
Chapter 5

Dielectric permittivity estimation

for liquids

The previous chapter has proposed a free space method to estimate complex relative

dielectric permittivity of homogeneous, isotropic non-magnetic solid materials. The

method has proved accuracy on several material samples. However, solid materials

is only one among the types of materials used in human life. Liquid also is one

of the common states of existence of substances that we encounter every day. In

several fields of research and industries, such as water quality research, brewery,

chemical industry and etc., a good understanding on the dispersion properties of

water-based liquids would deliver more insights and hints for further improvements

and discoveries. This chapter will introduce the analysis and the process of permit-

tivity estimation dealing with water-based liquids based on the free space method,

with water as an example.
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5.1 Introduction

Complex dielectric permittivity estimation of liquids is one of the major problems

in dielectric characterization. Several well-known methods have been proposed,

such as the resonator methods, the waveguide methods or the open-ended coaxial

probe method. With the growing demand of a non-destructive, non-contacting and

broadband permittivity measurement techniques, to conduct measurements at high

temperatures, or to deal with chemically active liquids or to support the development

of biomedical techniques, remote sensing and etc., the traditional methods face

several limits.

In this context, the free space techniques appear to be an attractive way to cope

with the demand. One of the notable effort using the free space techniques to deal

with liquids is the work of Ghodgaonkar et al [16]. In [16], an analytical approach

was introduced to calculate the relative permittivity of solid materials. To secure

the uniqueness of the solution, the sample thickness was required to be very thin,

a condition which, in turns, requires a sandwich structure to prevent the material

sample from sagging. Such a structure, however, can be used to measure liquids as

well. The idea was later investigated by the author’s group.

The analytic method of Ghodgaonkar et al is general in the sense that it can be

applied to solids, powders and liquids and it can calculate both permittivity and

permeability. However, it requires two scattering parameters with several complex

calculations and need to use thin material samples to secure the uniqueness of the

solutions. In the cases of non-magnetic and high loss liquids, in particular water-

based liquids, it is possible to use a more simple analytical free space method using

only the reflection coefficient and other known information.

In this research, we propose an analytical free space methods to calculate the

relative dielectric permittivity εr of high loss liquids from the multiple reflection

coefficient Γm of the sample obtained from measurement. εr of water was estimated

as an example. Promising results were obtained.
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5.2 Scattering analysis

5.2.1 Some differences compared to the case of a solid ma-

terial

Considering two cases of solid materials and liquids, the later case requires more

complex analysis. In the previous chapter, the process of relative permittivity es-

timation on a solid cube was explained. Because of the solid nature, the material

under test can be machined into a sharp cubic form and it can stands alone during

measurement. Therefore, from the measurement one can obtain a relatively pure

scattering field from the material of interest. From that data, one can immediately

analyze to get the wanted relative permittivity. Meanwhile, the case is a little more

complicated for a liquid because a liquid sample needs to be stored in a container

before one makes a measurement. In this research, aiming to use the free space

method, a liquid even needs to be shaped into cubic form to facilitate our analysis.

Since the container has dimensions and the container’s material has permittivity and

permeability, the container will contribute inevitably to the scattering field one may

obtained. Therefore, the scattering analysis needs to separate the scattering contri-

bution from the container in order to have a direct relation between the scattering

quantity and the liquid’s relative permittivity.

There is one more point that requires attention is the lossy nature of water and

water-based liquids. Numerous research have revealed that the relative permittivity

of water has a large imaginary part which results in quick attenuation of electromag-

netic fields in water and water-based liquids. That means if the container is large

enough, electromagnetic fields will be attenuated entirely inside the container and

the multiple reflection that causes difficulties in the case of low-loss solid materials

will not occur.

The above two points will be considered and used in the following sections.
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5.2.2 The decomposition of the scattering container

Figure 5.1a shows the model of a container used in this research. It has a rectan-

gular cylinder shape with a rectangular cylinder empty space to contain the liquid

for measurement. A liquid would fill in the container and would form a rectangular

cylinder object with an empty top space. When an electromagnetic wave illumi-

nates the container in the normal specular direction of the S1 surface, it is assumed

that the container can be separated into 5 parts, namely top, sides, bottom and

center as shown in Fig. 5.1(b) and the scattering field from the container in that

specific direction can be calculated approximately by taking the sum of scattering

contributions from the 5 parts. In Fig. 5.1(b), one may realize that all the parts

are of the shapes that a scattering far field formulation can be formulated with high

accuracy in the normal specular direction of S1 surface. In the following discussions,

the bottom, the two sides and the top part will be referred together as the frame of

the container.

