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REAL HYPERSURFACES OF A PSEUDO RICCI SYM孔1ETRIC

COMPLEX PROJECTIVE SPACE 

SHYAl¥IAL KU:¥IAR HUI A.¥JD YOSHIO l¥IATSCYAl¥IA 

ARSTRAC寸.Real hypers¥lrfaces of a p討f'¥lcloRic:ci討ylllllwtric:cOlJlplex projcct i¥"e 
白pace乱recla悩ifiedancl Wf' obtained t hat there are 110 real h:vperSllrfaces of sllch 
typぞc:olllplcxprojectivp spuc・C.

l. Il¥TRODuCTIOl¥ 

Let cpn‘ n :::: 3 be an n-dim巳nsionalcornplex projective spacモ withFubini-Study 
metric・OfC011討tantholomorphic sectiollal Cllrvature 4 and let 1U be H. 1'e乱1hypersurface 
of C pn. Then 1¥1 h制札口 almost cont以・tmetric strllcture (仇ξηぅg)induced from 
the K員hlerstruc・tureof cpn. エlallydiffcrcntial gcυlllctcrs havc bccn studic刈 rcal
hypersurfac 問 。fa ('omplex proje町肘川C吋吋1叱tivアe 討叶叩p】a訂ce討机刊山u山1C巾、
andRyアan [3同3司l卜‘ Choa川叩1n町凶lclKi [何附6判lト.De制esl討吋ilun此 h[7 トHamada ([9 ト[10].[11]) 司 Ikuta[12 卜Kin山 a 
([14]. [15]， [16]， [17])， Kimura and .¥lae山 [18].l¥faeda ([19]. [20]. [21]). .¥Iatsuyァa山 l

([22]， [23]. [24])， Okumura [25]. Pe1'ez et. al ([28ト[29卜[30].[31])， 1'.北agi([33]，[34] 
[35])‘川ア礼llg[36]礼ndothcr討

It is well knowll that there does llot exist a real hypersurfacc AI of C Pηsatisfying 
the condition tlmt the secolld fu凶 a山叫alte11sor A of M is parallel. Again in [10] 
Hamacla llse t lH主(りnditicHlthat the田町)山1fundamental tcnso1' A i討 recurrent.1.e. 
there exists an 1-formα 刊 c11thatマA 二 Aお o. And Hama出 [10]proved that 
thcre a1で norcal hypersllrfaces of a complex proj町 tive討paぐewith I'(X・urrentsec・ond
fund凡mcntaltell州 r.A停lIlllllany differential geom日θ併t作P円r日ss引tudiかe刊当刊叱寸dr、'cラal11¥γ円ナ'pcrsurfaccs()f )正f 

com叫pl長eぽxp川roje町(ぐ山.
th 乱川tth股f臼町rcarc no re町alhりypEθ臼斗汀rsu1'盲'fa乱c

te臼叩n出l討s(川 A生広伴t札川仙u山山l日凶I日1in [11 L Ha川叩lばln山I
S印pa以ccwアi社川thl'町.モ刊eCll汀rr刊e白1ヨntRicc口c口'itensor a削lIlC吋clpr以o九vcdth 川 the目目守九汀1'ee札川川1I江rモeno r刊ca川1hv、Vγpersurfa何 S 
with recur1'ent Ricci tensor of C pll under the condition t hat e. i討aprincipal c、urvature
vector. 

A Riemannian space i討 討aidto be Ric:ci sy山田t山、 if i廿tsR.ic町川c:ite白n出L凶凶凶討以oω)

討出t礼lt山tl悩討吋{且1c悶!出討 丈マ7Sニ O. w九rアher町巳 てヤ7c仙lc川?ヨ川I日l(υ川)バtc出T冶討 tlw R.i止C1山I日le札川1111山i日i乱叫ncι'01叫I山11山Il(川?冗c土泊ti山Oll.Dll山11山nr山n地ι11山h凶c1いt札1s1討叶叶ヲ刊孔1f白1Vア'c
deぐacle制s.thc notion of Ric・C1可11unetryhωbecn weakened by ma町， authors in討evera1

ways to孔d品明日tぞX村山討吋1as Ricci reculTent space [ロ27可lトう Ric:α町C:C1S回悶e白印I口m山m討町W叩y灯?守m1
i何32判i卜.ps問eu町dいoR町 1symm附川etr山 討叩paぐ何eby D制 Zロ [8]， pseudo Ricci syrnr 

