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Abstract.

We recreate an unpublished proof of William Thurston from the
early 1970’s that any smooth 2-plane field on a manifold of dimension
at least 4 is homotopic to the tangent plane field of a foliation.

¢1. Introduction

The main purpose of this article is to write down in reasonable detail
a proof of a theorem of Thurston which many experts know of and of
whose existence many more are aware. The proof is due to Thurston but
was never written up since it was superseded by a to some extent more
elementary proof of a substantially more general theorem. Thus the
theorem below became a mere corollary in Thurston’s published work:
Corollary 3 in [Th2]. Here it becomes the main result we want to prove.

Theorem 1.1 (Thurston). Any C* 2-plane field 7 on a manifold
M of dimension at least 4 is homotopic to an integrable one. If 7 is
already integrable in a neighborhood of a closed set K C M, then the
homotopy can be chosen to be constant in o neighborhood of K.
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The proof of Theorem 1.1 which we give in this paper we learned
from Takashi Tsuboi who in turn had learned it from André Haefliger,
and Haefliger attributes it to William Thurston. Thurston remarks in
[Th2] that a ”proof of Corollary 3 by itself was the starting point leading
t0” his main theorem in [Th2].

Remark 1.2. Apart from salvaging some of Thurston’s ideas there
is one further aspect which makes it worthwhile to make this proof ac-
cessible. We are able to work entirely with plane fields on the given
manifold. This is special to 2-plane fields. With today’s knowledge
about Diff.(R™~*) our proof below shows that for k > 2 any smooth
k-plane field on an n-manifold can be homotoped into one which is in-
tegrable in a neighborhood of the (n — k -+ 2)-skeleton of some very fine
triangulation. Thurston’s proof in [Th2} deals with plane fields on the
product of the total space of the normal bundle of the original plane
field with the unit interval. This pushes the dimension of the manifold
on which one works up quite a bit, especially for 2-plane fields.

For 2-plane fields on 4- and 5- manifolds, or more generally on n-
manifolds for those n where the identity component of Diff ,(R"~2) is
simply connected, the foliations obtained after deforming the plane field
have a particularly transparent description, as we will see in section 4.

Theorem 1.1 is an easy consequence of

Proposition 1.3. Let 7 be a C°° 2-plane field of R™ which is in-
tegrable in a neighborhood of the closed subset K of R®. Then 7 is
homotopic to a C°° 2-plane field which is integrable in a neighborhood
of KU[-1,1]". The homotopy can be chosen to be constant in a neigh-
borhood of K U (R™\ (—2,2)").

Proof of Theorem 1.1. Choose a countable atlas {h; : U; — R"}ien
for M such that {h;'((—1,1)™)}icn is a covering of M. Start with
K' == hi(UiNK) C R* and 7' := hi.(7y) as input for Proposition
1.3. The output is a plane field 7{ whose pull back to U; can be ex-
tended by 7 to a plain field 7, which is integrable in a neighborhood of
K UhRT[~1,1]* by a homotopy which is constant in a neighborhood of
KURTHR™\ (=2,2)") = K}.

Continue by replacing K, 7, and h; by Ki,71, and he. If 2 €

N .
U 271((—=1,1)") then there is a neighborhood V' of z such that all
i=1

homotopies after step N are constant on V. If furthermore x is a point
of K then, if V is small enough, also the homotopies of steps 1 to N are
constant on V. Thus the sequence of plain fields 7,71, 72,... converges
to a plane field having the desired properties. Q.E.D.
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The proof of Proposition 1.3 proceeds in three steps. These steps
also appear in Thurston’s paper [Th2]. They are:

(i) Find a triangulation of R™ which is in general position with
regard to 7 in a neighborhood of [—1,1]"

We recall Thurston’s definition of general position in the following sec-
tion. Step (i) corresponds to the Jiggling Lemma in [Th2].

(i1) Deform the plane field T into one which is civilized near [—1, 1)"
with respect to the triangulation of step (i).

This will be déne in Section 3. Roughly a plane field is civilized near
some compact set C in R™ with respect to a triangulation of some com-
pact neighborhood of C if the plane field is constant along and tangential
to the fibres of tubular neighbourhoods of the simplices satisfying some
compatibility condition (see conditions 3.10, 3.11, and 3.12 in Section
3).

Civilization in Thurston’s paper is important to ensure that homo-
topies of plane fields were performed in the space of plane fields which
are in general position. For us it is important for understanding the
plane field near the (n ~ 1)-skeleton when we deal with the third and
final step:

(iii) Filling the holes.

A civilized 2-plane field 7 is integrable, i. e. a foliation, in a neighbor-
hood of the (n — 1)-skeleton. Filling the holes is the extension of this
foliation to the interiors of the n-simplices, the holes, in such a way, that
the resulting tangent plane field is homotopic to 7, where as always the
homotopy is constant in a neighborhood of K U (R™\ (—2,2)").

This is the most difficult step. The corresponding step in [Th2],
Section 4, is easier since the use of a collapsible triangulation on the
product of the total space F of the normal bundle of 7 with the unit
interval [0,1] allows enough control over the boundary of the hole to
make this step quite simple. The reverse process of a simplicial collapse,
called inflation in [Th2], starts at £ x {0} and one needs a foliation there
to start with. This foliation is provided by the hypothesis of the main
theorem in [Th2] that the normal bundle of 7 is the normal bundle of
a Haefliger structure, a necessary hypothesis, if one wants to be able
to homotope 7 to a foliation. For 2-plane bundles this hypothesis is
satisfied by results of Thurston, Mather, and Epstein [Thi], [Ma 1],
[Ma 2], [Ma 3}, [Ma 4], [Ep2].

When working directly on the manifold, as we do here, the fact
that our plane field is civilized gives us after moving a little to the
inside of the m-simplices a product structure D? x D"~ 2 for each n-
simplex such that the plane field is transverse to the D™ 2 factor and
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parallel to the D? factor near D? x 8D™"2. Thus the restriction to
8D?% x D*? i a foliated D™ 2-product over S' = 8D? with support
in the interior of D®2. We have to show that we can extend any
such foliated product to a 2-dimensional foliation on all of D? x D2,
Furthermore we want the plane field of this foliation to be homotopic
to one which is transverse to the D" 2-factor by a homotopy which is
constant near the boundary. Since 7 is transverse to the D" 2 factor,
the plain field of the foliation will be homotopic to it by a homotopy
which is constant near the boundary of the simplex.

Foliated D™ 2-products with support in the interior of D""2 are
the same as foliated R®2-products with compact support. These cor-
respond up to fitting beginnings and ends to smooth paths in Diff JR*~2
beginning at the identity. Thurston in [Th2], Section 4, provides for
n > 4 an explicit and easy to understand filling for a non-trivial path.It
is fairly easy to see that a path homotopic to one which can be filled can
itself be filled. Also the concatenation of two paths can be filled if the
individual paths could be. Obviously, the conjugate of a fillable path by
an element of Diff R™~? is also fillable. Assume now for simplicity that
the identity path component of Diff JR"~? is simply connected. Then ho-
motopy classes of paths correspond bijectively to their end points. Since
by results of Epstein [Epl]| and of Epstein, Mather and Thurston cited
above the identity path component of Diff JR”~2 is simple, we are done.
In fact, using Theorem 2.2 and Lemma 3.1 of [Tsu2] we see that any
path is homotopic to the concatenation of 8 conjugates of Thurston’s
path in [Th2], Section 4. Thus one can practically see how each hole is
filled.

The situation where the identity path component of Diff R"2 is
not simply connected is more complicated. It is here where, as far as
we know, a directly applicable theorem with a reasonably detailed pub-
lished proof is unavailable. In a note at the bottom of page 226 in [Th2]
Thurston formulates a theorem of his which would allow us to proceed
along the lines described in the previous paragraph. But we have not
found any place in the literature where this theorem is stated as a the-
orem.

