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ABSTRACT. We discuss the sculpture and embedding problems concerning Kummer theories
for algebraic tori. This article is a sequel of the previous works [10] and [11], where we treated
the Kummer, Artin-Schreier, Kummer-Artin-Schreier and Artin-Schreier-Witt theories. The
unit group scheme of a group algebra plays an important role, as was pointed out by Serre in

(Groupes algébriques et corps de classes).

Introduction

The inverse Galois problem is nowadays a very attractive topic and there is a vast accumula-
tion of results concerning the problem. We can divide the problem into two parts:

(A) Given a field k and a finite group I', examine the existence of Galois extensions of k with
group I
(B) Given a field k and a finite group I", construct Galois extensions of k with group I'.

The Kummer theory is the simplest example of affirmative solution for the inverse Galois
problem. It provides us with an explicit way to construct the cyclic extensions of degree n
when n is invertible in k and k contains all the n-th roots of unity. We have several manners to
establish the Kummer theory, and it would be the most elementary to verify the Kummer theory
by Lagrange resolvents. Serre [8, Ch.VI, 8] formulated this method, combining the normal basis
theorem and the unit group scheme of a group algebra.

In the previous articles [10] and [11], we examine several theories of Kummer type, formulating
Serre’s method as the sculpture problem and adding the embedding problem. Now we explain
briefly a point of our argument.

Let I' be a finite group, and let U(I") denote the unit group scheme of the group algebra of
I'. (For the definition of U(I"), see Section 1.) It is the starting point of our argument that
the morphism U(I") — U(I")/I is a versal family of unramified I'-extensions with normal basis.
That is to say, we have the following assertion:

(A) Let R be a ring, I" a finite group and S/R an unramified Galois extension with group

I'. Then the Galois extension S/R has a normal basis if and only if there exist morphisms
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Spec S — U(I") and Spec R — U(I")/I" such that the diagram
SpecS —— U(I")

| !

SpecR —— U(I")/T’
is cartesian.

In [8, Ch.VI, 8] Serre established this assertion over a field, however it is not difficult to
paraphrase his argument over a ring. Furthermore it would be interesting to propose a problem
if the following assertions hold true:

(Sculpture problem) Let I" be a finite group and R a ring. Given an affine group R-scheme G

and a homomorphism ¢ : I' — G, there exists a commutative diagram
r — U (F ) R
| |
r—— aG.
(Embedding problem) Let I" be a finite group and R a ring. Given an affine group R-scheme G

and a homomorphism i : I' — G, there exists a commutative diagram
r—- a
| |
I' —— U(I)g.

If both the sculpture and embedding problems are affirmative for ¢ : I — G, then the
morphism G — G/I" is a versal family of unramified I-extensions with normal basis. In the
previous works we treated
(1) the Kummer theory ([10, Corollary 2.3]);

(2) the Kummer-Artin-Schreier theory ([10, Corollary 2.7]);

(3) the Artin-Schreier theory ([10, Corollary 2.10]);

(4) the quadratic-twisted Kummer theory of odd degree ([10, Corollary 3.6]);
(

(

(

6) the quadratic-twisted Kummer-Artin-Schreier theory ([10, Corollary 4.4));

)
)
)
5) the quadratic-twisted Kummer theory of even degree ([10, Corollary 3.12]);
)
7) the Artin-Schreier-Witt theory ([11, Theorem 2.5]).

In this article, we study Kummer theories for algebraic tori and analogues in the Kummer-
Artin-Schreier theory. It should be mentioned that this work is inspired by Kida [2], [3]. Now
we explain the organization of the article.

