y, z axes). The rotation is the
circulation density ?? of a vector field.

We can treat the differential operator as a vector. The operator V is defined as:

_ {a% a% %]. (£7)

Then, above mentioned 3 operations are rewritten as:

grad f =V, (£.8)
divA =V A, (f.9)
and
rotA =V x A, (f.10)
respectively.

The useful formulas of vector calculus are enumerated in the followings 23

div grad f = V?f, (f.11)
rot grad f =0, (f.12)
div rotA = 0, (£.13)
rot rotA = grad divA — V?A, (f.14)
div(fA) = fdivA + A - grad f, (f.15)
rot(fA) = frotA — A x grad f, (f.16)
div(A x B) = B -totA — A - rotB, (f.17)
grad(A-B) = (A - V)B +(B-V)A+ A xr0otB + B x 10tA, (£.18)
rot(A x B)=(B-V)A—(A-V)B + AdivB + BdivA. (£.19)
As an example, Eq.(f.14) is proved.
0A, 0A, 0A, O0A, 04, O0A,
rot rotA =V x (V x A) =V X [ oy 0. 0. or or 0y (f.20)

22The circulation is defined as: j{ A -ds, where I is any closed loop and s is a unit vector comes in contact

with T'.
23 Although the calculation is complicated, the derivation itself is easy according to the definition of gra-
dient, divergence and rotation.
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We calculate  component of Eq.(f.20) at first.

2A, 04, OPA, | 0PA
x component of Eq.(f.20) = gxaz - 8ay;; - 88223: + gxaz

_2 %4_8142 _ a_2+a_2 A
- oz \ Oy 0z oy2  022) "

(f.21)
—3 an+aAy_|_aAZ _ a_2+a_2+a_2 A
- Oz \ Oz y 0z or?  Oy2 022) "
_ 0 24 _ 0 2
= ax(v +A)—V°A, = c%dWA — V7A,.
We can calculate y and z components in the same way as:
y component of Eq.(f20) = (%divA — V324, (f.22)
g .. 9
z component of Eq.(f.20) = @dWA — VA, (f.23)

respectively. Summarizing Eqs.(f.21-.23), we can prove Eq.(f.14).

F.3 Covariance and contravariance of vectors

N

>
>

A x

X X

Fig F.1: A vector described on a Cartesian coordinate system.

In 2-dimensional Cartesian coordinate system (Fig.F.1), a vector A is described by the
linear combination of unit bases as:

A=Ae,+Ase,. (f.24)
Next, we discuss 2-dimensional oblique coordinate system (Fig.F.2). A vector A can be

described by different 2 ways.
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One way is to use contravariant components and covariant vectors. The meaning of
covariance and contravariance is mentioned later in detail. As shown in Fig.F.2(a), A' and
A? are the projections of the vector A parallel with each axis. For example, A! is the
projection of the vector A parallel with 2?2 axis. e; and e, are bases parallel with each axis.
A is said to be contravariant component. And, e; is said to be covariant basis. We shall
grasp the superscript indicates contravariance, and the subscript indicates covariance. The

vector A is described as:
A= Alel + A2€2 <f25)

by contravariant components and covariant vectors.

Another way is to use covariant components and contravariant vectors. As shown in
Fig.F.2(b) A; and A, are the projections of the vector A orthogonal with each axis. For
example, A; is the projection of the vector A orthogonal with z! axis. e! and e? are bases
orthogonal with each axis. It should be noted that the norm of vectors |e;| # 1. A; is said
to be covariant component. And, e’ is said to be contravariant basis. The relationship the
covariant basis e; between the contravariant basis e’ is said to be the dual basis. The dual
basis are defined to satisfy:

i s 1 (i:j)
e-ej_§j—{0 (2%]), (f.26)

where 5; is said to be the Kronecker delta. The norm of contravariant vectors are defined by
Eq. (f26). The vector A is described as:

A= Alel + A2€2 <f27)

by covariant components and contravariant vectors. Thus, a vector is described by 2 different
way.

v

Fig F.2: A vector on a Cartesian coordinate system.

99



We introduce the Einstein notation defined as below 24

j
a'by = a'b; =a’by + a'by + - - + a'b;. (£.28)
i=0
Although we set the range of the summation as {0,1,---,j} at Eq. (f.28), it should be
noticed that the range of the summation is voluntary.
The vector A is described as:

by Einstein notation.

F.4 Transformation law of vectors

Here, we discuss the transformation law of the coordinate system. For simplicity, we treat 3-
dimensional space such as (z,y, 2) — (2,3, 2’) as an example ?*. The base of new coordinate
system (2',y', z’) are not linear combinations of the base of original coordinate system (z, y, z)
% However, the transformation law of the base can be described by linear combination in
differential form. We use the following formula of a partial derivative

890 ox' ox'

The right side of Eq. (f.30) is rewritten as:
(The right side of Eq. (£.30)) = g—d + g—d + g ——da® = %dml (f.31)

We can calculate ' and 2’ in the same way as 2.

Thus, we can get
) ort .
dz" = ——da’ £.32
e (£.32)
by using Einstein notation ?7. Eq. (f.32) is the transformation law of infinitesimal displace-
ment. We define contravariant components of a vector A* as the components follow the same

transformation law with that of infinitesimal displacement (Eq.(f.32)) as

17
Al = gij A=A, (£.33)
where a§ is described as:
-axll 63:’1 axll A
oxl  0x?2 0Ox3
. 2 2 2
g — ox* 0x* Ox (£.34)
I oxl! 0x?2 Ox3
ox® 0z 0x"
Lozl Ox2 Ox3d

24 An index which is summed as i, which is said to be dummy index. An index which is not summed is
said to be free index.

25We can apply the discussion to more dimensional space of course.

26For example, we consider the transformation of spherical coordinate system (7,6, ¢) to Cartesian coor-
dinate system (z,y,z). © = rsinf cos ¢, y = rsinf cos ¢, and z = rsin ¢. These transformation laws are not
linear combination obviously.

2"Here, free index i is not summed up, dummy index j is summed up.
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in detail, aé- is defined as the two rank mixed tensor ?*. Eq. (f.33) is the transformation law
of contravariant components of vectors. We can say that the tensor a;; is the linear operator
which the contravariant components of a vector A* map A" 2.

Next, we discuss the transformation law of covariant components of a vector. Let’s
consider a scalar field f(x,y, z),

LA LT

o' 6_y’ 2 or' 0y 07
_9f _ { of of of } (£.35)
ox't ox't 0x? a3

_ {8]” ori  Of dx7  Of 8xj]
Oxd Ozt Oxd Oz Oxd Ox3 |

is satisfied. As an example, we denote the first component of Eq.(f.35) in detail as:

of ox  Of o' N of 0z N of 03

A = . f.
Oz 0x't Oxl ozt O0x20xt  Ox3 Ozt (£:36)

In the same way, we can obtain second component and third component of Eq.(f.35). Thus,
Eq.(f.35) can be rewritten as:
af  Of o/
ox't  Oxd Oz't
We define covariant components of a vector A; as the components follow the same transfor-
mation law with that of the gradient of a scalar field (Eq.(£.37)) as:

(£.37)

ox?