Nevertheless, when looking at the experts’ papers one finds enough
results and arguments to piece together a result that satisfies our needs.
In particular, the arguments used in the very last paragraph in [Ep2],
where Epstein shows that the universal covering group of Diff;° (M),
is perfect, together with a good understanding of what is done before
in [Ep2], and also using Tsuboi’s lemma in [Tsu2|, one can achieve our
goal.
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We will go a slightly different way. Instead of [Ep2] we will use
Proposition 2 in [HaRyTe]. This result is (reasonably) straightforward
to state and makes it easier to describe the necessary estimates for our
arguments. The only drawback (for some it might be an advantage} is
that the authors of [HaRyTe| use a topology on Diff R"~2 developed
in [KriMi] to do analysis on infinite dimensional manifolds modelled on
locally compact vector spaces, which might be unfamiliar to some. But
what we actually need is very little and will be explained in Subsection
5.1. We will again make use of Proposition 3.1 of [Tsu2]. In fact it is
important to see its proof which we, in Subsection 5.2, will more or less
verbally copy directly from [Tsu2].

Remark 1.4. Corollary 3 in [Th2] {our Theorem 1.1) follows from
the main result there using the fact that the classifying space BTy of
codimension k Haefliger structures with trivialized normal bundle is
(k+1)-connected. This is a consequence of two theorems. The Thurston-
Mather Theorem, which establishes an isomorphism between the homol-
ogy of the k-fold loop space of BTy and the homology of the classifying
space of the homotopy fibre Diff R¥ of DiffR* — Diff R* where Diff R*
is Diff R* made discrete. The second theorem, for 0 < r < co, 7 # k+1,
due to Mather [Ma 2], see also the appendix of [Tsul] for a somewhat
different proof, and for » = oo due to Thurston [Thl], states that the
universal cover of the identity path component of DiffLR* is perfect.
Thurston’s proof is outlined in §3 of [Ma 4]. A detailed proof for the
case r = 0o along the lines developed by Mather for » > k+1 in [Ma 2]
can be found in the paper [Ep2| by David Epstein mentioned above.

In the final section we will go the opposite way: following Haefliger’s
proof in [Hae2] (see also [Hae3]) that 7 (BT%) = 0 we will use our main
theorem to show that mp1(BTg) = 0 for k > 2. As in [Hae2] this
proof involves the Gromov-Phillips transversality theorem [Gr|, [Phil].
But note that our proof of Proposition 1.3 uses the second of the two
theorems mentioned above, the one about the perfectness of the universal
cover of the identity component of DiffJR¥, in the version proved by
Haller, Rybicki, and Teichmann in [HaRyTe].

§2. Triangulations in general position with respect to a plane
field

Tet 1 <k <n-—1andlet T beaC! kplane field on R*®. The
following terminology is due to Thurston [Th2].

Definition 2.1. An n-simplex o of R™ is in general position with
respect to T if for every z € o the orthogonal projection of R™ onto the
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(n— k)-plane orthogonal to 7(z) is injective on every (n—k)-face of 0. A
triangulation of R™ by affine simplices is in general position with respect
to T in o neighborhood of a closed subset K € R™ if every n-simplex
intersecting K is in general position with respect to 7.

Definition 2.2. Let T be an affine triangulation of R™ and ¢ > 0.
An e-jiggling of T is an affine triangulation 7" of R™ such that there is a
simplicial isomorphism ¢ : T'— T7 with ||¢(v) — v|| < ¢ for every vertex
veT.

In section 6 of {Th2] the following statement is proved:

Proposition 2.3. Let 7 be a C k-plane field of R*, 1 <k <n-—1,
let K C R™ be compact, and let € > 0. Then there exists an L € N and
for every I > L an e-figgling of the standard triangulation associated to
the cubical lattice (Z)™ C R™ which is in general position with regard
to T in a neighborhood of K.

Recall that the standard triangulation of the unit cube I™ = [0, 1]™
of R™ has the vertices of I™ as vertices and for each permutation o € S,
an n-simplex (vg, . .., v,) With vy = (0,...,0) and v; being obtained from
v;_1 by replacing the 0 in the o(i)-th coordinate by a 1. Triangulating
every cube z + I, x € Z™ by translating the triangulation of I™ by «
gives a triangulation of R™. The standard triangulation associated to
tl’/le lattice ($Z)™ is obtained from this by multiplying every vertex by
1/1.

Thurston proves a more general result, but for us Proposition 2.3
suffices. His proof is concise, clear, and to the point. There are a couple
of misprints, but of the "self correcting” type. So there is no reason to
repeat it here.

We will apply Proposition 2.3 in our proof of Proposition 1.3 for the
given plane field 7 and K = [-2,2]™.

§3. Civilization

Given K C R™ closed and 7 a smooth 2-plane field which is inte-
grable in a neighborhood U of K, let T' be an e-jiggling of the standard
triangulation associated to the lattice (%—Z)" which is in general position
with respect to 7 in a neighborhood of {-2,2]™. Choose I large enough
so that the following holds:

3.1. If x € UN[~2,2]" is a vertex of T whose closed star st(z,T)
is not contained in U then si{z, T)NK =0

3.2. If z is a vertex of T with sé(z, T)N[—1, 1]™ # 0 then st(z,T) C
(—3/2,3/2]"™.
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3.3. If ¢ is an n-simplex of 7" which intersects [—2, 2] then for any
z,y € o the 2-plane 7(y) is the graph of a linear map L, : 7(z) — 7(z)*
of norm less than 1.

We denote by 77 the union of all simplices which are faces of n-
simplices of T which intersect [—1,1]".

In this section we deform the plane field 7 into a plane field which
is integrable in a neighborhood of the union of K and the (n ~ 1)-
skeleton of Ty. The deformation is done in the space of smooth plane
fields for which 7" is in general position near [~2,2]", and which also
satisfy 3.3. Furthermore, the deformation is constant in a neighborhood
of KU{R™\ {(=2,2)").

The idea is to deform 7 in a tubular neighborhood of each simplex
of 711, starting with the O-simplices and extending it dimension by di-
mension up to the (n — 1)-skeleton of 73. To ensure that near K the
deformation is constant only simplices which are faces of an n-simplex
not contained in U trigger a deformation. Notice that a face of a simplex
o may be the face of an n-simplex not contained in U while o is not a
face of such an n-simplex. Thus deformations of v may take place in
tubular neighborhoods of the boundary of a simplex o, even if o itself
does not trigger a deformation.

The deformation process is inductive by induction on the dimension
p of the skeleta of 731 up to dimension n — 2. The extension of the defor-
mation from a neighborhood of the (n ~ 2)-skeleton to a neighborhood
of the (n — 1)-skeleton differs mildly from the previous induction steps
in as far as the plane field at a point of an (n — 1)-simplex intersects the
tangent plane of the simplex non-trivially.

Solet 0 < j < n-— 2 Wesay that a smooth 2-plane field 7; is
civilized on the j-skeleton of T; if it is a 2-plane field with respect to
which T is in general position near [—2,2]", and there are real numbers
§p > ...>38; >0and n > ... > n; > 0 having the properties 3.4-3.8
below.

3.4. Denote for any point z of an i-simplex o of 71 with0 < i < 3
the closed é-neighborhood of z in the affine 2-plane z -+ 7;(z) by B,(4)
and the closed n-neighborhood of z in z + E, by E.(7n), where Ey is the
orthogonal complement of 7;(z) + T, with T, the tangent plane of o.
Then, if o is a face of an n-simplex not contained in U, the (n —4)-disks
Bz (8;) x Ez(m;), z € o, are the fibres of a tubular neighborhood N(o)
of o in R, and any (n — 2)-simplex of T} having o as a face intersects

BB, (6;) x Ey(n:)) in a subset of B, (8;) x 8E,(m:)-

3.5. For any 0 < i € j and any point z in an i-simplex of T} in
the boundary of an n-simplex not contained in U the plane field 7; is
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equal to 7;(x) on By(d;) x Ez(n;). In particular, the plane field 7; is
integrable on N(o) and tangent to the fibres.

3.6. For any two simplices o, o’ of T} of dimension at most j
where each, o and ¢’, is in the boundary of an n-simplex not contained
in U we have N(c) N N(¢') € N(o No¢'). Furthermore, if ¢’ is a face of
o and the fibre B, (d;) x E,(n;) of N(o) intersects N(o'), say (y1,¥2) €
B (6;) x E (m;) lies in B,(8;) x {y4} with v € o' and y5 € E,(n),
i = dimo’, then Bz (6;) x {y2} C Bo(6») x {4}. In addition we demand
that N(o) N o” = @ for any simplex ¢ of dimension at least j + 1 of
which ¢ is not a face.