In Section 1 we recall the sculpture and embedding problems. In Section 2 we recall needed
facts on algebraic tori and on group algebras. In fact, Remark 2.10 is the key to Theorem 3.6,
Remark 2.7 to Proposition 4.4, and Remark 2.12 to Theorem 4.5. Our argument may seem too
general to study Kummer theories for algebraic tori. However we would get a wide viewpoint

for the subjects as the prospect from a hill gives us a pleasant vista.
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The Kummer theory for Weil restrictions is treated in Section 3, and the Kummer theory for
norm tori is treated in Section 4. It would be worthwhile to remark that Propostion 3.4 and
Proposition 4.4 reveal an evident difference between the Kummer theories for Weil restrictions
and for norm tori.

In Section 5 we mention the isogeny problem concerning Kummer theories for algebraic tori,
which is the main subject of Kida [2], [3]. We conclude the article, by discussing the sculpture
and embedding problems for analogues of norm tori in the Kummer-Artin-Schreier theory in

Section 6.

Notation

For a ring R (not necessarily commutative), R* denotes the multiplicative group of invertible
elements of R. A ring is commutative unless otherwise mentioned.

For an A-algebra B, which is projective of finite type as A-module, []5 /A denotes the Weil

restriction functor with respect to the ring extension B/A.

Ga,a: the additive group scheme over A

G, a: the multiplicative group scheme over A

U(I): recalled in 1.3

Hg;A G, Bt defined in 2.6

T15),,, W+ defined in 6.7

Xa : U(I) = Tlze,/2 Gmozicy: defined in 2.1

GWM: recalled in 6.1

aW g Gy, 4t recalled in 6.1

X : Ker[e : U(I') = Gzl = [z2 GW: defined in 6.3
s:U(I') = Kerle : U(I') = Gy z]: defined in 6.3

1. Sculpture problem and embedding problem

In this section we recall the sculpture and embedding problems, referring to the previous
articles [10] and [11] for details. We refer to [1] or [17] on formalisms of affine group schemes

and Hopf algebras .
1.1. As usual we denote by G,,, = Spec Z[U, 1/U] the multiplicative group scheme and by G, =

Spec Z[T] the additive group scheme, respectively. The multiplication is defined by U — U ® U,
and the addition is defined by T—T ®1+1®T.

1.2. Let I" be a finite group. The functor R — R[I'] is represented by the ring scheme A(I)
defined by
A(I') = SpecZ[Ty; vy € I'|
with
(a) the addition: T, = T, ® 1 + 1 ® Ty;
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(b) the multiplication: T, — Z Ty @ Ty
Y=y
Put now

1
ur) = SpecZ[Ty,A—; v el
r

where Ar = det(T,,/) denotes the determinant of the matrix (7./) /er (the group determinant
of I'). Then U(I") is an open subscheme of A(I"), and the functor R — R[I']* is represented by
the group scheme U(I).

We denote also by I', for the abbreviation, the constant group scheme defined by I'. More

precisely, I' = SpecZ! and the law of multiplication is defined by ey Z ey @ eyn. Here
Ay =
Z" denotes the functions from I" to Z, and (e,),er is a basis of Z!" over Z defined by

) 1L (v'=7)
ey () =
0 (Y #9).

The canonical injection I" — R[I]* is represented by the homomorphism of group schemes
i: "= U(I') defined by

1
Ty ey Z[TV,A—F] VAN

It is readily seen that I" — U(I") is a closed immersion. Moreover the right multiplication by
v € I"on U(I') is defined by the automorphism v : T/ + T, -1 of Z[T,,1/Ar].
If I' = {1}, then U(I") is nothing but the multiplicative group scheme G, 7, = Spec Z[U, 1/U].

Definition 1.3. Let R be a ring, I' a finite group and S an R-algebra. We shall say that:
(1) S/R is an unramified Galois extension with group I" if Spec S has a structure of right I'-torsor
over Spec R;
(2) an unramified Galois extension S/R with group I' has a normal basis if there exists s € S
such that (vs),er is a basis of R-module S.

In particular, an unramified Galois extension S/R with group I is called an unramified cyclic

extension of degree n if I' is a cyclic group of order n.