As can be seen in Fig. 5.1(b), the scattering contribution from the frame would

provide us information only about the container’s material. Meanwhile, from the

center part we may be able to establish a relation between the liquid’s relative per-

mittivity and other factor that enables an analysis to calculate the wanted relative

permittivity from measurement data. Therefore, if the assumptions hold we will

be able to separate the unwanted scattering contributions from the frame to obtain

only the scattering field from the center part of the container and to conduct fur-

ther analyses. In the next discussions, the scattering analysis and feasibility of our

assumptions will be discussed.

5.2.3 Scattering analysis and validation

We consider the case when a TE polarized electromagnetic plane wave illuminates

the container in the normal specular direction. Using the theory presented in Chap-

ter 3, the complex far field scattering quantities of the bottom and the two sides in

the same direction can be determined by the following equations. In the following
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calculation the reference plane is the S1 surface.

σ̂b = − ik√
π
w1tΓm (5.1)

σ̂s = −2ik√
π
l2tΓm (5.2)

Γm =
Γs(1− ei2kd

√
εr)

1− Γ2
se

i2kd
√
εr

Γs =

√
εr − 1

√
εr + 1

Here σ̂b and σ̂s are the complex scattering quantities from the bottom and the two

sides of the container, respectively. Γm and Γs are the multiple and the single surface

reflection coefficients. εr is the complex relative permittivity of the container’s

material. k is the wave number in free space.

Before considering the center and top parts of the container, we shall consider

the normal reflection from a structure which consists of 5 infinite dielectric layers

illuminated by a TE polarized electromagnetic plane wave as shown in Fig. 5.2(a).

By using the impedance propagation method, the reflection coefficient in the normal

specular direction at the surface of reflection can be calculated by the following

equations.

Γm[z = 0+] =
Zin[z = 0−]− η1
Zin[z = 0−] + η1

(5.3)

Zin[z = 0−] = η2
1 + Γin[z = 0−]

1− Γin[z = 0−]

Γ[z = 0−] = Γ[z = −a+]ei2ka
√
εr2

Γ[z = −a+] =
Zin[z = −a−]− η2
Zin[z = −a−] + η2

Zin[z = −a−] = η3
1 + Γ[z = −a−]

1− Γ[z = −a−]

Γ[z = −a−] = Γ[z = −(a+ b)+]ei2kb
√
εr3 (5.4)

Γ[z = −(a+ b)+] =
Zin[z = −(a+ b)−]− η3
Zin[z = −(a+ b)−] + η3

(5.5)
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Zin[z = −(a+ b)−] = η4
1 + Γ[z = −(a+ b)−]

1− Γ[z = −(a+ b)−]

Γ[z = −(a+ b)−] = Γ[z = −(a+ b+ c)+]ei2kc
√
εr4

Γ[z = −(a+ b+ c)+] =
η5 − η4
η5 + η4

ηi =

√
µri
εri

One may realize that the center and the top parts of the container also can be

represented by two 5-layer dielectric structures as seen in Fig. 5.2(b). Although

they are finite structures, the multiple reflection coefficients Γmt and Γmc from the

top and center parts in the normal specular reflection direction of S1 surface can

be represented in the manner of Eq. (5.3). Then, the complex far field scattering

quantities of the center and top parts can be given by the following equations.

σ̂c = − ik√
π
wlΓmc (5.6)

σ̂t = − ik√
π
wl1Γmt (5.7)

In order to validate the assumptions made before, the theoretical complex far field

scattering quantities of a real container will be calculated when it is filled with water.

Then the results are compared to the measurement results. The dimensions of the

container parts are shown in Table 5.1. Here, the complex relative permittivity of

acrylic is the average value (2.578, 0.035) estimated in the frequency range 18–26

GHz. Water’s relative permittivity at 22◦C is obtained using the model of Stogryn

[37], as shown in Fig. 5.3. This theoretical relative permittivity reference has been

confirmed by several experiment results as shown in Fig. 5.4.