20()() MοIhnTl(Jl!r.s Suh)er:t (ノ7仙川fic日I1什11. o;lC25， o3C40 
Ke句切:y11ω)ο仰T.巾 αωnd phr羽刀口αlδδ剖{付~Sが付 reα、可t孔叫dhり'ype臼r、冶M討訓叩1口l日rfac伺f‘仁αompleそxp刊)ro.吋.iドι、)cけti¥中 討叩p札r何「札， PS(刈1丸川udoRicc児~Clオi ト討iylllllletric 
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Cl叫d[4] 
An山(川)河nト-白h礼t Ric円凹:ラ汀、吐泊I口即I

Ricci tいf何en凶胤sorS of type (0，2) is not identic:ally zcro and sil.tisfics the co 吋 ition 

(1.1) (マyS)(Y.‘Z)二 2ο(X)S(工Z)十n(Y)S(X.Z)十ハ(Z)S(Y.X)‘ 

for any vector field X‘ Y. Z. whereαiぉanowhere vanishin包1-formandヤ denotcs
thc opcrator of cov礼riantdifferelltI川iOll¥vith respect to the Illetric tensor 9・ Such

an n-dimensional討paccis d白川代1by (P RS) n. The pscudo Ricci symmetric討pa何討

have been al仰向tudiedby Arslan et. a1 [1 L Chaki and Saha [5]‘Ozen [26] and many 
others 
Tl日 relation (1.1) は nbe ¥九アritten川

( 1.2) (ヤ，Q)Y二 2n(X)QY十α(}ノT)QX+ S(ピX)(人
whcrcρi討 tlwvect目白;ldassociatecl to t hc 1ト-f，おo川)汀r口n11山11ο 討川1川 1t山h川t

Q is the Ricci opcrator. i.e‘引QX.Y)二 S(X.Y) for 2111 X. Y 
Motivatcd by the abovc studies the prescnt paper deals with theはudyof real 

hypersurfa何 sof a pseudo Ricci SjリrnrnetTiccornplex pnοIjccti1w spαce. A cもomplexpro 
jective space CP"ぅnど3is called pscudo Ricci symrnctTu: complcl; pmjectiv行持pαce
if its Ricci operator Q satisfics thc rd川ion(1.2). Thc 1M1川 isorg;allizcd as fo11ows 
Scc叱ion2 i討 concernedwith some preliminarics. Scc・tion3 is devoted to thc studうyア

of正fr町‘モea叫1hype臼r、T羽'Sl討汎叩4孔巾u山1rf21虻削ぐ引刊cs万対s昔of a p 討開eu山l(吋doRi忙c文℃札cι?オ1S町ymme叶tric(‘'01川mpl長eぽxpro刀司o.作ctivc 討印pa削(、e and i比t 
I路sproved that there are no real hypcrsurf何?刷。fa p同 udoRicci symmetric cornplcx 
pro]肘 tive討pa何 cpn.

2. PRELIl¥lINARIES 

Lct 1¥1 bc a rcal hypersurf礼何 of C pn. In a neighbour叶hωooclof e伐正tC士七hpo叫int此t.we take 
au旧III此1社t1凶10凹r口mal孔v尽町cto川rf“lC忙川c叶仙~1心州lclj九、Y守 i山nCP 

' in 1¥{ are rclatcd b、y
(2.1) マ，YニヤyY+目g(AX.Y)N 

(2.2) て7x1¥'ニ AX

for arbitrary vector五elclsX and Y on 1¥1. wherc 9 is the Riem21nnian metric of 1¥1 
inclu何 dfrom thc、Fubini-StudvmけricG of C pn and A is the second fundamental 
tensor of 1¥1 in C pn. Let T JiI be the tan貯ntbundle of 1¥1. An ei伊nv町市)rX of the 
討econd fundamental tensor A i 討(司11ed a principal c・urvature vcctor. Als自附-刊柿oan elgc臼)立nvalue
入of A is c‘1叫aι11eda pr吋mc虻悶clpaι1c刊urヨ'va川tur陀e.It is討kn旧owntha川t凡1ha削討 ana札lmo倒~討叫?づ北i兆t cωontact 首叱tmetr、i

structure induced from the Kahler structure J on C pn司 that is we define a tensor 
aθldφoftype (1，1)、avector ficlcl ~ and an 1-form r) on liJ by g(φX，γ)二 G(JX.Y) 
andρ(( X)ニ 7)(X)二 G(JX.JY). Thcll we h乱ve