Ay =52 A; =B A;. (£.38)
The mixed tensor bf is describe as:
F ozt 0x2  0x3
813/1 axll 8:6’1
; oxt  0x* Ox®
W
h= ox? 02 0z’ (£:39)
oxt  0x* Oz
| ax/?, (‘9:;5’3 ax/:’) i

in detail.

Although we restrict ourselves to three-dimension in this section for simplicity, we can
expand the discussion to more-dimension straightforwardly. In theory of relativity, the trans-
formation law of four-dimensional spacetime corresponding to coordinate transformation is
essential for discussion of invariance of physical laws. We should sufficiently notice that a
vector itself is not changed by coordinate transformation. Only the description of a vector
is changed by coordinate transformation.

28 A tensor a;; is said to be a covariant tensor. A tensor a' is said to be a contravariant tensor.
29 A vector does not depend on the coordinate, and so dr = dr’. And so, eidz'" = ejdx’. A vector A is
described as A = e; A*. We can show the transformation law Eq.(f.33) from these relationship.
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G Special relativity

G.1 Maxwell’s equations

Maxwell’s equations are set of four governing equations which describe electromagnetism,
they are summarized as follows:

divB = 0, (g.1)
divD = p, (g.2)
0B
B =2 .
oD
tH=—+7J 4
ro 5 T (84)

where E is electric field intensity, D = cFE is electric flux density, H is magnetic field
intensity, and B = pH is magnetic flux density, respectively. p is charge density, 7 is
current density, € is permittivity, and p is magnetic permeability Eqgs. (g.1)-(g.4) give wave
equations of electric field and magnetic field, i.e. electromagnetic wave or light.

The identity of vector calculus

rot rotA = grad divA — VZA (g.5)

is used to derive wave equations (again, see Eq.(f.14)).

We consider the space there are no charge p = 0 and no current ¢ = 0, i.e. there are
no wave sources such as vacuum. Then, ¢ = g5 and p = o (permittivity and magnetic
permeability of vacuum). Taking rotation (Vx) of Eq. (g.3),

OB
V(V-E) - VE VX( m) (2.6)
is obtained from Eq. (g.5).
From Eq. (g.2), left side of Eq. (g.6) is descried as
(left side of Eq. (e.6)) = —V*E. (g.7)
From Eq. (g.4), right side of Eq. (g.6) is descried as
E
(right side of Eq. (e.6)) = —Mgg (508—>
ot\"" ot

= 50/~LOW‘

Egs. (g.7), (g.8), and velocity of light in vacuum ¢ = provide the wave equation of

y/ €oMo
electric field;
1 0°FE

In the same way as electric field E, the wave equation of magnetic field H can be obtained
by taking rotation of Eq. (g.4) as

V’E

1 °H

2
VEH — o =0, (g.10)
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Eq. (g.1) is used for deriving Eq.(g.10).
Eq.(g.9) gives , ,
OPEy(x,t) 1 0°E,(x,t)
dx? 2 oz 0 (g-11)
where E,(z,t) is the x component of the electric field E, and a function of two variables;
displacement z and time ¢.
Let’s solve the wave equation Eq.(g.11) according to d’Alembert’s formula 3°. We intro-
duce new two variables as: &(x,t) = v — ct and n(z,t) = x + ct. The electric field is replaced
as Fy(z,t) = E.(§,n). Then, we can get

OE, O0E,0¢ 0,0y  0E, _0E,

— . = — 12
o oc ot an ot Coe ! Toy (g:12)
and 0E, OE,0¢ OE,0n 0E, OE
xX x xX /r’ x xX
_ 9B, 9¢ on _ 1
or 0 or | opor 0 om (g:13)
by applying the chain rule®!. Egs.(g.12-g.13) give
P?E, L,0°E, ,0?E,  ,0*E,
= —2cF—= 14
o o " acon T ap (:14)
and
OPE, OE, N 0*E, N 0’E, (£.15)
or2 o€ | ocon | o &
respectively. Substituting Eqs.(g.14-g.15) into Eq.(g.11),
0*E, O0*E, O*E, 1 ([ ,0°E, ,0*E,  ,0%E,
_ — = 1
e eyt o a (Cae e ) =0 61
which is simplified into
0*E,
T (g.17)

The general solution of Eq.(g.17) is:

Ey(x,t) = f(§) + 9(n) = f(z — ct) + g(z + ct). (g-18)

Indeed, Eq.(g.18) describes the waveform E,(x,ty) goes in the velocity ¢ without deformation.
The first term of Eq.(g.18), f(x — ct), stands for the forward wave, the second term of
Eq.(g.18), g(z + ct), stands for the backward wave.

We can obtain y component F, and z component E, of the electric field E in the same
way. Furthermore, the solution of Eq.(g.10), the magnetic field H can be also obtained in
the same way.

As shown in Egs. (g.9) and (g.10), the velocity of electromagnetic wave (light) dose not
depend on the observer, depends on only permittivity €y and magnetic permeability jio. This
result contradicts with Newtonian mechanics which sets the absolute time and space. The
inconsistency is explained by the principle of invariant light speed and the special principle
of relativity, that is special relativity.

30We can also derive d’Alembert’s formula by Fourier transform. Originally, Fourier transform was invented

to solve the partial differential equation of heat diffusion.

0z 0z0r 0z0y
31 = = = _—=—— _——
If z = f(x,y), (t) = g(t) and y(t) = h(t), then 5% = 92 O + a9y 0t
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G.2 Lorentz transformation

In Newtonian mechanics, regarding inertial systems S and S’, time is independent of inertial
frames of reference, t = t’. Galilean transformation associates inertial systems S with S’ as:

¥ =1z — vt (g.19)
y =y, (g-20)
=z, (g.21)
t'=t, (g.22)

where the inertial frame of reference S’ is in motion toward S at velocity v along the -
direction. Although Galilean transformation is sufficiently correct in the case of v/c < 1,
contradicts with electromagnetism as shown in G.1.

Einstein proposed the principle of invariant light speed, which claims that velocity of light
is independent of the observer. And, the principle of relativity claims that every physical laws
are equivalent for every frames of reference. Lorentz transformation shows how to associate
with the coordinates of two frames of reference. Lorentz transformation is described as

ct' = ~y(ct — Bx) (g.23)
7' = (@ — Bet) (2.24)
= (g.25)
Z =z, (g.26)
v 1
where § = —, v = ———. <y is said to be Lorentz factor. It is emphasized that Lorentz’s
c V1— 32

work preceded Einstein’s work, and was done independently.
Lorentz transformation Eq. (g.26) can be written in matrix form:

ct’ v =By 0 0Of [ct
| =By v 0 0f |z
vy 71 o o 10|yl (8:27)
2 0 0 0 1] |z

In special relativity, time and space is comparable, a coordinate system is redefined as a
four-dimensional vector. The four-dimensional vector of spacetime is said to be four-vector.