The theoretical complex far field scattering quantities of the containers’ parts and

the total contribution from the whole container are calculated and shown in Fig. 5.5.

A comparison between the theoretical complex far field scattering quantity of the

container and measurement is shown in Fig. 5.6. After compensating the phase

of measurement data, it can be seen that the theoretical real and imaginary parts

resemble closely the measured values. Therefore, it can be concluded that when
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the container is illuminated by a TE polarized plane wave in the normal specular

direction of S1 surface, the complex far field scattering quantity of the container

can be obtain approximately by taking the sum of the complex far field scattering

quantities from the proposed parts. A comparison between the measured complex

scattering quantity and the theoretical one of an empty container (or container filled

with air) is shown in Fig. 5.7. The theoretical values were calculated with acrylic’s

relative permittivity taken as (2.578,0.035) in the whole frequency range.

Table 5.1: Dimensions of the components of the container

Name Length Width Thickness

[mm] [mm] [mm]

Bottom part w1 = 102.0 t = 1.0 d = 32.0

Side part l2 = 105.0 t = 1.0 d = 32.0

Top part w = 100.0 l1 = 5.0 a = 1.0, b = 30.0, c = 1.0

Center part l = 100.0 w = 100.0 a = 1.0, b = 30.0, c = 1.0

As mentioned in Subsection 5.2.1, water and water-based liquids have a large

permittivity loss leading to large attenuation of electromagnetic energy inside the

liquid-filled container. With that understanding, it can be predicted that when the

thickness of the liquid layer of the container is large enough, multiple reflection effect

can be reduced to the extend as if the liquid layer is infinitely thick. In that case,

the structure of the center part of the container can be represented by a 3-layer

model shown in Fig. 5.8. That also allows the multiple reflection coefficient at S1

surface to be calculated by the following equation.

Γm =

1−√
εr1

1+
√
εr1

+
√
εr1−

√
εr2√

εr1+
√
εr2

e2ika
√
εr1

1 +
1−√

εr1
1+

√
εr1

√
εr1−

√
εr2√

εr1+
√
εr2

e2ika
√
εr1

(5.8)
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We have compared the numerical values of the reflection coefficients of the water-

filled center part using the 5-layer and the 3-layer models by varying the thickness

b from 1 mm to several centimeters, as can be seen in Figs. 5.9, 5.10. It has been

observed that when b is larger than a few millimeters in this frequency band from

18 to 26 GHz, the reflection coefficient by the 5-layer model quickly converges to

the coefficient by the 3-layer model. Based on this observation, we set the thickness

of the liquid layer in the container to 30.0 mm so that the reflection coefficient from

the center part can be calculated by the 3-layer model. In a little more general

view, if 2kbIm[
√
εr3] gets large then ei2kb

√
εr3 and the right hand side of Eq. (5.4)

rapidly approaches 0. Accordingly, the effects from the later layers of the 5-layer

model represented by Eq. (5.5) disappears. Depending on the accuracy demanded,

2kbIm[
√
εr3] can be increased. To secure the ei2kb

√
εr3 to be less than 10−6, one may

want to have 2kbIm[
√
εr3] > 15.
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(a) Model of a container with a liquid inside
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(b) The decomposition of a container

Figure 5.1: Scattering model for the liquid container.
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(a) Model of a 5-layers dielectric structure
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(b) Structures of the top and center parts

Figure 5.2: Multiple-layer dielectric structures for scattering analysis.
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(a) Complex relative permittivity of the acrylic container
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(b) Complex relative permittivity of water- Debye model [37]

Figure 5.3: Complex relative permittivities of container’s material and water at

22◦C.
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(a) The real part of water εr
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(b) The imaginary part of water εr

Figure 5.4: Debye model of the relative permittivity of water at 22◦C by Stogryn in

a comparison with contemporary results [37].
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(a) Complex far field scattering quantities of the bottom, top and side parts
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(b) Complex far field scattering quantities of the center part and total

contributions

Figure 5.5: Complex far field scattering quantities of each container’s part and total

contribution.
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(a) Real parts of complex far field scattering quantities
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(b) Imaginary parts of complex far field scattering quantities

Figure 5.6: A comparison with measurement.
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(a) Real parts of complex far field scattering quantities
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(b) Imaginary parts of complex far field scattering quantities

Figure 5.7: The complex scattering quantity of a container filled with air.
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Figure 5.8: Reduced model of the center part of the container.
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Figure 5.9: Effects of the thickness b on the real part of the reflection coefficient of

the center part (l = w = 100.0 mm, a = 1.0 mm) of a container.