(2.;3) q'} X二 X+η(X)乙 η(と)二g(乙と)= 1 φと二 O.
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Also it fo11州討 froIll(2，1) that 

(2.4) (マ，o)Yニ T7(Y)AX-g(AX. Y)乙
(2.5) マxc=οノlX

Let R and R be theぐurvaturetensors of C P川 andiiI r伺 pec・tively.From the expression 
of the curvaturcモtensOl'of CP". wc see that the curvature tensor， Codazzi equation 
and the Ri付 ite山 orof type (1.1) a町 givenby 

(2.6) R(X. Y)Z 二 g(Y. Z)X -g(X. Z)Y 十g( o 'rノア Z)CiX -g( φ X.Z) ργ 

2g( ((JX， Y)οZ十g(AY‘Z)AX-g(AX， Z)AY. 

(2.7) (勺，A)Y-(¥!，yA)Xニ fj(X)φY-fj(Y)9X -2g( cX、γ)ι
(2.8) qx二 (2n+ l)X -3T7(X)と十 hAX-A2X. 

where h二 trαcc:A.
Again ¥¥司、 h加で

(2.9) (マ，Q)Y = -3g(仏 lX.Y)と-3η(Y)件4X+ (Xh)AY 
十 h(ヤト.4)Y-A(ヤ，A)Y-(ヤsA)AY

Also we reca11 the fo11owing: 

Lemma 2.1. [19] 1fご川 αprincipalcω叩 turevectoT， then thεCOTTIεspondiηI，g prznc1pαl 
c'urvαture (l is locally constαnt. 

Lemma 2.2. [ロ19同]A8巳H附州守附8訓'lLηmet抗hαぱtご紛 α ρr門1れ川pαalCωur川U叩α仰tれu附r陀e'1附)
pr門1，'，η町η{仁;1，中pαal(仁:'lL7γ門可'1)川iαdω'un陀「代elω8α. 1fAX二入Xfor X上乙 thεnwεhαveAcp)，:' 二入.whe7'e 
¥ - (αλ+立)
ハ (2入 α). 

Theorem 2.1. [3] Let M beαcοnnected real hype7'suヴαceof CP"， n三3.who何
Ricci te仰ηsω;(刀orS s訂(
α αη'，d b on λJ. T.守fんle引7η1λJ i五lθCαl日Jν {仁JοTηI，gruε引7ηdtυ Oηη/ε of th托と fol口lO'lω1JZ 7，η~g:

(i)α geod附 Chypεr8urjμce. 
(ii)α tubeο'f nω1iωrο附 αtotallygeodωic Cpl.， 1三ん三 n-2，川εreO< T'<~

and C'ot2 fニゴコ
(iii)αtωe of md川 sr ove7'αω叫 Jlω quαdricQη 1， where 0 < r < :'f ω~d ωt2 2r 二
n← 2. 

Theorem 2.2. [33] Let M beαhornοgenωω 陀αlhyperS'lL7face of C pn. Th仰 /λJis 
αtube of nulius T' 0何 7'0ηeof thc following Kahler ，川 bmanザolds:
乙，41}hypげ plαnecpn-l. '1川 fTeO<r<~.
(A2) tοtally geodesic C pk， (1 三 k~ n. -2).vル問。 <γ< ~. 
(B) comple:Jノ qw，川 'icQ"-1・where0 < r < ~ 

fcjcpl×CP~11I)hεreO<r<:'fαnd n(三5)is odd， 
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(D)ωmple:r G肌判mα71CG2.5司 wheTe 0 < T < -'f and 11二 9.
(E) Herm的αnsymmetTZc SpαCf SO(10)jU(o). WheTf 0 < r < -'fαnd n二 15

Theorem 2.3. [15] Lct λ1 bcαreal }明川町r丹u:eο'fCP". Thc71 j¥1 h似 CO川 tant
pTincipal CUTVαtUTe8αη'.d ~ isαp門nczpαlCUTVαtUTe uectoT ifαηd onlγif 1lI is locally 
congruent to αhomogeneo川 rmlhyper8uTfiαce. 