Example 1.4. Let S = Z[T,,1/Ar; v € T'], and let R = ST denote the invariants in S under
the action of I'. Then S/R is an unramified Galois extension with group I', and (T,-1),er is a

nomal basis of the Galois extension S/R.

1.5. The morphism U(I") — U(I")/I" is a versal family of unramified I'-extension with normal
basis. That is to say, the following assertion holds ture:
(A) Let R be a ring, I' a finite group and S/R an unramified Galois extension with group

I'. Then the Galois extension S/R has a normal basis if and only if there exist morphisms
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Spec S — U(I") and Spec R — U(I")/I" such that the diagram
SpecS —— U(I")
| |
SpecR —— U(I")/T
is cartesian.
The assertion (A) implies the following assertions:

(B) Let R be a ring, G an affine group scheme and I" a constant finite subgroup scheme of G.
(1) Let S/R be an unramified Galois extension with group I'. Assume that there exists a

commutative diagram

r —— u(In)

ol

Then, if the Galois extension S/R has a normal basis, there exist morphisms Spec S — G and

Spec R — G/I" such that the diagram

SpecS —— G

l !

SpecR —— G/I'

is cartesian.

(2) Let S/R be the unramified Galois extension with group I" defined by a cartesian diagram

SpecS —— G

! !

SpecR —— G/I.
Assume that there exists a commutative diagram
r — G
| |
r —— u(n).
Then the Galois extension S/R has a normal basis.

It is now interesting to propose a problem if the following assertions hold true:
(1) Let I" be a finite group and R a ring. Given an affine group R-scheme G and a homomorphism

i: I' — G, there exists a commutative diagram
I —— U(Igr

l |

r — G.
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(2) Let I" be a finite group and R a ring. Given an affine group R-scheme G and a homomorphism

i: ' — G, there exists a commutative diagram

F%G

L |

I —— U()g.

The problems shall be called respectively sculpture problem and embedding problem for the
embedding of group schemes i : I' — G.
If both the sculpture and embedding problems are affirmative for ¢ : I — G, then the

morphism G — G/I" is a versal family of unramified I'-extension with normal basis.

2. Algebraic tori

In this section we recall needed facts on algebraic tori and group algebras. We refer to

Demazure-Gabriel [1, Ch.IV, 1] concerning generalities on algebraic tori.

Definition 2.1. Let A be a ring and I' a finitely generated commutative group. Then the
group algebra A[I'] is a Hopf A-algebra equipped with the comultiplication v — v ®-. Moreover
D(I') 4 = Spec A[I'] is a commutative group A-scheme. For example, if I' = 7Z, then D(I")4 =

Gm,A-

Definition 2.2. Let A be a ring and V a group A-scheme of finite type. We say that V
is diagonalizable if there exists a finitely generated commutative group I" such that D(I")4
is isomorphic to V. Furthermore we say that V is of multiplicative type if there exists an
unramified Galois extension B/A such that V ®p B is a diagonalizable group B-scheme. Then
Homp_o(VB, Gy, B) has a left action by Gal(B/A).

Let V be a group A-scheme of multiplicative type. Assume that Spec A is connected, and
let I denote the fundamental group. Then Hom g (V, Gy, 4) has a continuous left action of
II. The correspondence V +— Homa_g:(V, Gy 4) gives rise to an anti-equivalence between the
category of group A-schemes of multiplicative type and the category of discrete left I7-modules,
finitely generated as Z-module. We call the left II-module Homs_g(V, Gy a) the character
group of the group A-scheme V of multiplicative type. In particular, V is called an algebraic

torus if the character group of V is a free Z-module.

Example 2.3. Let A be a ring, B/A an unramified Galois extension and G = Gal(B/A). Then
the Weil restriction [[ 5,4 Gy, is an algebraic torus with character group Z[G] (for example,

see [13, Theorem 7.5]). Therefore, if Spec A is connected, we have

Enda_ge( [ [ Gm.8) = (BndyeZIG])° = Z[G].
B/A
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Furthermore let H be a subgroup of G, and put A’ = BY. Then the Weil restriction
[T4//4 G, is an algebraic torus with character group Z[G/H].