3.7. If 0 <7 < j and the i-simplex ¢ is contained in U and in the
boundary of an n-simplex not in U, then N(c¢) C U.

3.8. 7; is integrable in an open subset of U containing
K,

U{N(o)|e € Ty,dimo < j,oc C U and ¢ < p with p ¢ U},
and U{o|loc € Ty and ¢ C U}

By abuse of notation, we call any smooth 2-plane field with respect
to which the triangulation T of Section 2 is in general position near
[—2,2]" civilized on the (—1)-skeleton of T7. Set 6_; and 11 to be co.

We then make the following

Claim 3.9. Let —~1 < p < n—2,and let 7p..1 be a 2-plane field which
is civilized on the (p—1)- skeleton of Ty, and let §g > ... > dp—1 > 0 and
no > ... > Mp—1 > 0 be the associated real numbers. Then there exist
a smooth 2-plane field 75, 0 < 8y < dp~1, and 0 < 1p < Mp_1 such that
properties 8.4-8.8 hold for j = p and &;, i, 1 = 0,...,p. Furthermore,
75 18 homotopic to 1,1 in the space of smooth 2-plane fields with respect
to which T is in general position near [—2,2]" and which satisfy 3.3 .
Furthermore, the homotopy is constant in a neighborhood of K U (R™ \
("—21 Z)n) :

Proof of Claim 3.9. Theidea is very simple. Look at all p-simplices
o of T1 which are a face of an n-simplex not contained in U. For all
proper faces o’ of such a simplex the plane field 7,_1 is constant along
the fibres By (d;) X Ey(n:), 1 = dim ¢’, and ¢ intersects these fibres in
By(8;) x BEy(n;) (see 3.4). Thus, if z is a point of o lying in the fibre
B,(0;) x Ey(n:) of N(¢') then 7p_1(z) = Tp—1(y) and the orthogonal
complement E,, of Tpo +7,—1(z) is a subspace of E,. Therefore, we find
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preliminary &, and 7, not depending on o such that 3.4, 3.6, and 3.7
hold. The last condition in 3.4 will be satisfied, if 1,/6, is sufficiently
small. Also 3.5 holds for those & € o which are for some proper face o’ of
oin N(o'), say z = (u,v) € By(6;) x Ey(n;), with Ez(np) C {u}x Ey(m:).

We now want to deform 7,1 keeping 3.8 in mind so that 3.5 holds
for every = € o, The deformation will have support in the complement
of the tubular neighborhoods N(¢') where the o’ are the proper faces of
0.

We distinguish two cases:

Case 1. o0 ¢ U.

By the last condition in 3.6 (which is satisfied including the preliminary
tubular neighborhoods of the p-simplices) and 3.3 for every z € o, and
z € Bp(8p) x Ez(mp) the plane 7,_1(z) is the graph of a linear map
foe  Tp—1(x) = Tp-1{z)* of norm less than 1. Then 7,_1 +(2) is defined
to be the graph of (1 — t) fz. There are 6, > 8, and 7, > 7, such that
the B, (0,) x Fg (7,), @ € o, still are the fibres of a tubular neighborhood

N(o) of o. Use these larger fibres to slow down the homotopy of 7p—1
when moving "radially” from 8(Bg(8p) X Eg (1)) to 8(Bz(6,) x Eg(7,,))
so that the homotopy is supported in N(o).

Note that during the homotopy condition 3.3 is always satisfied: if
y i1s a point of an n-simplex p with 2z € p then also z is in p and there
are linear maps fuy, foy © Tp-1(¥) = Tp—1(y)" such that 7,_1(z) is the
graph of f,, and 7,..1(z) is the graph of f.,,. Then 7,_1 +(2) is the graph
of (1 —¢)fzy + tfzy which has norm at most equal to the maximum of
the norms of fg,, and f.,. Also the homotopy is constant in every N(o’)
with ¢’ a proper face of o.

Case 2. o C U.

Notice first that applying the same homotopy as above the following
may happen. In the annulus bundle N(o) \ N{o) over o, where we
slow down the homotopy, the plane field may become non-integrable
although it was integrable there beforehand. Thus an n-simplex which
was in the open set where 7,1 is integrable may not be in the set where
Tp is integrable. But this would force us to reconsider all faces of this
simplex and start the process all over. Eventually we would the have to
deal with simplices which intersect K. This is the reason why we treat
simplices contained in U differently.

Since 7,_1 is integrable in a neighborhood of N () there is a tubular
neighborhood ¢ : E(o) x B(d,) = R™ of E(o) := |J{{0} x Ez(mp)|z €
o} the fibres of which are §,-neighborhoods of z € E(o) in the leaf
through z of the foliation defined by 7,—1 in a neighborhood of N(o). By
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the uniqueness theorem for tubular neighborhoods there is an ambient
isotopy of R™ which maps this tubular neighborhood to the tubular
neighborhood ¢ : E{o) x B(d,) — R™ which has {z} x B;(é,), z €
Egz(np), ¢ € o, as fibres. We need to straighten the foliation only in a
small neighborhood of o. So it suffices to isotope the image of E{(c) x
B(8) of ¢ into the image of 9. The standard way of producing such
an isotopy is by linearization of the fibres of ¢ at points of E(o) and
then connect the linear embeddings to the one of ¢ by the straight line
segment in the space of linear embeddings (see e. g. [BrJ], end of the
proof of (12.13)). This first gives an isotopy between the (small) tubular
neighborhoods, i.e. a level preserving embedding @ : [0,1] x (E(0) x
B(8)) — [0,1] x R®. This is extended to an ambient isotopy in the
usual way interpreting the isotopy as a vectorfield on the image of ®
and extending this vectorfield to all of [0,1] x R™ by slowing it down
to the zero vector field within a small neighborhood of the image of
®. Doing the slowing down process at level ¢ along the fibres of the
tubular neighborhood given by the restriction of ® to level ¢ will have
the effect that the ambient isotopy will have support in N(o) and in the
complement of the union of the interiors of the N{¢’) with ¢’ a proper
face of o.

It is then clear that for a small enough é =: 4, conditions 3.3-3.8
will be satisfled with the possible exception of the last condition of 3.4
which concerns the intersections of the fibres of N{o) with (n — 2)-
simplices. But we noticed already that we can achieve this by shrinking

. QED.

As the final step in this section we want to homotope 7,-9 t0 7,—1
which is integrable in a neighborhood of the (n — 1)-skeleton of 77 and
satisfying conditions 3.3-3.8 with 3.4, 3.5 and 3.6 being replaced by their
obvious analogues 3.10, 3.11 and 3.12.

3.10. Denote for any point z of an (n — 1)-simplex o of 7} the
closed §-neighborhood of z in the affine line z 4+ Fy by Fi(§), where Fy
is the orthogonal complement in 7,_s(z) of T, U7, _2{z). Then, if ¢ is
a face of an n-simplex not contained in U, the segments F(d;), = € o,
are the fibres of a tubular neighborhood N(o) of o in R”.

3.11. For any 0 < 1 < m— 2 and any point z in an ¢-simplex of T
in the boundary of an n-simplex not contained in U the plane field 7,,-1
is equal to 1,_1(z) on B.(d;) X E,(m). In particular, the plane field
Tn—1 is integrable on N{o) and tangent to the fibres. Furthermore for
any point z in an (n — 1)-simplex of 73 in the boundary of an n-simplex
not contained in U the plane field 7,1 is equal to 7,1 (z) on Fp(dn_1).
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In particular, the plane field 7,,- is integrable on N(o) and the fibres
are tangent to the leaves, i. e. the plane field in N{(o) is the pullback of
the integrable line field T, N7, -2(z), z € o by the tubular neighborhood
projection.

3.12. 3.6 holds for p = n — 1. Furthermore for any two (n — 1)-
simplices o, o’ of T1, each in the boundary of an n-simplex not contained
in U, we have N(o) N N(o') C N(ocNo'). We also demand that if ¢
is a proper face of ¢ and the fibre Fy(d,—1) of N(o) intersects N{c'),
say ¥ € Fp(8p_1) les in B,(dy) x {yb} with v € ¢’ and v/ € E,(ny),
i = dimo’, then Fy(8,—1) C Bu(dy) x {¢'}. In addition we demand that
N(o)ng" = for any n-simplex ¢”’ of which ¢ is not a face.

The proof that such a homotopy exists in the space of plane fields
satisfying all our usual requirements and with support in the complement
of the interiors of all N(¢’) with dimo’ < n — 1 is entirely analogous to
the proof of Claim 3.9 and is omitted.