Four-vector is written as
ct x
T T

l‘“ g pr—
Y T
T

0
1
2| - (8-28)
5 3

Lorentz transformation Eq. (g.26) can be written concisely in the Einstein notation:

o't = L* ¥ (g.29)
where p and v are 0,1,2,3, and
v =By 00
L@_’fV 0 ?8 (2.30)
0 0 01



Although the interval of two points is \/(Az)? + (Ay)? + (Az)? in three-dimension space, the
interval is also redefined by including time to the coordinates in four-dimensional spacetime.
The spacetime interval As is defined as

(As)? = (cAt)? — (Ax)? — (Ay)? — (Az)% (g.31)
Eq. (g.31) is rewritten infinitesimally as
(ds)? = (cdt)? — (do)? — (dy)* — (d2)* (2:32)
The spacetime interval is invariant to Lorentz transformation,
(ds)* = (cdt)* — (dx)* — (dy)* — (d2)* = *(dt')* — (da')* — (dy')* — (d=')” (g-33)

is satisfied identically regarding two inertial frames of reference S and S’. (ds)? is invariant
to any inertial systems.
Eq. (g.33) is written in the Einstein summation convention as

Nuwate” = na™c", (g.34)
where
(n=v=0)
Mw =40  (L#v) 7 (g-35)

-1 (p=v=1,2,3)

N 1 said to be Minkowski metric *2.

G.3 Relativistic mechanics

In Eq. (g.33), if d2/ = dy = dz' =0,
(cdt')? = (cdt)? — (do)? — (dy)? — (d2)° (2.36)

is satisfied. 7 = t' is said to be proper time, which describes difference of elapsed time
between two inertial systems S and S’. Then, S’ can be regarded as an inertial frame of
reference of a fixed observer.

Dividing Eq. (g.36) into dt,

dr
=\ /1=52= 37
o B2 = (2-37)
ldv de dy dz
1 1 h = —_-——= -, 0,7/ .
is obtained, where 3 o di (dt’dt’dt>

Eq. (g.36) in the Einstein summation convention as
(cdr)? = nydatda. (g.38)

Dividing Eq. (g.38) into (d7)?,
¢ = dti” (g.39)

32 A metric tensor is defined by the inner product of two base as: ¢;; = €; - ;. In a curved space, the
metric tensor for each point on the coordinate g;;(x) characterizes the curved state of the space. A curved
spacetime is essential idea of general relativity; we shall not discuss general relativity here. In addition,
Minkowski metric is the metric tensor of plane spacetime.
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dx
is obtained, where & is —

dr
In Newtonian mechanics, momentum is defined as
) dzt
p=m dfﬁ (i=1,2,3). (g.40)

In special relativity, momentum is also redefined as the four-vector. Straightforward expan-
sion of momentum to spacetime is

d
Pr=mE (1=0,1,2,3), (g.41)
dr

p* is said to be four-momentum. Then,
0 cdt me
P T ame (8-42)

When Newtonian limit, v < ci.e. § — 0, is taken,

1 1 11
p’ = mc(l — B*) 72 ~me(l + §ﬁ2) =mc+ — - §mv2. (g.43)
c
From Eq. (g.43),
1
cp” ~ mc® + §mv2 (g.44)

is obtained. cp® agree with energy of the mass point. The first term mc? is the rest mass

energy, the second term §m02 is the kinetic energy. The first term shows mass-energy

equivalence.

G.4 Mass-energy equivalence: F = mc?

In the followings, mass-energy equivalence is discussed in detail. Multiplying m? by both

sides of Eq. (g.39)

m?*c = 1, (mi*)(mi"). (g.45)

From definition Eq.(g.41), Eq. (g.45) is arranged as

m*c® = np'p’. (g.46)

Substituting p = p* (i = 1,2, 3), i.e. space components of p, to Eq.(g.46),

m’c® = (p°)° - (p)? (8-47)
is obtained. Arranging Eq.(g.47),
(ep’)? = (mc*)* + (cp)* = E7, (g-48)
le.
E = /(@7 + (cp)2. (.49)
When p =0 and £ > 0,
E = mc? (g.50)

is satisfied. Eq. (g.50) is the famous equation which describes mass-energy equivalence
achieved by Einstein.
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G.5 Velocity of § ray

When the kinetic energy of an electron is similar or larger than rest mass energy of an electron
0.5 MeV, the velocity of an electron v is asymptotic to velocity of light ¢. The energy of an
electron F, is described to

E. = \/(mec2)2 + (cp)? (g.51)

The momentum p is
mev

relativistically. Eq. (g.52) is arranged by v,

/ 2,4
v=ocq/1— n;;c (g.53)

In the case of 3 decay of *"Cs, kinetic energy of an electron is maximally 1.174 MeV. When
kinetic energy of an electron is 1.174 MeV, v =~ 0.95¢.

(8:52)

G.6 Four-current

Current is also redefined relativistically as:

7° cp
.1 .

j j2 j‘y (g )
7 Je

J* is said to be four-current.
Taking divergence of both sides of Eq. (g.4), we can get charge conservation as:
dp
divy + — =0, .5b
vj + 2, (g-55)
which is the continuity equation of the charge density.
Here, let’s define 33

10 9 90 0 g o0 9 0
»= ot o oy a_] - {amo o1 01y Ors) (&:56)
Then, Eq. (g.55) can be rewritten as:
9,5 = 0. (g.57)
Eq. (g.57) must be satisfied in any inertial systems, i.e.
Duj" = 05" = 0. (g.58)

Eq. (g.58) shows that charge conservation is invariant to the transformation of inertial
systems 3*. The Lorentz transformation of the four-current j* is shown to be

cp’ =v(cp — Biz), (-59)
Jp = 1z — Bep), (g.60)
]3/; = Jy> (g.61)
33 A partial differential operator is covariant.

34Furthermore, Maxwell’s equations themselves are covariant to the Lorentz transformation.
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H Quantum mechanics

H.1 Schrodinger equation

Quanta, for example photons and electrons, have wave-particle duality. FEinstein claimed
that light has wave-particle duality, he proposed an idea of light particle, it is called photon
now. Energy of a photon F depends on its frequency v or angular frequency w as

E =hv = hw (h.1)

and momentum of photon p depends on its wave length A or wave number k as

p=5= hk, (h.2)
where h is Planck’s constant, i = h/27 is reduced Planck’s constant.

De-Broglie claims that electrons also have wave-particle duality, the same relationship
with light can be expanded to any particles. Egs. (h.1) and (h.2) are Einstein-De Broglie
relations.