�����

�����

�����

�����

����	

�����

�
 �� �� �� �� �� �� �� ��

��
�
�
��
�
��
	

�
��
	�
	
��
�
	�
�
�
�
��
��
�
	�
�
�

��
��
�
�

��������������

�������������

�������������� !�����

�������������� !�����

�������������� !����

�������������� !����

�������������� !������

�������������� !����

Figure 5.10: Effects of the thickness b on the imaginary part of the reflection coeffi-

cient of the center part (l = w = 100.0 mm, a = 1.0 mm) of a container.
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5.3 Permittivity estimation

From Eq. (5.8), one can make a few simple transformations to get

εr2 = εr1

(
1− A

1 + A

)2

(5.9)

A =

1−√
εr1

1+
√
εr1

− Γm

Γm
1−√

εr1
1+

√
εr1

− 1
e2ika

√
εr1 · (5.10)

One may realize that with a container of known dimensions and material, if the

complex far field scattering quantity is obtained from measurement, A is determined.

The Eq. (5.9) gives us a direction relation between the liquid permittivity and known

information. Based on that, a procedure is devised to obtained the wanted relative

permittivity from the measured complex far field scattering quantity.

1) Measure the complex far field scattering quantity in the normal specular reflection

direction.

2) Extract complex scattering far field contribution from the center part of the

container. This is obtained by subtracting the theoretical contributions of other

parts from the measured scattering quantity.

3) Extract the multiple reflection coefficient of the center part and determine the

quantity A via Eqs. (5.6),(5.10).

4) Calculate the liquid’s relative permittivity from known information via Eq. (5.9).
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Figure 5.11: Permittivity estimation process.
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5.4 Measurements and discussions

5.4.1 Water’s relative permittivity

In order to verify the potentials of the proposed procedure, measurements have been

conducted with one container with the dimensions described in Table 5.1. A photo

of the container on the rotary table can be seen in Fig. 5.12. Estimations have been

made when the container was partially filled with water (Case I) and when it is filled

fully (Case II). The relative permittivity of acrylic is assumed to be constant in the

whole frequency band from 18 to 26 GHz as shown in Fig. 5.3(a).

Figure 5.13 shows that the complex far field scattering quantities of the center

part of the container in case I extracted from measurement and theoretical values

have good agreement. Estimated water’s relative permittivity is shown in Fig. 5.14.

Since the measured data oscillated strongly due to noise, averaged values are used

to make comparisons. In term of the real part, the sliding average of estimated

relative permittivity is close to that by the Debye model. In case II, the same con-

tainer is filled fully with water and relative permittivity estimation was conducted.

In Fig. 5.15, a comparison also suggests a good agreement between the averaged

estimated relative permittivity and the relative permittivity obtained from the De-

bye model. Although significant differences were observed, the two examples have

shown the possibility to use my method to estimate the permittivities of water and

water-based liquids.

5.4.2 Container’s relative permittivity

In the previous subsection, the relative permittivity of acrylic has been assumed to

be one value throughout the frequency range. Based on that, the estimated water

permittivity’s sliding average values has good agreement with the Debye model. To

verify those results, one may want to assume that water has the relative permittivity

as in the Debye model and to estimate the acrylic’s relative permittivity from the

measured complex scattering quantity. The result of such an effort is shown in
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Figure 5.12: The real container used for measurement.

Fig. 5.16. It can be seen that the estimated acrylic permittivity’s sliding average

value is very close to the reference value (2.578, 0.035).
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(a) Real parts of complex far field scattering quantities
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(b) Imaginary parts of complex far field scattering quantities

Figure 5.13: Theoretical and extracted complex far field scattering quantities of the

center part- Case I.
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(a) Real parts of water εr
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(b) Imaginary parts of water εr

Figure 5.14: Complex relative permittivity of water estimated from the partially

filled container- Case I.
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(a) Real parts of water εr
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(b) Imaginary parts of water εr

Figure 5.15: Complex relative permittivity of water estimated from the fully filled

container- Case II.