Theorem 2.4. [13] ThereαTC 710 T'(:al hypen刊 r:{<α問月 withpamllcl R川 iten80T of a 
comple:r spαce f'οnn. cl\ f n

• c手。

:3. REAL HYPERSURFACES OF A PSECDO RICCI SYI¥IMETRJC CO.MPLEX 
PRO.JECTIVE SPACE CP" 

In this討ection.we haveぉtudiedrea1 hypersurfaces of a p問 udoRi('(・isymrnetriぐ
comp1ex projective space C plI and prove t hc following: 

Lemma 3.1. Lef 111 be (J. connccted Te叫んυ]Jf刊 :UTjαCCofαpseudo Ricci叩mmet門C
comple:r: p7・り町ti'uespace C P". 1庁;了f(αu日le伺7g炉炉C7η11川I
the門仰7η7t品heRi陀cc口itたf併Tη18仰句引切OTS (οJf λ 1 is 1)(α1X，α llel. 

Proof: Let Q X =入X.QY=μγand QZニ I/X.Then wc have 

ク((マ，Q)Y.‘Z)ニ (!l-1ノ)g(ヤyY.Z) 
Again we havc from (l.2) that 

ク((ヤyQ)Y.Z)二 2r:v(X)j/g(Y.Z)十ο(Y)lノク(X，Z) + r:v(Z)jlθ(X. Y). 

If入子 μ司入チ νandμ ヂレ theng( (マ，Q)Y.Z)ニ O.Also in the刊明 ofμ 二1/.we 
ohtain g( (マ，Q)Y.Z)ニ o
Assumc tl凶 11チ1人入 =νγ1'heng((丈7zQ)X. Y)二()
On the other hand. we have 

ク((マzQ)X.Y)二 2α(Z)μg(X.Y) + [ω(X)S(Z、γ)+α(Y)S(X.Z)J 

Thu討 WCobtain cx(Z)jl.g(X， Y)二 O. He町 eg( (マxQ)YZ)二 O. Conseq附 nt1:yヘ the
Ricci tensor S of M is parallel. 
From (2.8) and討i町 ec is pri町 ipal.the pri町 ipa1curvature v町 torwill also be eigerト
vectors of S. Th11討 Riccitensor of a homogeneoll討 rea1hypcr行urfacchas constant 
e1広enva1ue討 Againthe hypersurfacc 1isted in Theorem 2.2 do not have paralle1 Ri代 i

ten行or.Thu討fromLemma 3.1 and Theorem 2.3. we obtain 

Proposition 3.1. A homogcncom; rea1 hJァpcrsurfaceof C pn ('an not be pscudo Ricci 
symmetric. 

So by using Theorem 2.1. we have 

Corollary 3.1. A rea1 hypersurface of C Pη. Tl 三:3 whose Ricci tensor S sati行五es
S(X‘Y)こ αρ(X.Y)十b1)(X)1'(Y)for同 mesrnooth fllnction討αanclb on 111‘can not 
he p同 lldoRicci symmetric. 
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N ow wc provc the followillg: 

Theorem 3.1. Therc arモ710rml hypcrsurfaas 0目fpscudo Ricci syrnrnetric cornplcx 
projecti悦 spacヒCP"llnd引 thεconddumthat c is a pTincipal CUTvat1りtTe句ectoT.

Proof: L叶 uぉtakea real hypersurface of pseudo Ricci symmctric complex projective 
討pa何 Cpn. Thcll by virtue of (2.8) it foll(爪アsfrom (1.2) that 

(3.1) g((ヤ，Q)Y.‘Z) 二 2o(X)[(2n斗 1)g(Y， Z) -3rj(Y)η(Z) 

+ 1り(AY.Z) -g(A2y' Z)J 

十 ω(Y)[(271十 l)g(X，Z) -3η(X)rj(Z) 

+ hg(AX. Z) -g(A2 X， Z)J 

十 α(Z)[(2n十 1)ρ(X.Y) -31j(X)r7(Y) 