The wave function of de-Broglie wave ¢ (z, ) is described by typical plane wave as

Y(x,t) = Aeilkz=wt), (h.3)

Eq. (h.3) rewritten as A
U(z,t) = Aelrr=EO/h (h.4)

from Einstein-De Broglie relations; Eqgs. (h.1) and (h.2).
The energy of an particle F is written as

2

E=24v, (h.5)

2m

where m is mass and V' is potential energy respectively.
Correspondence of Egs. (h.4) with (h.5) is discussed.
Differentiating wave function h.4 twice with respect to x,

822/1 p2

— = . h.

O0x? h? (h.6)
Differentiating wave function (h.4) with respect to t,

oY E

= 2. h.

5 = i3V (h.7)
Substituting Egs. (h.6) and (h.7) to Eq. (h.5),

L oY h? 0%y

Schrodinger equation Eq. (h.8) can be obtained.
Schrodinger equation, Eq. (h.8), can be interpreted the law of the conservation of energy
in quantum mechanics. The energy and the momentum become differential operators as
- 0

E = ih— h.
m@t (h.9)
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and

0
B
respectively. In quantum mechanics, ”physical quantities” is operator not real number. Such
operators are said to be observables.

The Hamiltonian is also defined by an operator as

p=—ih (h.10)

. ﬁ2 2
F--0 (h.11)

2m Ox?

according to canonical quantization. Eq.(h.8) is rewritten as

oy

ihg, = Hi (h.12)

When 1 does not depend on time ¢ (i.e. steady state),
Hy = Ev, (h.13)

where F is energy eigenvalue of an operator H. That is, the Hamiltonian is the operator
which generates energy eigenvalue by taking the inner product with the wave function.

Thus far, one-dimensional Schrodinger equation is discussed. Expansion to three-dimensional
is straightforward, only position z is redefined

r=x = (r,9,2) (h.14)

as a three-dimensional vector. The momentum and the Hamiltonian is redefined as

p = —ihV, (h.15)
. R,

H=—— V. h.16

5V V. (h.16)

by using V = (%, %, %), respectively. Eq. (h.8) can be rewritten as:
e W o
7 . h.1
th—, 2mv Y+ Vi (h.17)

Although the interpretation of the wave function ¢ (x,t) is important problem, it is gener-
ally accepted that square of the absolute value represents probability density of the particle.
Indeed, Schrédinger equation, Eq. (h.17), can be also treated as the continuity equation of
the probability density. Here, taking Eq. (h.17) xw* 3,

oy

. * hZ *v72 *
iy e = =gV Vg (h.18)

Additionally, taking the complex conjugate of Eq. (h.17) X1,

o™ B
ot

35Regarding the complex number ¢ = a +ib, ¥* = (a+ib)* = a—ib, thus * means the complex conjugate.

—ila) —%w%* + V™. (h.19)
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Subtracting Eq. (h.19) from Eq. (h.18),

o v, )
—— )t =0. h.2
Yo U S (VR — YTV = 0 (1.20)
Let define the probability density p and the probability current j as:
p=v" =P, (h21)
and "
?
) = — -y h.22
J = 5o BV — V), (1.2
respectively. By Egs.(h.21) and (h.22), Schrodinger equation (Eq. (h.17)), can be rewritten
as %0
dp .
— -7 =0. h.23
5 TV I (h.23)

Eq. (h.23) is the continuity equation of the probability density 7.

H.2 Linear algebra for quantum mechanics

Basic linear algebra including eigenvalue problem is necessary for understanding of quantum
mechanics.
If square matrix A satisfies
Az = Iz, (h.24)

A and x are said to be eigenvalue and eigenvector respectively only det A # 0 and « = 0.
Eq. (h.24) is rewritten as
(A= M)z =0, (h.25)

where [ is an identity matrix. By solving the equation
det(A —AI) =0, (h.26)

eigenvalue of matrix A, \ is obtained. From eigenvalue A, eigenvector @ can be obtained.

Eigenvalue A\ and eigenvector & are determined by square matrix A, then A acts as an
operator which multiplies constant by eigenvector «.

Here, we introduce bra-ket notation. In quantum mechanics, quantum states are de-
scribed by infinite dimension complex vector space, whose basic vectors are set to be or-
thonormal basis as o

U

(2>
[W)y=1:1- (h.27)
Un

|1) is said to be ket vector. Complex conjugate transpose of ket is

)t = (w1 vs --dn] = (Wl (h.28)
op 0 0 0
36 71 kel — ok IR
o ol VTV e T g )
3TEq. (h.23) is the same form with the continuity equation in the narrow sense of fluid dynamics: 8—5 +
V- (pv) = 0.
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where (1| is said to be bra vector.
Bra-ket notation is a standard notation for describing quantum state,

(1|¢) = inner product of ket|y)) with ket|¢)

o]
P2
. e . : . (h.29)
=1 w5 o ]| =) v
Pn i
Then,
(Yly) = [lv)? (h.30)
is satisfied.
A quantum state |¢) can be described by linear combination of ket vectors as
[) = crler) + calea) + -+ calen) + - = > ciles)
' (h.31)
= |¢1>+|¢2>+"'+\¢n>+"':ZW%),
where ¢, ¢, -+ , ¢y, -+ are complex number, and |e;), |es) -+« ,|e,), -+ are unit vector lin-
early independent as
17 (0] [0
0 1 0
ler) = ||, Jea)=1|:]|,, lew)=1|:], . (h.32)
0 0 1

respectively.
The linear combination of kets [¢) is said to be superposition. The square of the absolute
value of the wave function is interpreted as the probability,

i lci]* = i |i* =1 (h.33)
=1 i=1

is required.
Any bra vectors and ket vectors satisfies the requirements of orthonormal basis. Eq.
(h.31) satisfies the following 3 requirements.

[ij The orthogonal system satisfies that the inner products of each different basis are 0.
It is described as:

(Wil;) = bij, (h.34)
where 0, ; is said to be Kronecker delta. The orthogonality can be shown by Eq. (h.31).

[ii] The normality is satisfied as Eq. (h.33), i.e. the norm is 1.
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[iiif The complete system is defined that the vector is described by linear combination of
vectors as Eq. (h.31). Complete system satisfies the following completeness relation as

Z | (hi| = 1. (h.35)

7

These properties of orthonormal basis shown in the above are important in quantum me-
chanics.

We will study quantum mechanics from the viewpoints of linear algebra in the following
sections.

H.3 Quantum state vector

Using bra-ket notation, Schrédinger equation is denoted by 3%:
o, 3
iho [(t)) = HIu(t), (h.36)

where the Hamiltonian H is an operator which yields the energy eigenvalues by taking the
inner product of the state vector [¢(t)). Wave functions are describe as bra vectors, which
is called quantum state vectors (or simply state vectors).

In the same way, steady Schrodinger equation is described as

HI|y) = EJ), (h.37)

where FE is the energy eigenvalue. As shown in Eq. (h.16), steady Schrodinger equation
results in eigenvalue problem itself.

H.4 Expectation of observables

According to bra-ket notation, the expectation of an observable A is denoted by:

(WlA[p) =" aeic (Wily) = aglei|* = expectation of A = (A) . (h.38)

2,J i

Eq.(h.38) is useful, often used hereinafter. Newtonian mechanics is derived as the expectation
in quantum mechanics.