Notation 2.4. Let G be a finite group. We define a homomorphism of left Z[G]-modules
eq : Z|G] — Z by

Zagg — Zag.

geG geG
We put

I = Ker[eq : Z|G] — Z].

Furthermore let H be a subgroup of G. Then, tensoring Z[G]@Z[H] with the exact sequence
of left Z[H]-modules

0— Iy — Z[H] <% 7 — 0,
we obtain an exact sequece of left Z[G]-modules
0 — Z|G) @ Tt — Z|G) "2 Z[G) @ Z — 0.

(Here I stands for the identiy map of Z[G].) The correspondence g ® 1 — [g] gives rise to an

isomorphism of left Z[G]-modules
Z|G)] @z Z — Z|G/H].

Under the identification Z[G] @z Z = Z[G/H], the map Ig ® ey : Z[G] — Z[G] @z Z is
identified with the homomorphism of left Z[G]-modules Z[G] — Z[G/H] defined by

Z agg — Z aglgl.
geG geG
Now define a homomorhism of left Z[G]-modules e¢/ g : Z|G/H| — Z by
Z ayy — Z Qry.
veG/H veG/H

Then we have eg = eq/p © (Ig ® ). We put
Ig/n = Ker[eq/y : Z|G/H| — Z]

Then left Z[G]-module Iy is a free Z-module with basis {y —1; v € G/H, v # 1}.
We define now a homomorphism of right Z[G]-modules e\ : Z[H\G] — Z by
Z ayy — Z Ay,
~eH\G ~eH\G
and we put
Img = Ker[eg\g : Z[H\G] — Z].

The right Z|G]-module I\ is a free Z-module with basis {y —1; v € H\G, v # 1}.
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Definition 2.5. Let G be a finite group. We define a homomorphism of left Z[G]-modules
vG : Z — Z[G] by

1> g,

geG

and we put
Ji = Coker[vg : Z — Z[G]].
The left Z[G]-module Jg is a free Z-module with basis {[¢g] ; g € G, g # 1}.

Furthermore let H be a subgroup of G. Then, tensoring Z[G]@Z[H] with the exact sequence
of left Z[H]-modules

0— Z 2 Z[H] — Jg — 0,

we obtain an exact sequence of left Z[G]-modules
0 — Z[G) @z Z " Z[G) — Z[G) @z T — 0.

Under the identification Z[G] @z Z = Z[G/H], the map Ig ® vy : Z[G) @z Z — Z[G] is
identified with the homomorphism of left Z[G]-modules Z|G/H] — Z[G] defined by
Z Ay = Z av(Zg).
v€G/H yeG/H gey
Now define a homomorphism of left Z[G]-modules vg g : Z — Z|G/H] by
1+~ Z 5.
yeG/H

Then we have vg = (Ig ® vy) ovg/g. We put
JG/H = Coker[uG/H L — Z[G/HH

The left Z[G]-module Jg, g is a free Z-module with basis {[y] ; v € G/H, v # 1}.

Now we translate the statements of 2.5 into the language of algebraic tori.

Definition 2.6. Let A be a ring, B/A an unramified Galois extension and G = Gal(B/A). The

the exact sequence of left Z[G]-modules
0—7Z 527G — Jg— 0

defines an exact sequence of algebraic tori over A
1 N
0— H( )Gmg — H Gm,B B Gm,a — 0.
B/A B/A
The algebraic torus

H(l)Gm’B = Ker[Nrp/4 : H Gm,B = G Al
B/A B/A
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is called the norm torus associated to the unramified Galois extension B/A. If Spec A is con-

nected, we have

Endg—g( W

B/A

Gm,B) = (EndzgJc)° = Ja-

Remark 2.7. Let GG be a finite group and H be a subgroup of G. Then the correspondence

@ — (1) gives rise to a group isomorphism
Homyq(Ja, Z[G/H]) — Ig/p-
In particular, the correspondence ¢ — ¢(1) gives rise to a group isomorphism

Homyq)(Je, Z[G]) — Ic-

The statements of 2.7 are translated into the language of algebraic tori as follows.