Remark 3.13. A plane field satisfying like 7,,..1 conditions 3.10-3.12
is called civilized in [Th2]. In the next two sections we will see that a
civilized plane field which also satisfies 3.3, 3.7, and 3.8 can be deformed
into a plane field which is integrable in a neighborhood of 77 by a ho-
motopy which is constant in a neighborhood of KU (R™\ (—2,2)"), thus
completing the proof of our main proposition, Proposition 1.3.

§4. Filling the hole. Part 1

We now may assume that the plane field 7 of Proposition 1.3 sat-
isfies conditions 3.10-3.12 and also 3.3, 3.7, and 3.8. In this section we
complete the proof of Proposition 1.3 for the dimensions n (> 4) for
which the identity path component of Diff R"~? is simply connected.
This includes n = 4 and 5 (see Remark 4.11 at the end of this section).

By 3.8 we need to homotope 7 only in a compact part of the in-
terior of n-simplices ¢ which are not contained in U. For these o we
have from 3.10 - 3.12 explicit information about what 7 looks like near
their boundaries &, namely on N{(¢) := U{N(o')|o’ a proper face of o},
Any subset of ¢ diffeomorphic to B™ or to B? x B""? containing the
complement of N(¢) in ¢ we call a hole. Our task is to fill for each o
some hole by deforming 7 in ¢ relative with respect to the complement
of the hole to an integrable field . Then by 3.1 and 3.2 we are done.

4.1. A product structure for the holes adapted to 7.

In this subsection we show that for each n-simplex ¢ of 71 not
contained in U there is a smooth embedding ¢ : D? x D"~% — & such
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that the pullback 77 = ¢*7 of 7 has the properties 4.1, 4.2, and 4.3
below. Here D* is the closed unit disk in R¥.

4.1. Near D? x 8D"~2 the plane field 7/ is the kernel of derivative
of the projection to the D™ 2-factor.

4.2. 7' is transverse to #D? x D™ 2 and is in a neighborhood of
dD? x D™ 2 the pullback of the line field 7/ N T(8D? x D"~?) by the
projection (D?\ {0}) x D"~2 — 9D? x D"2. Furthermore the line field
7' NT(8D? x D™ ?) is transverse to {z} x D™~2 for all z € D2

4.3. 7' is homotopic to a plane field which is transverse to {z} x
D=2 for all z € D2,

Proof. Consider for some z € ¢ the orthogonal projection p, :
R* — A, = 7(z)*. The image p,(c) is a convex polytope P"~2 C
Az = R™~2, Because of general position p, restricted to every (n — 2)-
face of ¢ is an affine homeomorphism onto its image. Therefore there is
an (n — 3) dimensional subcomplex ¥ of o such that py|y : & — P72
is a simplicial isomorphism. The subcomplex ¥ is independent of the
choice of z € ¢. In particular, T is transverse to to the boundary ¢ of o
in the complement of .

Pr i O — Pn=2 is a trivial fibre bundle with fibre an open 2-disk.
This provides us with a diffeomorphism ¢; : R? x P2 5 We may
choose 1 so that ¢(S! x 15””2) is close enough to ¢ to be in the civilized
neighborhood of & and such that 7 is transverse to (S x P2 and
the line field 7NT (St x P7~2) is transverse to every {z} x P2, z € S™.
Here S! is the unit circle in R?.

We identify P72 with R 2 in such a way that the inverse image of
complement of D™~ under p, is contained in the civilized neighborhood
of £. Furthermore we can arrange for the zero section of the bundle,
i. e. ¢1({0} x P*"2), to be transverse to 7 in the complement of an
(n — 2)-disk contained in the interior of D"™2,

To achieve 4.1 we change ¢; by a diffeotopy of ¢ with support in a
neighborhood of the image of D? x 8"~3. The diffeotopy is an ambient
isotopy which moves the tubular neighborhood D? x U of {0} x U to
the tubular neighborhood of {0} x U the fibres of which are digks in the
leaves of 7 with center the corresponding point of U. Here U is a small
annular neighborhood of 773, ‘

A second diffeotopy will give us 4.2. From the fact that the image
of §* x R”~? is inside the civilized neighborhood of & gives us a tubular
neighborhood of S x D™~ 2 such that the plane field in this neighborhood
is the pullback under the tubular neighborhood map of the line field in-
duced on ST x D"~2. If we are in N{p) with dimp = n— 1 and not in an
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N(p") with p" a proper face of p this is part of the civilization structure.
In neighborhoods of lower dimensional simplices this line field can be ob-
tained by interpolation proceeding inductively by decreasing dimension.
The ambient isotopy then moves the standard tubular neighborhood of
S1 x D™ 2 in R? x D™2 into this tubular neighborhood.

Denote by s the diffeomorphism ¢, after having subjected it to the
two diffeotopies above. Then ¢ is the restriction of ¢ to D? x D72,

Notice that 4.3 is clear since by 3.3 the field 7 is homotopic to the
constant plane field kerdp, given by the kernel of the differential of p.
Thus ¢* () is homotopic to ¢* (kerdp, ), which is transverse to the factors
{z} x D"72, z € D Q.E.D.

4.2. Foliated R* ?-products.

Recall that for a k-manifold M a foliated M-product over the man-
ifold X is a codimension k foliation on X x M which is transverse to the
second factor. The foliated M-product is said to have compact support if
there is a compact subset C of M such that on X x (M \ K) the foliation
is given by projection onto M\ K, 1. e. for any y € M \ K the connected
components of X x {y} are leaves of the foliation. The last sentence
of Property 4.2 says that 7’ is a foliated D™~ 2-product over S = 8D?,
while Property 4.1 says that the restriction of 7/ to S* x D=2 ig a foliated
ﬁ“_zmpmduct over S with compact support. The first part of Property
4.2 states that for for some e > 0 for all 1 — ¢ < r <1 the restriction of
' to rS x D™ 2 is a foliated D™ 2-product which is independent of r
in the sense that the obvious diffeomorphism rS* x D*~2 — S x D%
is foliation preserving. Since any foliated D™ 2-product over S! with
compact support extends uniquely to a foliated D™ ~2-product over St
which is given by projection to the second factor near S* x S™~3 we focus
our attention only these, i. e. we are looking at foliated R™~2 bundles
over S! with compact support.

Thus, what remains to be done is to find for any foliated R™™2-
product over S* with compact support a 2-dimensional foliation on D? x
R"™~? which satisfies:

4.4. Qutside some compact D? x C it is given by projection onto
Rn—2 .
4.5. it is transverse to rS* x R™ ?for r close enough to 1, and
induces there the given foliated R*~2-bundle,
and

4.6. the tangent plane field to the foliation is homotopic to one
which is transverse to the R*~2-factor by a homotopy which is constant
near St x R?72.
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To do this, we change our perspective. Notice that any {foliated
R™~2-product £ over S* with compact support defines a path we : R —
Diff R*~2 starting at the identity which describes the leaf of £ through
the point (1,y) € {1} x R"™2 as the set {(exp(2mit), we(t)(y))|t € R}.
The path w, is periodic in the sense that for each integer m we have
we (M + t} = we(t) owe(m) so that w; is determined by its restriction to
[0,1]. Furthermore there is a compact subset C of R"~2 such that for
all t € R the diffeomorphism wg (¢) restricted to the complement of C is
the identity.

Conversely, we would like to associate to periodic curves w : R —
Diff R*~2 a foliated R™2-product over S* with compact support.

At this point a few remarks about the topology and smoothness
structure of Diff JR®? are called for. For compact K C R™? denote
by Diff xR the space of diffeomorphisms of R?~2 with support in K
with its usual compact open C*®-topology. Then Diff [R™"2 as a set is
the inductive limit of the Diff xR"*~2 where K ranges over the compact
subsets of R?"2. Then any compact subset of Diff JR?~? is contained in
some Diff g R?~2, In particular the image of any continuous map from
R into Diff . R™ 2 restricted to a bounded subset is contained in some
Diff K]Rn_g.

A smooth curve of Diff [R*2 is a map w : R — Diff [R*~? having
the following two properties:

4.7. The adjoint map w" : R x R?"™? — R™~2 given by w" (t,z) =
w(t)(z) is smooth.

4.8. For each bounded subset J of R there is a compact K C R?~2
such that for every z ¢ K the path ¢t — w(t)(z) is constant on J.
(Compare 30.9 and 42.5 in [KriMi]; be not deterred by the use of the
c®-topology in their definition of infinite dimensional manifolds since
this does not change the set of smooth curves.)