H.5 Quantum superposition

As shown in Eq.(h.31), state vector is describe as the linear combination of each state. It is
the quantum superposition of state vectors. We consider the superposition of two state

V) = cilhr) + elida) (h.39)

for simplicity. The expectation of observable A in the state |1) is described as:

<¢|A|¢> = (c1lyhr) + 1)) (calhr) + calepa))? (1.40)
= ler [P (W1 A[r) + |ea|* (o Alpa) + ciealtn|Aliba) + crch (o] Altr)

38Eq.(h.36) is represented by the Schrodinger picture, which considers the state vectors evolve in time but
the observables are constant with time. Inverse formulation is the Heisenberg picture.
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The first and second terms of Eq.(h.40) are linear combination of expectation of A in each
states [¢1) and |19). In classical mechanics, the expectation (A) agrees with the sum of
the first and second terms of Eq.(h.40). However, the third and fourth terms of Eq.(h.40)
yields inconsistency of quantum mechanics with classical mechanics. These terms are called
interference terms, which account for quantum phenomena such as electron interference.

Incidentally, Schrodinger’s cat is a well-known thought experiment regarding quantum
superposition. Although a cat that may be both alive and dead seems counter-intuitive,
superposition principle explains the conflict. The quantum state of a cat [1c.;) is described
as

|¢cat> - |walive> + |wdead>7 (h41)

i.e., |Yeat) 1s the superposition of alive state |1ve) and dead state [gead)- |[Pative) and [¥gead
are linearly independent, there is no irrational point. Then,

<¢dead|'¢alive> - 07 (h42)
<¢Cat|¢cat> =1 (h43)

are satisfied respectively. Thus, the state of a cat is understood as quantum superposition.

H.6 Commutation relation

When operators Aand B satisfy AB — BA =0, then A and B are said to be commutative.
We define the commutator as:

[A,B] = AB — BA. (h.44)
When [A, B] = 0 is satisfied, then operators A and B are called commutative. Also, an
operator which satisfies AT = A is said to be a Hermitian operator. We will study the
commutation relation of Hermitian operator in this section.

Let be R X X R
AA=A—-(A) and AB=B—(B). (h.45)

Being (A) and (B) are constant, we obtain the commutation relation

A A A A

[AA,AB]=[A—(A),B—(B)|=AB—BA=[A, B (h.46)

B -
The expectation of the variance of < > is denoted by:

((A4)?) = ((A)? =24 (4) +(4)*) = ((A)*) - (4’

A (h.47)
2
= (YI(AA)7]),
This also applies to AB.
When operators A and B are non-commutative as
[A, B] = ik (h.48)
and Hermitian operators, then <(AA > < > has a positive-real minimum value. It is

proved in the next section.
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H.7 Uncertainty principle
Let consider AA +iAAB. The probability is positive for any A, therefore, it is computed as:

[(AA +iNAB)[9) ]2 = (AA +iNAB)[¢)T(AA + iNAB)|4))
= (Y|(AA —iMAB)(AA 4+ iAAB) 1)
= (|(AA)? +iA(AAAB — ABAA) + N (AB)*|) (h.49)

_ <(AA) > i) <[AA, AB’]> 42 <(AB)2>
0

Substituting Egs.(h.46) and (h.48) into Eq.(h.49),
<(AA)2> kAt A2 <(AB)2> > 0. (h.50)
is obtained. Discriminant of quadratic equation gives

K2 — 4 <(AA)2> <(AB)2> <0, (h.51)
finally, we obtain
. - k
<(AA)2> <(AB)2> > |—2| (h.52)
In quantum mechanics, position operator £ and momentum operator p has a commutation
relation
%, p] = ih, (h.53)

that is,
h

(B2P) (A9)2) = 020y > 5 (1.54)
is satisfied. Eq.(h.54) is the uncertainty principle. Uncertainty principle claims that both
o, = 0 and 0, = 0 are not satisfied st the same time. When position z is completely
determined as o, — 0, then momentum is not determined at all as 0, — co. We cannot
know both position and momentum in deterministic principally. If we would like to know
both A and B deterministically, they should be commutative as [A, B] = 0. Nature defines
that the position and momentum are not commutative, their variances are defined by Planck
constant.

H.8 Perturbation theory

Let see again Schrodinger equation by using bra-ket notation Eq. (h.36).
It is postulated that H can be divided as

H=Hy+V. (h.55)

The energy eigenvalues E, and the eigenvector |on) of unperturbed Hamiltonian H, are
assumed to be known exactly. When V s sufficiently small, the energy eigenvalues and
the eigenvector of H will be almost the same with those of Hy. Then, V is said to be the
perturbation. It is assumed that H, does not degenerate, i.e. energy eigenvalues I, are all
different from each other.
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Eq. (h.36) is rewritten in Schrodinger picture as:

i (1)) = Hlus(1). (1.56)

Eq. (h.56) emphasizes that the equation is described in Schrédinger picture by subscript
S. Schrodinger picture is one of pictures which describes time evolution of the system as
time evolution of wave function, the operator is time-independent. In fact, Hamiltonian H
is time-independent in Eq, (h.56).

Interaction picture describes time evolution of the system as time evolution of both wave
function and operator. Relationship between Schrodinger picture with interaction picture is
described in the followings. Wave function in interaction picture |¢;(¢)) and the perturbation
in interaction picture V;(t) are defined as

1(0) = exp (0 ) (h.57)
Vi(t) = exp (—%t) Vs exp(%t), (h.58)

respectively. It should be noticed that Vo=V, time-independent. Substituting Eq. (h.57)
to Eq. (h.56),

L d H, . . H,
zha (exp (Z—hot> |¢I(t))> = (Ho + Vs) exp (Z—gt) [V (t)) (h.59)
is obtained. As a consequence, Schrodinger equation in interaction picture
L d ~
th— [¥1(t)) = Vi(t)[vr(t)). (h.60)
is obtained 3°. Wave function in interaction picture |17(t)) is expanded as

[0r(t)) = Y calt)lon)- (h.61)
To solve Eq. (h.60), both sides of Eq. (h.60) are integrated from 0 to ¢ as:

n(0) = 10r(0) + 55 [ Vi ar (162

Substituting [¢(t'))r to |1 (t)); described as Eq. (h.62) itself,

1t 182 [t v
on(®) =100} + 55 [ Viaelen o) + (5) [ Vi [ e o
39Eq. (h.59) is deformed as:

ftvesp (200 o0+ exo(200) & pur) = e (00 o) + Vs o (st

from chain rule of differential calculus. Consequently,
L d Ho \ ¢ Hy

h— t)) = ——1 —1 t)).

in g2 = exp( =52 ) P (524 ()

As a result, Eq. (h.60) is given.
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is obtained. By successive approximation by the repetition of the same operation, |1;(t)) is
described as the infinite series:

e = (1+ fj% / t / L / ) Vil - ) (). (w1

Here, Eq. (h.64) is approximated by up to first-order term of the perturbation as

1 [t
r(®) = [6r(0) + 37 [ Vi®)lwn ). (165
0
Taking inner product (p,| with both sides of Eq. (h.65),
1 t
~ L / /
ent) = a0+ 3 g [ Va0 Oy (160
is obtained “° from completeness Z |0m) (pm| = 1, where
V() = (0al Vi(8)|om). (h.67)

Eq. (h.67) is described in interaction picture, rewritten in Schrédinger picture as:

E, — E, .
Vin(0) = exp( 222 ) Vsl (1.68)
from definition Eq. (h.58).