Remark 2.8. Let B be a ring, B/A an unramified Galois extension and G = Gal(B/A). Let H
be a subgroup of G and A’ = BH. Then, if Spec A is connected, we obtain a group isomorphism
Hom g ( H G, a, H(l)GmB) = I u

AJA B/A
since [] 4,/ 4 Gm, as is an algebraic torus with caharacter group Z[G/H]. In particular, we obtain
a group isomorphism
HomA_gr(H Gm, B, H(l)GmVB) = I,

B/A B/A

Remark 2.9. Let G be a group, H a subgroup of G and ¢ € Homyq(Z[G/H],Z|G]). Then

(1) is expressed uniquely in the form of
p(1) = Z av(Zg)-
yeH\G geY

The correspondence

Y= Z ayy

~YEH\G

gives rise to a group isomorphism
Homy)(Z[G/H), Z[G]) — Z[H\G).
In particular, I¢ ® vy € Homgyq(Z[G/H], Z|G]) corresponds to 1 € Z[H\G].
Furthermore, if H is a normal subgroup of G, the isomorphism Homgq(Z[G/H], Z[G]) =

Z|G/H] is compatible with the right action of the group algebra Z[G/H]. Therefore any Z[G]-
homomorphism of Z[G/H] — Z|G] is expressed uniquely in the form of

(Ig @vy)a, a € Z|G/H].

The statements of 2.9 are translated into the language of algebraic tori as follows.
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Remark 2.10. Let A be aring, B/A an unramified Galois extension and G = Gal(B/A). Let H

be a subgroup of G and A’ = BH. Then, if Spec A is connected, we obtain a group isomorphism
Homa _ge([[ Gz, [[ Gm,ar) = Z[H\G).
B/A AT/A
In particular, if H is a normal subgroup, any homomorphism []5 /A Gm = [1u /A G, ar are

expressed uniquely in the form of

Qo NI‘B/A/, a € Z[G/H] = EndA—gr( H Gm,A’)-
AJA

Remark 2.11. Let G be a finite group, H a subgroup of G and ¢ € Homgy g (Z[G/H], Jg).
Then (1) is expressed uniquely in the form of

e = > a, (D 9).
YeH\G  9€7
v#H

The correspondence

Y ayy

~yeH\G

gives rise to a group isomorphism
Homy(Z[G/H), Ja) — Ipg = Ker e : Z[H\G] — Z].

In particular, if H is a normal subgroup of G, the isomorphism Homgq(Z[G/H], Jg) =
Ig/y = Ker [5(;/H . Z|G/H] — Z] is compatible with the right action of the group algebra
Z|G/H]. Therefore any Z|G]|-homomorphism Z[G/H] — Jg is expressed in the form of

mo(Ig®@vy)a, a € Z|G/H].
Here 7 : Z|G] — Jg = Z|G]/Z denotes the canonical surjection.

Finally the statements of 2.11 are translated into the language of algebraic tori as follows.

Remark 2.12. Let A be aring, B/A an unramified Galois extension and G = Gal(B/A). Let H

be a subgroup of G and A’ = BH. Then, if Spec A is connected, we obtain a group isomorphism

(1) N
Homa ge([[ Gms, [[ Cmoar) = Ime = Ker[emng : ZIH\G] — Z].
B/A AlJA

In particular, if H is a normal subgroup of G, any homomorphism Hg} 4 Gm,B = [1a /A G, ar

is expressed in the form of

aoNrpu, a € Z[G/H] = Enda—g( [ Gmoar).
A/A

We conclude the section by mentioning the work of Mazur-Rubin-Silverberg [4].
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Notation 2.13. Let A be a ring, B/A an unramified Galois extension and G = Gal(B/A). Let
R be a ring (not necessarily commutative) and 7 : Z[G] — R be a ring homomorphism. Then
by restriction of scalars all the left R-modules can be considered as left Z|G]-module. Then a
group A-scheme of multiplicative type is defined for any left R-module, finitely generated as
Z-module.