79



��

�

�

�

�

�

�

�� �	 �� �� �� �� �� �� �


�
�
�
��
�
�
��

�������������

������� �����

(a) Real parts of acrylic εr
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(b) Imaginary parts of acrylic εr

Figure 5.16: Complex relative permittivity of acrylic estimated from the partially

filled container.
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5.5 Conclusions

In this chapter, a process to estimate water and water-based liquid’s relative com-

plex permittivity from a container’s complex far field scattering quantity and the

required scattering analysis have been proposed. When the space for the liquid of

the container is thick enough, a simple multiple reflection coefficient model for the

container can be formed to enable a direct calculation of the wanted relative permit-

tivity. The method has been verified by estimating water’s relative permittivity and

promising results have been obtained. However further improvements are needed to

get a more accurate value of the relative permittivity.
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Chapter 6

Concluding remarks

In this work, a new free space method for dielectric permittivity estimation of solid

and water-based dielectric materials has been proposed and verified.

At first, a high frequency method based on Kirchhoff approximation for electro-

magnetic scattering far field estimation was proposed. As shown in Chapter 3, the

case of a cuboid illuminated by a TE polarized electromagnetic plane wave was con-

sidered. Equivalent currents were established using the reflected wave. In the case

of dielectric cuboids, a ray tracing technique was used to include the effect of the

multiple internal bouncing waves. Several PEC and dielectric cuboids were used

to verified the proposed scattering analysis. Good agreements have been observed.

The proposed method has proved to be quite accurate around the specular reflec-

tion direction. By using the reflected wave to estimate the equivalent currents, the

method is able to calculate scattering far field from dielectric objects, while classical

methods such as PO and GTD cannot be applied. Thus it opens the way to analyze

the scattering far field from dielectric objects to obtain more desirable information

such as the object’s dielectric permittivity. This method may be used to study the

scattering phenomenon from dielectric polyhedrons or more general edged objects.

The scattering analysis in Chapter 3 was applied directly to Chapter 4 and re-

vealed the relation between the complex scattering quantity and the dielectric per-

mittivity of solid samples and other known information. The relation is further
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analyzed to devise an iterative process in order to extract the relative permittiv-

ity from the measured scattering data. An algorithm was developed to calculate

for the relative permittivity without knowing much about the material’s dielectric

property in advance solving the multiple value difficulty. The proposed method

was applied on several material samples. Dielectric permittivites were successfully

estimated and compared to the results by the commercially available open-ended

coaxial probe method and other references. Good agreements were observed. Under

limited sense, the proposed method proved to be more accurate than the referred

open-ended coaxial probe method. With the proved accuracy, stability and feasibil-

ity in dealing with non-magnetic solid materials, the method is being used to provide

material information for other studies involving radar target reconstruction, propa-

gation estimation and scattering analysis in the same laboratory. Further upgrades

of the method may include stability and accuracy improvements.

Chapter 5 is an expansion into the realm of water and water-based liquids. Since

liquids need containers, the effect from a container was included in the scattering

analysis. A decomposition was proposed to separate unwanted scattering contribu-

tions from the measured scattering quantities. Based on the theory developed in

Chapter 3, the validity of the proposed decomposition was confirmed. Based on the

structure of the container and the lossy nature of water in liquids, two reflection co-

efficient models were proposed to calculate the scattering quantities and to establish

a direct analytic relation between the dielectric permittivity of water and known

information. Later, a procedure for dielectric permittivity estimation on water and

water-based liquids are described. The procedure is verified by estimating water

permittivity from an acrylic container and inversely. The results contain measure-

ment errors so they oscillates strongly, however the average values agree well with

references.

In conclusion, a broadband dielectric permittivity estimation technique has been

developed successfully in the form of a free space method with many advantages

based on the scattering analysis using Kirchhoff approximation. The method is
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promising in areas where dielectric permittivity characterization of solid material

is required. With improvements, the method also can be used in practice to deal

with liquids. The scattering analysis developed as the foundation for the estimation

process is also a new way to calculate the scattering far field from dielectric objects

that can be applied in other areas.
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