H.9 Fermi’s golden rule

Description of time evolution of quantum state by perturbation shows transition rate of
quantum state. Here, the initial quantum state

41(0)) = i) (h.69)
is postulated. Then,

r(0) = s ) + 5 [ Vi0)lg)ar (170

from approximation Eq. (h.66).
Taking inner product (p;| with both sides of Eq. (h.70),

1 t
c(t)=1+— [ Viu(t')adt (h.71)
th J,

40Tn detail, the intermediate calculation is

(onl¥1(t)) ~ (onl¥1(0)) j & Jo (enlVi() s (0))t',

1 .
cn(t) = c(0) + ) %/O D lem)(eml (@n Vi) |wr(0))dt".
The second terng)f the rig}Tt side is deformed as:

i, SOl oaltuyar = 5 [ tenlosn(~ Gt isomn( 5t lmentoar
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and

c(0) = 1. (h.72)
Taking inner product (¢y| (i # f) with both sides of Eq. (h.70),
1 t
)= [ Vitthat (i # 1) (73

and
cr(0) =0. (h.74)

Egs. (h.71-h.74) say that initial quantum state |;) changes to superposition of |¢;) and final
quantum state |p;) by time evolution.
Eq. (h.73) is deformed as:

1
sty = 3 [ Vittyie = 5 [ ertiatolana

t E; — E;
= ﬁi ; eXP(T )<90f|v|90@>

h.75
_ledVip)[ (B, (7
ih E;, — Ey ih 0
{5V 1) E; — Ey
= VAT it ) NS
E—5 P\ !
Squaring both sides of Eq. (h.75),
, 2sin Ef2h Elt . )
O ={ ———=22—— ; h.
e 1) 52— It Ve0) (.76
is obtained *!.
sin xt

Fig. H.1 shows the graph of f(z,t) = as function of z. When t — oo, f(z,t)

will be proportional to Dirac delta function d(x) which is defined as below:

_Joo (z=0) o B
i(z) = {0 (x4 0) and /OO O(z)dr = 1. (h.77)

(o)
/ f(z,t)dx is calculated to determine the proportional constant.

> * (sinat)’ , [ (sinxt)”
flz, t)de = de =t dx
oo oo x Lo\ 2t
I\ 2

(h.78)

012
4 exp(if) — 1)> = 2 — 2cosf = {2 sin 2} , (z —y)? = (y — x)?, and sin? 0 = sin*(—0) were used for

deformation.
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L P e — V| L L x
-3t 2wt -TUt V't 2rvr 31Ut
sinzt )\ 2
Fig H.1: The graph of f(x,t) = ( ) .
x
Eq. (h.78) *? provides
. 2
. sin xt
tlgloét( ” ) = mi(x). (h.79)

Ey—E; . . .
Substituting z = =L ——"in BEq. (L.79), Eq. (h.76) is rewritten as *3:

2h
tm E — Ez ~ 2t7T N
s = 50 (B oVl = 50008 - B VIedP. (1s0)

Eq. (h.80) is accurately satisfied when ¢ is sufficiently large as the time scale we normally
observed.

Eq. (h.80) is the probability density of the quantum state |¢y) at time ¢. Dividing both
sides of Eq. (h.80) by ¢, the transition rate of the quantum state |¢;) — |¢f) per unit time
dw;_, ¢ is provided as:

2m ~
wing = S HeslVienPo(Ey — E). (h.81)
Eq. (h.81) can be also described as:
2m -
winsy = s Ve Po(Ey), (h.82)

where p(F) is said to be the level density. The number of possible transition states within
an interval F/ between F + dE; dn can be written:

dn = p(E)dE. (h.83)
o
42 f(x,t) drastically increases nearby x = 0. When t — oo, the area / f(z,t)dr will accord with the
, o0 o o1 B
area of the triangle AABC. Thus, flz,t)dx = Tt 3= tm.

435(ax) = §(x)/a. In addition, dimension of d(z) is [z]~! because non-dimensional / O(x)dx = 1 is

required (Dirac delta function satisfies the requirement of probability distribution function).
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Egs. (h.81-h.82) is said to be Fermi’s golden rule, useful to discuss the transition of quantum
state of 8 decay.
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I Nuclear physics

I.1 General properties of atoms and atomic nuclei

(a) Atom (b) Atomic nucleus
4— Electron

Neutron Proton

. i

Nucleus

~1010m ~104 m

Fig I.1: The schematic structure of (a) an atom, (b) an atomic nucleus.

Fig. 1.1 (a) shows the structure of an atom; a generic atomic planetary model (the Ruther-
ford model). There is an atomic nucleus at the central of the atom. Although electrons are
described as orbiting the nucleus, in fact, electrons are distributed like cloud stochastically.
The diameter of an atom is similar to 1071 m = 1 A. The diameter of an nucleus is similar
to 10~* m. Thus, the nucleus is localized at within the atom.

Fig. 1.1 (b) shows the structure of an atomic nucleus. A nucleus is consisted of protons
and neutrons. Although protons are electrically positive and protons receive repulsive force
each other, nuclei are bound together by the strong force which emerged from interchange of
mesons. Mass of a neutron m,, is slightly larger than mass of a proton m,, as m,, ~ 1.0014m,,.
m,, is much larger than mass of an electron m, as m, ~ 1836m, Thus, almost all of the mass
of an atom is located in the nucleus. Neutron and proton are said to be nucleon.

Mass of a neutron, a proton and an electron is summarized as follows:

m, = 939.57 (MeV/c?),
m, = 938.27 (MeV/c?), (i.1)
me = 0.5110 (MeV/c?).

The mass of a hydrogen atom my, which is consisted of a proton and an electron, is also

used conveniently,
mpy = m, +m, = 938.78 (MeV/c?). (i.2)
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I.2 Binding energy of nuclei

As mentioned in section 3.2.1, the kinetic energy of g ray is emerged from the difference of
rest mass energy of parent nucleus with daughter nucleus. Eq. (i.1) says that the difference
of rest mass energy of a neutron with a proton is:

m, —m, ~1.3 (MeV/c?). (i.3)

Although Eq. (i.3) appears to suggest that the maximum kinetic energy of 5 ray does not
depend on nuclides, it indeed depends on nuclides as shown in Table 3.1.