Thus periodic smooth curves of Diff R*~? correspond bijectively to
smooth foliated R™~2-products over S with compact support. A map
w: [0,1] — Diff ,R™2 is called a smooth periodic curve if w(0) = id and
its extension w : R — Diff R™~2 given by w(t + m) = w(t) o w(1)™,
t € {0,1], m € Z, is smooth. The extension is then obviously periodic.
We will call a smooth periodic curve w : [0,1] — Diff [R"~? fillable if the
associated foliated R™ 2-product over S! with compact support can be
extended to a 2-dimensional foliation on D? x R™~? satisfying 4.4 and
4.5.

A smooth periodic homotopy between smooth periodic curves wg, wy :
[0,1] — Diff R?~2 is a smooth map & : [0,1] x [0, 1] — Diff R"~2 which
is constant on [0, 1]x {0} and [0, 1] x {1}, restricts to w; on [0, 1] x {4}, and
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for which the extension to Rx [0, 1] given by (t+m, s) = h(t, s)owe(1)™,
t € [0,1], m € Z, is smooth. If two periodic curves are smoothly ho-
motopic then we can find smooth homotopies which are constant near 0
and 1 in the sense that the induced curves for small s are equal to the
restriction to [0,1] x {0} and for s close to 1 equal to the restriction to
0,1} x {1}.

Remark 4.9. Notice that a smooth periodic homotopy corresponds
to a foliated R~ 2-product with compact support over St x [0,1]. But
be aware that a smooth map h : R x [0, 1] — Diff jR”~2 which is periodic
in the sense that each restriction to R x {s}, s € [0, 1], is periodic will
in general not correspond to a foliated product over S x [0,1].

Therefore, if w and w’ are smoothly periodic homotopic and w is
fillable, then so is w’. This allows us to look only at curves w : [0,1] —
Diff R”~? starting at id which are constant near 0 and 1. These are
always periodic, and concatenating two of these will give us a new pe-
riodic curve. An interval J C [0,1] where a path w is constant we call
a horizontal interval (for w), since the foliation on S x R™? over the
part of S* corresponding to this interval is horizontal. A smooth path
starting at ¢d which is horizontal near its beginning and end we call an
adjusted smooth path.

Lemma 4.10. The concatenation of two fillable adjusted smooth
paths is fillable.

Proof. The concatenation of wy and wsq is the smooth path w; *we
defined by

[ wy(22) L if0<t<1/2
wy * wa(t) '—”{ we(2t — 1 ow (1) : if1/2<E<L1.

Since w; and wsq are horizontal near 0 and 1 there is an € > 0 such
that the foliation associated to wq * ws is horizontal on the two intervals
of St of points having distance at most 2e from the real axis. Thus
starting with /1 — 2 4 i - € as basepoint and running w; from there to
—+/1 — €2 + i - £ at double speed we obtain a smooth path from id to
w1(1). Similarly, starting at —v/1 — €2 — ¢ - ¢ and running ws o w; (1) till
V1 =2 —i-e at double speed we get a smooth path starting at w; (1)
and ending at wg(1) owq(1). We extend the first path by concatenating
it with the constant path with value wy (1) on the straight segment from
—/1—¢€24+7.-¢to+/1—¢e?+1-¢ and the second one by concatenating
the constant path with value w1 (1) on the segment from v1 —e? —i-¢
to —v/1 — 2 —i.¢ with it . Up to reparametrization, the first path is wy
while the second one is wyow; (1). By hypothesis both are fillable so that
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we obtain a 2-dimensional foliation on (D*\{z € C: |S(2)| < e}) xR"?
which is horizontal near the two straight segments with imaginary part
equal to . We can extend this foliation to all of D? x R®~? by adding
the horizontal foliation over {z € C: |¥(z)| < }. Q.E.D.

4.3. A fillable foliated R"~2-product.

In this short subsection we present the example of Thurston [Th2]
of a filling for a particular non-trivial smooth periodic curve. On the
2-torus S x St consider the foliation by lines of constant slope a, i. e.
the foliation defined by the closed 1-form df — ady where (p,8) are
the coordinates of S x S!. This foliation corresponds to the smooth
periodic curve ¢ — Ry where R, ¢ Diff St is rotation by 2ms. All these
foliations allow a filling to a 2-dimensional foliation of the solid torus
D? x 8! by first pushing the 1-dimensional foliation constantly a little
to the inside, then turbulizing it in the #-direction to a foliation which
has the torus £S* x S as the limit set of all its leaves, and fill in the
remaining solid torus by a Reeb component.

Thurston proceeds then by looking at the standard tubular neigh-
bourhood St x D"~3 of the standard S* in R*~2. Please notice that this
is where we have to assume that 7 > 4. Then S x Sl x D* 3 isa D?3-
family of 2-tori, Define a smooth periodic curve [0, 1] — Diff JR*~% which
is constant outside of ST x D*2 and restricts for each circle 81 x {xz},
z € D™3, to a periodic curve corresponding to a foliation by lines of
constant slope f(z) where f : D*~3 — [0,1] is a non-vanishing smooth
function which is 0 in a neighbourhood of the boundary. Then fill for
each z € D™ 3 the resulting foliation of S* x S* x {z} to obtain a 2-
dimensional foliation of D? x 8! x {z}, and do this in such a way that
the foliations fit smoothly together.

There is one further step to take. Outside D? x C the filling has to be
induced by projection to the second factor, for some compact C € R"~2,
But the filling for the slope 0 foliations coming from the insertion of Reeb
components are not of this type. So one has to interpolate between these
two foliations close to the boundary of S x D™3. This interpolation
is achieved by the introduction of the function g : D=3 — [0,1] in
the formula below, where ¢ is supposed to be smooth, to be 0 in a
neighbourhood of the boundary, and equal to 1 in the support of f.

Again, this interpolation is easy to understand, as will be explained
below.

The filling of the constant slope f(z) foliation on S x S* is given
by the following 1-form on D? x S§*. Give D? polar coordinates (r,),
and let {A\g, A1/2, A1} be a smooth partition of unity for [0, 1] such that
A; is equal to 1 in a neighbourhood of i, and such that A¢ and A; have
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disjoint support. Then the 1-form
A (r)(df — flx)dp) 4+ Aya(r)dr + Xo(r)do

is completely integrable, equal to (df — f(x)dy) near the boundary and
thus defines a filling which, in fact, is as described above, at least quali-
tatively. To also take care of the interpolation mentioned above take for
each € R™2 the 1-form

(1 — g(z))db + g(z)(A1(r)(d0 — f(x)dw) + Ay a{r)dr + Ao(r)dD).

Again one checks that the form is nowhere zero and integrable. For those
%, where g(z) = 0, the form is equal to df on D? x S x {z} and thus
the sets D? x {(6,x)}, 6 € S, are leaves of the foliation. Therefore, if z
is near the boundary of D™~3 the foliation is induced by projection onto
R™-2 1. e. it is horizontal there. This allows us to extend this foliation
to all of D? x R™ 2 by making it horizontal outside D? x S* x D*~3.

To understand the interpolation mentioned above geometrically look
at points z € D"3 where f(z) = 0. The form there is equal to

(1 = g(z) A1 y2(r))dé + g(z) Ay 2 (r)dr.

Thus the foliation is horizontal outside the support of g and A1 /5. Inside
the support of A; /3 the slope in the f-direction will increase when moving
from small g-values to larger ones. In particular, inside the solid torus
{r < £} x §* you will see a bubble occuring for each leaf when leaving
the set {g = 0} which grows larger and larger with growing values of g.
The slopes at the 2-torus {r = %} x S are getting steeper an steeper
approaching tangentially more and more this torus, and, finally, being
this 2-torus when g = 1 is reached.

As the last requirement for an appropriate filling we have to check
(see 4.6) that the plane field of this foliation is homotopic to a plane
field transverse to the R® ?-factor by a homotopy which is constant
near S x R* 2, To do this homotope the defining 1-form by replacing
for s € [0,1] the function A;/p by (1 — s)Ayz-and Ao by Ao + shiya.
The resulting 1-forms are all nowhere vanishing and the final form is
df — f(z)dyp, which is transverse to the R™~*-factor.