十 hg(AX.Y) -g(A'X. Y)J 

Using (2.9) in (3.1). wc貯t

(3.2) 2け (X)[(2n十 1)g(Y. Z) -3r/(Y)r/( Z)十 hg(AY.Z) -g(A2y' Z)J 

十の(Y)[(2n十 l)g(X，Z) -3Tj(X)17(Z)十 hg(AX.Z) -g(A2 X‘Z)J 

十代(Z)[(2n + l)g(X. Y) -3り(X)rj(Y)十hg(AX.Y) -g(A2X. Y)J 
十 3i7(Z)ρ(οAX.Y)+3η(Y)ρ(9AX.Z)ー (Xh)ρ(AY.Z) 

hg( (マ，A)Y.Z)十 g(A(ヤ¥A)Y.Z)十 g((ヤ，A)AY，Z)ニ o
for any tallgent vec・torsX.γ Z. 
Putting Y ェ~ and Zェ ()Xill (3.2). we get 

(3.3) 2n(X) [h引1乙ψX) ρ(A2cφX)J十 α(と)[hg(AX司φX)-g(A2X、φX)J

十什(φ川[2(n-l)/l(X)十 hg(AX.と)-g(A2 X.ご)J
十 3勾g(AX.X) -3 η川(AX)川7η7(X)一(Xh川)g引cノ何/
一 hりク引((ママxA)民ご φX) 十ク引(A引(ママxA)ほごιう〈φうλX)十g引((ママ.，A).ぺ1ご乙角οX) 二 O 

Let u行川sumeAご=αごThenby LClllma 2.1. we have () i討constant and hencモweget 

(3.4) (マ，A)と二 o:(;).1X-AcAX 
Using (3.-1) in (3.3). we obtain 

(3.5)α(ご)[fJ9(4X.0X)-g(42XのX)J十 2(n-1)α(φX)rj(X) 

十 3g(AX，X)-3α(ヮ(X))2_hαg(川え'.oX)

十 hノg(AOAX.6X) -g(AcAX. AcX)十 f129(φAλ¥φX)二 O

for any tan伊ntvector X on J¥1. ¥Ve choose X ωa  unit principal (、urvaturモvector
ortho広onalto c and by virtue of Lemm乱 2.2.we have 

AX二入X and AφX=入X.
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where ":¥ニ叫土三.Therefore wc obtain 
2入。

(3.6) 入[X2-{fl+α(と)}":¥-(ο2_ hα+ 3)J = 0 

A広ainfrom Lernma 2.2. we may write 

(3.7) 十

、
八
↑
十
一

2

k
八
一

一一
一1
A
I
A
 

If入二入 then(3.7) yie1d討

(3.8) 入2二 (1入十 1

If U occur~ a~ a principa1 CUI'¥'ature (for礼 principa1vector orth句 ona1to c)‘then (3.7) 
討hm¥'討thatall principa1ぐlU・vaturcmu討tbc ('on討tant.

:"Jcxt aおおlll11ingt hat 0 is not a principa1 curvature (again weぐonsidcron1y dircctions 

orth時 ona1to C)， tl日 re1ation(3.6) ~how討 that therぞarcat mωttwo品，ti町 tpri町 ipa1

ぐur刊 ture行.If入札nd入aredistinC't then wc hav(' 

入+Aニ h十ハ(0 ancl入瓦ニ ((12-11イl十.3)‘

which viclds 

{h十代(と)}付
(a2 - hα+ :3)ニ 2

1.e. 

{hα(と)}ο
2 十4二 O

Thus the ωr出C陀nt討 in (3.6) are constant呂 町1clhence so 礼re入ancl 入 The 白白fin凶1a礼d
一Il 

I川づ卦悩f行幻dづ孔i孔bえ沿泊i1出1itれ.vγ is th凶mt川lta11 pr汀r凶?

S愉削州at叫tiおi長お5命 (3.8) an町凶da町 ag伊am('引ω削o川Jl山tar山I此t 
So by Theorem 2.3 and Propo討ition3.1. we get t hc dω11代1re~u1t. 

Acknowledgement: T1山引)rkwa討c!o町 whi1(、thc品l'stauthor (S. K. Hui) was a 
vi~iting 5cho1ar at Chuo Univcr討ity.Japan. 
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