The fact that the maximum kinetic energy of 3 ray depends on nuclides is caused by the
mass defect due to the binding energy of nuclides. The mass of atom M (A, Z), which the
proton number is Z and the neutron number is NN, is slightly smaller than Zmgy + Nm,,.
The binding energy of nucleus is defined by the slight difference of mass as:

B(A, Z) = (Zmy + Nm, — M(A, Z))¢, (1.4)

the binding energy produces the mass defect and the difference of the kinetic energy of
ray each nuclides. Eq. 1.4 shows that the binding energy is the energy required to divide a
nucleus into Z protons and N neutrons.

The properties of mass of nuclei and binding energy which are observed by experiments
are summarized in the followings.

1. The binding energy of a nucleus is proportional to the mass number A = N + Z. The
binding energy of per a nucleon is almost constant with mass number as B(A, Z)/A ~
7.4 MeV to 8.8 MeV except nuclei whose mass number is small.

2. The binding energy of per a nucleon is maximum at A ~ 60. If mass number is larger
than 60, B(A, Z)/A monotonically decreases.

3. If proton number Z changes at the same mass number A, B(A, Z) can be approximated
as a parabola.

4. The binding energy of a nucleus which has even proton number is slightly larger than
that has odd proton number Z at the same mass number A.

5. A nucleus tends to have the same proton number and neutron number (Z = N). It is
remarkable when mass number of the nucleus is small.

The semi-empirical mass formula (also referred to as the Weizs”acker-Bethe formula)
approximately explains mass properties of nuclei. A nucleus is treated as a liquid drop, the
binding energy has the following five terms.

[ij Volume energy
Nucleons within a nucleus attracts each other (strong force), and a nucleus is condensed.
The energy of nucleon is smaller than if it is isolated. The binding energy increases in
proportion to the volume, i.e. the mass number A as:

Evol = a’VOlA7 (15)

where FEy, is volume energy and ayo is a coefficient. Eq. (i.5) corresponds with the
1st property mentioned above.
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[ii] Surface energy
Nucleons which exists in surface of a nucleus is not entirely surrounded by other nu-
cleons. The binding energy decreases in proportion to the surface area of nucleus, i.e.
A5 M s
Bt = —qut A3, (1.6)

where FEg,¢ is the surface energy.

[iiif Coulomb energy
Although nucleons within a nucleus attract each other by strong force, protons repulse
each other by Coulomb force at the same time. The Coulomb potential energy decreases
the binding energy. The Coulomb potential energy between two electrically charged

particle at a distance r is &. Therefore the total Coulomb potential energy Fcou
TEQT
can be described as %° : 22 - 1)
ECoul = _aCOulT- (17)
3

[iv] Asymmetry energy
A nucleus tends to have the same proton number and neutron number as 5th property
mentioned above. Asymmetry energy is emerged from Pauli exclusion principle (Both
neutrons and protons are Fermion). Asymmetry energy Egy,, can be described as:

N — 7)? A—27)? )
Easym = _aasym% = _aasym%' (18)

Eq. (i.8) indeed equals to minimum value 0 at N = Z.

[v] Pairing energy
Nuclei tend to have even neutron number and even proton number as 4th property
mentioned above. The binding energy increases when both neutron number and proton
number are even, and decreases when both neutron number and proton number are
odd. The pairing energy d(A, Z) is described as:

( Opair
—-F Z, N even

VA
5(A,Z) =10 A=N+Zodd, (1.9)

Qpajr
Gealt 7 N odd
( VA

As a conclusion, the Weizs” acker-Bethe formula is described as:

B(A7 Z) = Evol + Esurf + ECoul + Easym - 5(147 Z)

2(Z —1) (A—22) (i.10)
1 — Qasym A_ - 5(14, Z)

2
= avolA - asurfAA3 — QGCoul
A3

“Let think a sphere. Regarding the volume V and the radius r, V o r3. Regarding the surface area S
and radius r, S x r2. So S o« V2/3.
4500w can be calculated analytically based on fundamental electromagnetism.
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The coefficients are calculated by fitting to many experimentally measured masses of
nuclei. As an example, the coefficients

ayol = 15.75  (MeV),
st = 17.8  (MeV),
o = 0.711 (MeV), (i.11)
Qasym = 23.7  (MeV),
Qpair = 11,18 (MeV),

are used.

I.3 Fermi theory of beta decay

Fermi proposed an analogy between proton-v reaction p — p++y and 3 decay n — p+e~ +7,.
It can be said that the association of electromagnetic interaction and interaction describing
B decay (today, known as weak interaction).

The Hamiltonian density of proton-vy reaction He,, is described as:

Hem = ejZmA;u (112)

where e is elementary charge, ji™ is electromagnetic four-current of proton, A, is Dirac
spinor of photon (electromagnetic four-potential).
Fermi replaced current j;™ with transition of the neutron into a proton as:

gt = 3u 7 = i(yda), (i.13)
and replaced A, with emission of the electron and the neutrino as:
A, — gt = i(Pe ). (i.14)
Further, the charge e is also replaced with the coupling constant G as:
e — —Gp, (i.15)

which is now known as the Fermi’s coupling constant 4°.
As a result, Egs. (i.13 - 1.15) replace Eq. (i.12) as

Hﬁ = GF(%%@%)(%W”%) (116)

Fermi claimed that Hpg is the interaction which causes 3 decay.

I.4 The shape of the beta-spectrum

As shown in Eq. (h.82), the probability of the g ray which has energy E. emitted per unit
time P(FE,)dE, can be described as:

2 dn
P(E.)dE, = =——|Hs|*— i.17
(B)dE. = | Hol' 1 (i.17)

Gr
— =11 1072, -2
Bk 637 x 107°. (GeV~2)
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where E is total energy of a § ray and a neutrino, dn/dE, is its level density and |Hp| is
the matrix element of £ decay.

The number of states dn; which a particle exists in volume 2 and the momentum is
interval of p between p + dp is described as:

B Amp?dps) B p2dpS)

dm hE . omend

(i.18)

The number of states dn which the total energy of a § ray and a neutrino is interval of Ej
between Fy + dFEj is described as:

PedpSL?dgQ)  ,p2dpeqdq

dn — —
"o o ATARS

(i.19)

where p, is the momentum of a ( ray, ¢ is the momentum of a neutrino. From Eq. (i.19),
the level density of Fj is described as:

dn QQPEdpeqqu

o . i 20
dE, AT RS dE, (1.20)

Let transform momentum to energy. The emission energy FEj is scrambled with E, and
El/7

Ey=E™ =E, + E,, (i.21)
E. = \/m2ct + c2p?, (i.22)

and
E, ~cq (1.23)

are satisfied respectively. m, is the mass of an electron, the mass of a neutrino is approxi-
mated to 0.
Differentiating both sides of Eq. (i.22) by p.,

dE. . CQPe

el (1.24)
Differentiating both sides of Eq. (i.23) by Ej,
dq 1 .
from Eq. (i.21).
Substituting Eqs. (i.24) and (i.25) to Eq. (i.20),
1 1 ,1
dn _ QQ gEedEeg(EO - Ee) EdEO _ QQ » E (E _E )2dE
dE,  Am*hS dE, Amipbies e e e (1.26)
0?2 ) '
= W\ Eg — mgC4Ee(E0 — Ee>/dEe