For example, let p : G — GL(n,Z) be a linear representation of G' over Z, and put R, =
Im[p : Z[G] — M (n,Z)]. We denote by G,,(p) the algebraic torus over A with character group
R,. If Spec A is connected, then we have End4_g:G,,(p) = R,.

Remark 2.14. Let A be a ring, B/A an unramified Galois extension and G = Gal(B/A). Let

V be a commutative group A-scheme of finite type. Then a ring homomorphism

Z[G) = Endz)Z[G] — Enda_g:([ [ VB)
B/A
is defined. For an irreducible representation p of G, the twist V, of V' by p is defined as is
described in Mazur-Rubin-Silverberg [4]. The twist of Gy, 4 by p is nothing but G,,(p).

In [4] their argument is developed for algebaic groups over a field, but it is not difficult to

paraphrase the arugument on a ring. For example, the assertion of [4, Remark 5.11] holds ture
for a ring.
Theorem 2.15. (Mazur-Rubin-Silverberg) Let A be a ring, B/A an unramified cyclic extension
of degree m and G = Gal(B/A). Let V be a commutative group A-scheme of finite type. Take a
generator g of G and let p : G — C* denote the character of G defined by p(g) = ¢>™/™. Then
we have

V, = m Ker[Nrpg /4 : H Vg — H V.

ACA'CB B/A A’/A

3. Kummer theory for Weil restrictions

In this section, n denotes a positive integer, I" a cyclic group of order n and 7 a generator of
I'. Weput ¢ = ¢, =™/ and p,, = {1,¢,...,¢" 1}

3.1. Let R be ring. For a positive divisor d of n, we define a ring homomorphism x4 : R[] —
R ®7 Z[(q) and a group homomorphism x4 : (R[I'])* = (R ®z Z[(q])* by

n—1 n—1
Xar: Y ay = ax @ ()
k=0 k=0

The group homomorphism x4 r : (R[I'])* = (R ®z Z[(q])* is represented by a homomorphism
of group schemes

xa:UT) — H G zica)-
Z[¢q)/Z
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Put

X=a)an  UD) =] T] Gmazica-
din Z[¢q)/Z.

Then x is an isomorphism of group schemes over Z[1/n|. Indeed, the inverse is given by

n—1
(d)dm = % Z{Z Trre,zic,)/R(1® Cd_j)ad}’Yj‘
J=0 " dn
Remark 3.2. Put G = Gal(Q(¢)/Q). Then, as is mentioned in 2.3, the Weil restriction
(HZ[Q/Z Gy zic)) @z Z[1/n] is an algebraic torus over Z[1/n] with character group Z[G] since
Z[¢,1/n] is unramified over Z[1/n].

Furthermore, for each positive divisor d of n, put G4 = Gal(Q({y)/Q). Then Z[G,] is con-
sidered as Z[G]-module through the canonical surjection Z[G] — Z[G4]. The Weil restriction
(HZ[Cd]/Z Gy zic,) ®z Z[1/n] is an algebraic torus over Z[1/n] with character group Z[G], and
therefore U(I")z1 ] is an algebraic torus over Z[1/n] with character group @, Z[Gdl.

Observation 3.3. Let R be a ring. Then the correspondence v — 1 ® ( defines a group
homomorphism I" — (R ®z Z[¢])*. The homomorphism I' — (R ®z Z[(])™ is represented by a
homorphism of group schemes I" — HZ[C] 2. Gm,z()-

Propostion 3.4. Let n be a positive integer.

(a) If n is odd, the homomorophism I’ — HZ[Q/Z G ziq i an embedding of group schemes.