4.4. Filling the hole when Diffc]RZ’)’“_2 is simply connected.

We denote the path component ofthe id in Diff JR*~2 by Diff C}R'g“z.
From subsection 4.3 we have a fillable periodic path o from id to an
f # id in Diff R2™?. If w is a fillable periodic path then for any
g € Diff JR?~? the path gowog ™" is also fillable. The manifold Diff R™~>
is modelled on on the space C®(R™~2,R*~2 of smooth maps from R™~2
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to itself with compact support given the inductive limit topology of
C(R™2,R"2, where C$2(R™2,R""? is the space of smooth maps
from R"~2 to itself with support in the compact set K ¢ R*~? with its
usual C®-topology. Thus continuous paths w : [0,1] — Diff R*2 are
homotopic to a finite product of paths, each of which is a straight path
in a coordinate chart. These paths can be made smooth by parameter
changes. Also by the usual smooth approximation methods any contin-
uous homotopy between smooth paths gives rise to a smooth homotopy
between these paths.

Therefore, if DiffCRg"g is simply connected and simple, then any
smooth periodic path can be filled. In fact, for every g € D:’Lffc]Rg”—2
there are ¢1,...,9, with g = II%_,g:fg; 1 and so any smooth periodic
curve from id to g is the concatenation of paths from id to gifg; ',
i=1,...,k, where every one of these paths are fillable by the Reeb type
of construction of 4.3.

In fact, we can reduce the number of these Reeb fillings to 8 due to
results of Takashi Tsuboi in [Tsu2]. Theorem 2.1 of this paper says that
any element of Diff RT™? is the product of two commutators. Using this
and Lemma 3.1 of {Tsu2| every element of Diﬁ‘c]R\lg_z can be expressed
as a product of eight conjugates of f and f~.

Since the Reeb fillings of the periodic curve to f of subsection 4.3
is very explicit, this gives us an explicit description of how the holes are
filled.

Remark 4.11. see Remark 4.11 For n = 4 and n = 5 the spaces
Diffc]Rg“2 are simply connected so that the above simple filling of the
holes can be done. In fact, Smale [Sm] (see also section 5 of the Appendix
of [Ce]) for k = 2 and Hatcher [Ha) for k = 3 show that all homotopy
groups of the group Diff (D*, 8%1) of diffeomorphisms of DF which are
the identity on S¥~! are trivial. As a consequence, for n equal to 4 or
5 all homotopy groups of DiuffcIRg_2 are trivial. To see this note that
7;Diff RE = mDiff DE is the inductive limit of m;Diff p, D¥ where D; is
the disk of radius 1 —1/j in D*. But m;Diff p, D* = mDiff(D;, J®0D;).
Here Diff (D}, J®0D;) is the group of diffeomorphisms of D; which are
the identity on 0D; and are infinitely tangent to the identity of D;
there. By the special case of Proposition 1 in the Appendix of [Ce] the
inclusion Diff(D®, J"8D¥) — Diff(D*, 8D*) induces for all 0 < r < oo
isomorphisms for all homotopy groups, and we are done.
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§5. Filling the hole. Part II

In this section we show how the holes can be filled without assum-
ing that DiﬁCRg_Q is simply connected. The idea is fairly simple. We
break the periodic path in Diff R”~? at the boundary of the hole into
short pieces of the form w; o g; where each w; is a path inside a pre-
described contractible neighborhood of the identity and g; some element
of Diff R2™2. Then we show using results from [HaRyTe| that each
w;(1) is the product of 6 commutators of elements in Diff R*~2 still
lying in some prescribed contractible neighbourhood of the identity and
then, using not only Lemma 3.1 of [Tsu2] but also its proof, we show
that each w; is homotopic to the product of at most 24 conjugates of
the Thurston example from subsection 4.3. Then by Lemma 4.10 we are
done.

There is one issue that will attribute a little to the length of this
section. The authors of [HaRyTe] use for the spaces of smooth mappings
between smooth manifolds the topology introduced in Chapter 42 of
[KriMi] which differs for the case of non-compact domain manifolds from
the one that most people are used to. Chapter 42 of [KriMi] uses quite
a few notions and results from earlier Chapters which would take some
effort to absorb. But in fact we will need very little from [KriMi] to
understand the arguments of this section. Naturally, one has to invest
more if one wants to understand the proof of Proposition 2 in [HaRyTe],
the result from [HaRyTe] which we need in our proof.

5.1. Smooth perfectness of Diff R} (following Haller, Ry-
bicki and Teichmann).

The notion of a differentiable map f from R into a locally convex
vector space E is the obvious one: difference quotients at each point x €
R converge in E to a point called f'(z). Iterating this gives the notion of
a smooth curve. Similarly one can define smooth maps from open subsets
of R™ into E by requesting that all partial derivatives exist and are
locally bounded. The locally compact vector space of interest to us is the
space C2° (R, R*) of smooth maps from RF to R* with compact support.
It is given the inductive limit topology of the subspaces C¥ (R* RF)
of smooth maps with support in the compact set K C R* with the
usual C°-topology. Any compact subset of C°(R*, R¥) is contained in
some CFF (R* R*). Therefore, for any continuous, and in particular, any
smooth map f : R — C®(R* R¥) and any bounded J C R there is a
compact K € R* such that f(J) ¢ CE(R*,R¥).
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The space Diff R* is a manifold modelled on C°(R* R*). As an
atlas take {h, : g+U, = Uy|g € Diff R¥}. Here U, is an open neighbour-
hood of 0 in C°(R*, R*) such that g+ U, C Diff R* and hy(g+ f) = f
for f € U,;. Coordinate changes are then simply restrictions of trans-
lations in C°(R*,R*) to open sets. Clearly, a map w from an open
subset of R™ into C°(R*,R¥) is smooth if and only if the w + g is
smooth for any g € C®°(R* R*). Thus it makes sense to call a map
from a finite dimensional smooth manifold into Diff R* smooth if its re-
striction to inverse images of the above charts are smooth as maps into
C(RE RF).

If we want to consider smoothness of maps from Diff R* into some
other possibly infinite dimensional manifold modelled on a locally convex
vector space we need to decide which maps from an open subset of a
locally convex vector space into another are considered to be smooth.
The concept should be so that on finite dimensional ones exactly the
usual smooth maps are smooth.

In [KriMi] a map between locally convex vector spaces is called
smooth if it maps smooth curves to smooth curves. By Bomann’s theo-
rem [Bo| (see also Corollary 3.14 in [KriMi]) a map from an open subset
of R™ into any locally convex space is smooth in this sense if and only
if it is smooth in the usual sense.

We want to point out that it is essential here that we are in the
smooth category. In the C"-category with r finite the corresponding
concept will not be sufficient to assure that a map on an open subset
of R™ into R is smooth in the usual sense (see e. g. [KriMi], Example
3.3; see also the subsection ”Smoothness of foliated products” in §4 of
[Tsul]).

The infinite dimensional manifolds for which smoothness structures
are developed in [KriMi] are modelled on so called convenient vector
spaces. These are locally convex vector spaces E for which a map w :
R — E is smooth if and only if for all continuous linear [ : £ — R the
map low : R — R is smooth. The space C°(R*,R¥) is convenient.
This follows for example from Theorem 2.15 in [KriMi| using the fact
that any Banach space is convenient. The authors of [KriMi] then go
one step further by using the ¢*°-topology on convenient vector spaces.
This, by definition ([KriMi|, Definition 2.12) is the final topology with
respect to all smooth curves. For Fréchet spaces the c™-topology agrees
with the original topology, in particular this holds for C (R, R*). But
in general, the ¢®-topology is strictly finer. By Proposition 4.26 (ii) of
[KriMi] the space C°(R¥,R*) with the c*-topology is not a topological
vector space. Thus the ¢®-topology differs from the original topology.
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The ¢®°-topology is used in the results of [HaRyTe| which we use.
But this will not cause any additional difficulty for us. We define a
map f defined on a ¢®*°-open subset U of a locally convex topological
vector space into a locally convex vector space F' to be smooth if it maps
smooth curves in U to smooth curves in F'.

It is worthwhile to point out the obvious fact that a smooth map
from a ¢®-open subset U of a locally convex topological vector space
into a locally convex vector space F' is continuous with respect to the
c™-topology used for both, U and F. In particular, inverse images of
open sets of F in its usual topology are open in U with the c*-topology.