Vo
statistical factor

is obtained. The brace part in Eq. (i.26) is said to be a statistical factor. The shape of the
beta-spectrum mostly depends on the statistical factor.
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J Conservation law

J.1 Euler-Lagrange equation of motion

Let consider the continuous and smooth function f(x). We can approximate f(x) around a
as:

fla+ Az) ~ f(a) + Azf'(a), (3-1)
df (x)

where f'(z) = ppt Eq. (j.1) states that if f’(a) = 0 then f(z) is stationary for a change
x

of z around a. The point a which gives f/'(a) = 0 is said to be a stationary point.
With this in mind, we consider f(y(x),y'(x)), which is the function of two functions of
x, y(x) and y'(z). I(y(z),y'(z)) called the functional is defined as:

b
(o). (2)) = [ dafy(o).y@). (2
Here, we discuss the case y and y’ occurs small change as:
y=y+ady (j.3)
and B
y =y +0y, (i-4)

where dy and dy’ is said to be the variations of y and 3’. The symbol ¢ stands for the
variation, which differs from the infinitesimal change as dz.
The variation of the functional I is described as:

b b
afz/“Mf@+ﬂ%y+wy»—/cMﬂ%y» (5.5)

Rewriting Eq. (j.5) 47 4,

r.h.s of Eq.(j.5):/ d:t:g—féer/ dngléy’

b
_/a dx gf5y+ {af,dy} /a dxd— (% y)

At the end points a and b, the variations are 0, therefore the second term of Eq. (j.6) is

vanished. That is,
bof of :
5[ —/a dxa_yéy_/a dx d_ <@5 ) (J?)

If the variation 61 = 0, we can get

(j.6)

of _ d of :
S22k i
Oy dx 0y
Eq.(j.8) is said to be the Euler-Lagrange equation of motion. We can say that Eq.(j.8) is the
function that gives the stationary point to the functional I(y(z),y'(x)).

47df — ﬁdml + ﬂdl‘g 4o
8961 81'2 b b
48We use the integration by parts / dxfg = [fg]z - / dzf'g.
a a
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Q
Simm—m————-

Fig J.1: The variation of the function y(z).

J.2 Principle of least action

Replacing Eq.(j.8) as the functional f(y,y’) to the function L(q, ¢) and the variable x to time

t, we can get

oL d OL .
8_q = %8_q’ (J-9)

d
where L is the function said to be Lagrangian, and ¢ = d_z We can demonstrate that Eq.(j.9)
2

reproduces the Newton’s second law m? = f in the range of Newtonian mechanics. The

Lagrangian is scaler, Eq. (j.9) is covariant with a coordinate transformation. The merit of
Euler-Lagrange equation of motion is to be completed in any coordinate systems.
We define the action S as the time integral of the Lagrangian:

S = /dtL. (3.10)

The variation of the action satisfies
55 =0 (3.11)

from the Euler-Lagrange equation of motion, Eq. (j.8). Eq.(j.11) is the principle of least
action.

The Lagrangian L is the function which gives S = 0. We can also say that the real
particle moves on the path which satisfies 65 = 0. The principle of least action is the most
important guiding principle of physics. It can apply to not only classical mechanics but also
electromagnetism, quantum mechanics and relativity etc.

J.3 Analytical mechanics for a field theory and the Lagrangian

The principle of least action derives the field equation as with a particle. For example, the
Maxwell’s equations
0A, —0,(0,A") =0 (j.12)
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are the second order partial differential equations for the electromagnetic field A,. The
Lagrangian density £ % and the action S which derive Eq.(j.12) are:

S = / dVL(A,, 0,A,), (5.13)

where dV is infinitesimal volume element. The field equation is derived from §S = 0, that

is,
oL oL
0S = /dVE = /dV{a—AaMla—I— —O(GMAG)}

oL 0 oL 19, oL
- / Vv {aAa " 9w 9, 4,) } 04at / W o (a@Aa)M“) =0

The second term of Eq.(j.14) can be rewritten from volume integral dV to surface integral

dS,, according to Gauss’s theorem ** as:

(j.14)

(The second term of Eq.(j.14)) = /d&tﬁ&% (j.15)

It should be satisfied that 64, = 0 on the surface of the integral area, Eq.(j.14) can be
rewritten as: or 5 or

=0. (j.16)

A, 9t 9(D,A,)
Eq.(j.16) is said to be the Lagrange’s equation for field theory.

J.4 Noether’s theorem

At first, let mention the statement of the Noether’s theorem.

Noether’s theorem claims that if the Lagrangian, or action, is invariant to a certain
transform, then the corresponding conservation law exists on the path of the equation of
motion.

We denote the change in the action as:

S =S — 5= /dT (D", ") — L, i)}

oL  d oL d [ oL
= N H _ 1%
/dT (&L’“ dr aw) o +/d7dT (aa:wdm )

It should be satisfied that 6,5 = 0 from the principle of least action . On the path of the
equation of motion, the first term of Eq.(j.17) must be 0, inevitably, the second term of

Eq.(j.17) is
oL .

d (0L .

Eq.(j.19) is the conservation law itself. In the followings, the examples of Noether’s theorem
are enumerated.

(j17)

That is,

Y[ = [dVL. In field theory, £ is simply said to be Lagrangian without notice.
50Gauss’s theorem is fv V-A= fs dSA - n, where n is unit vector on the boundary.
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1. Conservation of Energy and momentum
Let be invariant

P L (one cor'nponent) | (1.20)
0 (otherwise components)
where a is an infinitesimal constant. Then,
d dp
— =0, ..—==0. .21

where p,,u is generalized momentum *'. Eq.(j.21) is the conservation of energy for time
component p = 0, and the conservation of momentum for space components = 1,2, 3.

2. Conservation of angular momentum

Let be
ozt = wx,, (j.22)
where w"” is an antisymmetric infinitesimal tensor (w*” = —w"*), let be
w  (p=2,v=1)
Ww =< —w (p=1rv=2). (j.23)
0 (otherwise)
Then,
~(pa) =0, )=0 (.29
- a)= .o — (X pow — x9prw) = 0. .
ar Dy ) ar 1P2 2P1 J

Eq.(j.24) is the conservation of angular momentum.

v

Fig J.2: The symmetry with z, y-axes and the asymmetry with z-axis in the equable gravity
field.

Noether’s theorem states the symmetry of a system. In the case of shown in Fig. XX, the
x and y directions have symmetry, the z does not have symmetry as:

bz=2 —z2=L —L=-mg(? —2) = —mgdz, (j.25)
dx=a'—az=L—-L=0. (j.26)

oL
"= o
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