In [KriMi] charts of manifolds modelled on convenient vector spaces
are bijections onto ¢™-open subsets. So g € Diff . R¥ may now have
smaller neighbourhoods. In our atlas above we may replace Uy by ¢®-
open neighbourhoods of 0 in C°(R*, k).

We can now state the result of [HaRyTe] that we are going to use.

Proposition 5.1 (Proposition 2 of [HaRyTe]). Suppose k > 2, and
let B C R* be open and bounded. Then there exist compactly supported
smooth vector fields X1,..., Xg on RE . a ¢®-open neighborhood W of the
identity in DiffS°(B), and smooth mappings o1,...,06 : W — Diff R*
so that o;(id) = id and for all g € W,

g =lo1(g), exp(X1] o -+ 0 [06(g), ezpXs).

Moreover the vector fields X; may be chosen arbitrarily close to 0 with
regard to the strong Whitney C*-topology.

As usual [a,b] = aoboa? ob™!, and exp(X) is the time 1 map of
the flow associated to the complete vector field X.

5.2. From uniform perfectness to uniform simplicity (fol-
lowing Tsuboi).

In this subsection we copy the proof of Lemma 3.1 in [Tsu2] practi-
cally verbatim for later reference.

Lemma 5.2. Let U be an open subset of the manifold M and let h
be a diffeomorphism of M such that UNA(U) = 0. Let a,b € Diff™* (M)
have support in U. Then [a,b] is a product of four conjugates of h and
hL.

Proof. Consider ¢ = h™'ah. Then the support of ¢ and b are
disjoint, and consequently they commute. Therefore

aba=1b"1 = h(h~lah)h~(ba~1b"1
= h(ch™tc Y (cbhe b~ 1) (bA™ b 1)
= h(ch~tcY)(behe b~ 1) (bR 1b7).
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Q.E.D.

Corollary 5.3. Let M* be a smooth connected manifold and let
h € Diff*°(M*) be any element different from the identity. Let a;, b,
i=1,...,r, be elements of Diff®(MP*) such that for each i the diffeo-

a

morphisms a; and b; have support in U; where U; is a closed k-ball in
MF.
T
Then [ = [][ai,b;] is a product of 4r conjugates of h and h™*.
=]
Proof. Since h # id there exists a closed k-ball U in M with h(U)N
U = §. Since M is connected there is for each ¢ a diffeomorphism g;
of M smoothly isotopic to id by a compactly supported isotopy, such
that g;(U;) C U. Then by Lemma 5.2 g;[a;,b;]g; " is a product of four
conjugates of h and h™!, and thus [a;, ;] is a product of four conjugates
of h and A1 Q.E.D.

5.3. Putting it all together.

We finally show that every smooth periodic curve w : [0,1] —
Diff [R™*~2 can be filled.

As explained in the introduction of this section, the idea is to write
w as the product of periodic paths w; where each w; is contained in a
contractible neighbourhood of id in Diff R™~2. We then proceed as in
Subsection 4.4 by working entirely with paths which are homotopic to
paths contained in this contractible neighbourhood. That this can be
done is a consequence of the results 5.1, 5.2, and 5.3 of the previous two
subsections.

To shorten notation a little let k :==n — 2. Thus & > 2.

(1) Let V := {id + ele € C®(R*,R*) with max|/des| < 1}. This
T
is an open contractible neighbourhood of id in Diff R*. An

casy estimate shows that the composition of r elements of {id+
ele € C°(R* R¥) with max ||de;|| < €} is of the form id + f
x

with ||dfz]l < (14 ¢€)" — 1 for all z. Therefore there is € > 0
such that any composition of 72 elements of Vg = {id + e|e €
C®(R* R*) with max ||de.|| < £} is contained in V.
T
(2) Recall from Subsection 4.3 that the periodic curves which get
filled are of the form

. . 2 S\ x DF
fﬁmﬂz{m+pﬂ@m . 2= (0,x) € §' x D¥

where f : D®¥~1 — [0,1] is smooth and vanishing near the
boundary. We have h¢(t)™* = h_¢(t) for all t € [0,1]. Thus by
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choosing f small enough, we may assume that hs(t),hs(t)~! €
Vp for all t € [0,1]. With this choice of f we denote hy¢(1) by
h.

(3) Let U ¢ S* x D" % be an open ball such that U N A(U) = 0.
Let B ¢ R* be an open ball containing S* x D*"! and A4 an
open ball in R* containing B.

(4) Let g, be a compactly supported isotopy of R* with gy = id
and g1(A) C U. Denote g1 by g.

(5) Finally let W C V be a ¢*™-open neighbourhood of id in
Diff°(B) and 01, ...,06 : W — Diff R™ % and X3,..., X6 the
smooth maps and compactly supported vectorfields of Propo-
sition 5.1. Since A is diffeornorphic to R* we may assume that
the o; factor through Diff ;°(A) and that the X; have support
in A. Furthermore, by making W small enough, we may as-
sume that for a € W the elements ™ o gooi(a)o g~ o h and
their inverses are all in V. Also, by having X; close enough to
0 in the strong Whitney C°°-topology, we may assume that all
goexp(X;) o gt and their inverses are in V.

Now let w : [0,1] — Diff.R* be a smooth periodic curve. The curve w
is fillable if (and only if) the curve g ow o g~ is fillable. Here g is the
diffeomorphism from item (4) above.

By the very definition of the c¢™-topology gow o g7 is continuous
with respect to this topology on Diff JR*. Therefore, we find a ¢ € Nsuch
that for i = 0,...,q — 1 the curves gw;g~! : [0,1] — Diff [R* defined by
w;(t) = w(i’f‘};ﬁ) ow(é—)_l have their images in W. Up to parametrization
gwg~ ! is the concatenation of the guw;g~!. By making w horizontal near
the points i/q the gw;¢™! are periodic.

By the proof of Corollary 5.3 each commutator of two diffeomor-
phisms gag~! and gBg~?! are a product of four conjugates of h and h™*,
if the support of a and 3 is in A, and by the proof of Lemma 5.2 we
have an explicit description of these factors.

For the case of interest to us it works out as follows. Let a € W and
i=1,...,6. Then g[o:(a),ezpX;]lg~" equals

1

ho ((h_lgcri(a)g_lh) oh lo (h_lgaq;(a)_lg_lh))
o((gexpX;g~*) o (R~ gos(a)g~thy o ho (h goi(a)tg 1h) o (gexpX; *g™h))
o((gexpX;g~t) o h™ o (gepX;g™M)).

This is the composition of 12 diffeormorphisms with each one lying in ¥
by item (5) above if @ € W. Since there are six of these commutators to
express a we look at a composition of 72 diffeomorphisms of V. By item
(1) this composition is contained in V. The same holds if we replace the
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first h and the occurrences of the A or A~! in the center of the outer
parantheses of the other three factors by hs(t) respectively hz(¢)~!. This
follows from item (2) above.

Having done this, we obtain a smooth periodic curve u in V running
from id to gw;(1)g~*. Thus u and gw;g~' are homotopic.

The curve u is the product of 24 fillable curves with the product
being composition in Diff R* instead of concatenation. But up to ho-
motopy there is no difference. In fact, if each of these curves is horizontal
near 0 and 1 the standard homotopy between them is smoothly periodic.

We are done. '

§6. Application: my1 BT, =0

As mentioned in the introduction the proof that any 2-plane field
is homotopic to a foliation follows immediately from the main result,
Theorem 1 in [Th2] once you know that the homotopy fibre BTy of
the normal bundle map v : By — BGLg, which assigns to a smooth
I';-structure its normal bundle, is (k + 1)-connected. Mildly reworded
Theorem 1 of [Th2] can be formulated as:

Theorem 6.1 (Thurston). Let M be a smooth manifold and TM =
T @ p a splitting of its tangent bundle such that p is the normal bundle
of a Haefliger structure H of codimension k > 2 on M. Then there
exists a smooth foliation F of codimension k on M which is homotopic
to H as a Haefliger structure and whose tangent bundle is homotopic
to 7 as a subbundle of TM. Furthermore, if H is already the Haefliger
structure of a foliation in a neighbourhood of o compact K C M then
the homotopies between F and H and between the tangent field of F and
T can be chosen to be constant in a neighbourhood of K.

This theorem is sometimes called Thurston’s h-principle for folia-
tions of codimension greater than 1.

Thus, a given p-plane field on the n-manifold M is homotopic to a
foliation if its normal bundle p comes from a I',,_,-structure, i. e. if the
classifying map f, : M — BGLn_p of p can be liftet to BT',_,. This
can always be done if BL,,_, is (n — 1)-connected.

Thus any 2-plane field on any manifold can be homotoped into a
foliation if BTy is (k + 1)-connected, and any p-plane field on any man-
ifold is homotopic to a foliation if BTy is (k + p — 1)-connected. It is
known that mppy1(BI:) is highly non trivial, and it is a long standing
open question whether BT} is 2k-connected.

Haefliger in [Hae2| used the Gromov-Phillips Transversality Theo-
rem (see below and [Gr], [Phil]) to show that BT is k-connected. The
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proof that wkHBfk = ( is more involved. It uses the Thurston-Mather
Theorem which states that the adjoint BDIff, (RF) — QFBT} of the
natural map L"BDiff, (R*¥) — BT} is a homology equivalence, and
it uses Thurston’s theorem [Thl] that the universal covering group of
Diff R¥ is perfect. The last theorem is also used by us to prove our main
result (see Subsection 5.1).

We close this article by showing that the vanishing of 7,1 BT, for
k > 2 is a direct consequence of the Gromov-Phillips Transversality The-
orem and our main theorem 1.1. Our proof follows closely Haefliger’s
proof in [Hae2] that m, BT, = 0. In fact our argument generalizes im-
mediately to prove the following

Theorem 6.2. Let p > 0 and assume that any p-plane field on any
smooth manifold M, which in a neighbourhood of the compact subset K
of M is the langent plane field of a smooth foliation, is homotopic to
the plane field of a smooth foliation by a homotopy which is constant in
a neighbourhood of K.

Then Tgrp—1BTr =0

Here, as before, [y, is the space of germs of local C*°-diffeomorphisins
of R¥ with the germ topology.

The Gromov-Phillips Theorem as stated in [Phil], a special case of
the main result in [Gr], suffices for our needs. It says the following:

Theorem 6.3 (Gromov, Phillips). Let M and N be smooth mani-
folds and G a foliation of N. Let Trans(M; (N, G)) be the space of smooth
maps from M to N which are transverse to G with the C' compact open
topology, and let Epi(TM,vg) be the space of continuous bundle epimor-
phisms from the tangent bundle TM of M to the normal bundle vg of
G with the compact open topology.

Then the natural map which maps g € Trans(M; (N, G)) to prodg €
Epi(TM,vg) is a weak homotopy equivalence if M is open (i. e. if
M\ OM has no compact component).

Here pr: TN ~» vg is the obuvious projection.

Proof of Theorem 6.2. A map g : S¥*P~1 — BT corresponds to
a Haefliger structure H of codimension k on S¥P~1 together with a
homotopy class of trivializations of its normal bundle. Actually when
using the Milnor model for classifying spaces of topological groupoids
(see Section 1.5 of [Hae3]) we have a definite trivialization (see e. g.
[{u], Chapter 4, Section 9). Changing the Haefliger structure in its
homotopy class induces homotopies of the normal bundle and thus a
homotopy of g.
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We are only interested in homotopy information. Thus, see for ex-
ample section 1.9 of [Hae2], we may think of H as the restriction to
the zero section of a foliation G on the total space E of a smooth rank
k vectorbundle p : E — S*+P~1 with G transverse to the fibres of p.
Furthermore, the normal bundle of H is the restriction of the normal
bundle of the foliation G to the zero section. The normal bundle vg of
G is the tangent field to the fibres of p, so that the normal bundle of H
is p. Any trivialization of p will extend to a trivialization of vg.

Let M := S¥tP=1 % (0,2) be the subset of R¥*? which is the union
of (k+p—1) spheres of radius r € (0,2) with center the origin. Then M
is an open manifold, (F,§) is a foliated manifold so that the Gromov-
Phillips Theorem applies.

Let fo : M — E be given by fo(z,t) = z, x € S¥P~1 ¢ € (0,2),
where we identify S*TP~! with the zero section of p, and let ¢ : E ~+
Sk+p=1  R¥ be the trivialization of the normal bundle given by our map
g into Bfk

Let TM = M x R**? be the standard framing of the open subset
M of R¥*?_ and consider the bundle epimorphism fo : TM ~ vg, which
maps (z,v) € M x R¥P t0 o~ fo(z), pr(v)), where py : RFTP — RF is
the projection onto the first k& coordinates.

The Gromov-Phillips Theorem then supplies us with a homotopy
ft : TM — vg of bundle epimorphisms over a homotopy f; : M — E
starting with fo over fp and ending with fl = pr o df; where f1 is a
smooth map transverse to G and pr : T'E' — vg is the projection map.

Restricting the homotopy f: to S¥TP~1 gives us a homotopy of Hae-
fliger structures on S**7~1 from H = fiG to f;G restricted to SF+P~1,
The normal bundles of these Haefliger structures are the pull backs of vg
via f;. Together with the trivialization of vg we see that up to homotopy
we can assume that the initial Haefliger structure is the one induced from
G by f1 restricted to S®+?~1, But this Haefliger structure is the restric-
tion of an honest foliation F of M to the unit sphere. So restricting F
to SF+P—1 5 (1/2} gives us a Haefliger structure over S¥¥P~1 (identified
with SF+P=1 x {1/2}) with a trivialization homotopic as a pair to the
original pair. We now restrict the homotopy f; to $¥¥7~1 x {1/2} going
backwards from ¢ == 1 to t = 0. The kernel of each of these restric-
tions of bundle maps f; gives us a continuous family 7; of continuous
fields of p-planes of R¥*7 starting with the restriction 71 of the tangent
bundle of F to §*tP~! x {1/2} and ending with the constant field 7g
of planes orthogonal to R* = py(R"*P). Spreading these fields out over
Sk+P=1 3 [1/4,1/2] by putting 7z on S¥TP=1 x {(1 + ¢t)/4} gives us a
p-plane field that can be extended to all of D*tP by using the tangent
field of F for points with distance at least 1/2 from the origin and by
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the constant field orthogonal to R* for points in the disk of radius 1 /4.
This field can be approximated in its homotopy class by a smooth field 7
which is tangent to F outside a small neighbourhood of the disk of radius
1/2, and the constant field orthogonal to R* in a neighbourhood of the
origin. Notice that the trivialization of the normal bundle of this plane
field is on each sphere S**tP~1 x {a} with a close to 0 up to rescaling the
radius of the sphere equal 1o o™, 1. e. the identity of S¥+tP—1 x R¥,
which extends trivially to the normal bundle of 7 over DFtP,

The hypothesis of Theorem 6.2 then gives us a homotopy of 7 to a
smooth foliation by a homotopy which is constant in a neighbourhood
of the boundary S**?~! and in a neighbourhood of the origin. Since
a foliation is a Haefliger structure and homotopies of plane fields give
homotopies of their normal fields, we are done. Q.E.D.

Essentially the same proof gives the following
Theorem 6.4 (Haefliger [Hae3)). By is (k — 1)-connected.

Proof. Here we start with a Haefliger structure on S*~! with 1 < k.
Take now for M the open subset (S*~! x (0,2)) x R¥~* in R*. Then
the initial bundle epimorphism TM — vg is given by ((z,t,y),v) —
o Yz,v), z € 871t € (0,2), y € R*%* v € R*. Then everything
proceeds as before and with p = 0. For p = 0 the hypothesis of 6.2 is
trivially satisfied. Q.ED.

Remark 6.5. Theorem 1.1 is not used in the proof of Theorem 6.4
and in the verification of the hypothesis of Theorem 6.2 for p equal to
0 and 1. Thus BT} is k-connected for any k. Theorem 1.1 shows that
for p = 2 the hypothesis of Theorem 6.2 holds if k¥ > 2. In fact, for
k = 1, even in the very special situation that we would encounter in a
proof along the lines described above the hypothesis is not satisfied: not
every smooth 2-plane field on the open disk of radius 2 in R® which is
a foliation in a neighbourhood of S? is homotopic to a smooth foliation
by a homotopy which is constant in a neighbourhood of 52. The proof
that mo BT'; = 0 is in [Ma 1] based on the Thurston-Mather Theorem for
codimension 1 foliations, the proof of which is the main result of [Ma 1].
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