Furthermore the diagram
r —— U(r)

H e

r— ] Gumag
Z[q)/z
1s commutative, that is to say, the sculpture problem is affirmative over Z for the embedding
I'— HZ[C}/Z Gm,Z[C] .
(b) If n is even, the homomorphism I — (HZ[{]/Z Gm,Z[C]) ®z Z[1/2] is an embedding of group
schemes over Z[1/2]. Furthermore the diagram

r—-: U(F)Z[1/2]

H e

r — ( H Gy zic]) ®z Z[1/2]
zZ(Q)/z

is commutative, that is to say, the sculpture problem is affirmative over Z[1/2] for the embedding
I = (g2 Gmzic) ®z Z[1/2).

Proof. Let R be a ring, and let i,j € Z. Then {1® (", 1® (/} C R®z Z[(] is free over R if and
only if ¢/ # +¢7. Hence the homomorphism I' = {1®1,1®(,1®¢?,... ,1® (" !} is bijective
if n is odd or if R is a Z[1/2]-algebra.
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Remark 3.5. There exists uniquely i(g) € (Z/nZ)* such that g(¢) = ¢*9 for each g € G =
Gal(Q(¢)/Q). As is well known, the correspondence g — i(g) gives rise to a group isomorphim
Gal(Q(¢)/Q) = (Z/nZ)*. Moreover we denote by Z/nZ(1) the left Z[G]-module Z/nZ equipped
with the action (g,l) + i(g)l. Then the constant group scheme I' over Z[1/n] is a group
scheme of multiplicative type with character group Z/nZ(1). The embedding of group schemes
of multiplicative type i : ' — (HZ[c]/Z Gy zi)) ®z Z[1/n] induces the Z[G]-homomorphism
M : Z|G] — Z/nZ(1), which is defined by 1 — 1 mod n.

As is remarked in 3.2, the group scheme U(I")z(1/,) is an algebraic torus over Z[1/n] with
character group ©g,Z[G4]. Furthermore 1+ n/d mod n defines a Z[G]-homomorphism 7, :
Z|G4] — Z/nZ(1). The homomorphim of the character groups corresponding to the embedding
i: "= U(I")z1/n) is defined by

n=> ni: PZGd) - Z/nZ(1).

din dn

Theorem 3.6. Let n be an integer > 2. Then the following conditions are equivalent.
(a) The embedding problem is affirmative over Z[1/n] for the embedding I" — HZ[Q/Z Gm,z[¢)-
(b) The embedding problem is affirmative over Q for the embedding I' — HZ[C]/Z Gm,zie]-

(¢c) For each positive divisor d of n, the map Nro(c,) /() induces a surjection p, — pg.

Proof. (a)=(b) Clear. (b)=-(c) By the assumption, there exists a homomorphism of group
scheme o : [[g¢) /0 Gma) = U(I)q such that the diagram

r — 1] Gumoc
Q¢n)/Q

| K
r——  Ul)g

is commutative. Now let d be a positive divisor n. Then the homomorphism of group schemes

Xa: U)o = ] Gmaocw
Q(¢a)/Q

induces a surjection I' — p4, and therefore the homomorphism

xico: I Gmawco = Il Gmoww
Qn)/Q QCa)/Q

induces a sujection I = p,, = p4. Asis remarked in 2.10, any homomorphism HQ(Cn) /Q Gimn,(¢n)
— HQ(Cd) /Q Gin,0(cy) 1s expressed uniquely in the form of

a0 Nrg,) /o) @ €Endgg( [ Gmaow)-
Q(Ca)/Q

Put x4 00 = aoNrg,)/0,)- Then a induces a surjection p; — py. Moreovoer a induces a

bijection of py to py since p, is a finite group. Therefore Nrg,)/q(c,) induces a surjection of

My to Hq-
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(c)=(a) By the assumption, for each positive divisor d of n, there exists an integer l; such that

Nr@(gﬂ)/@(cd)(df) = (4. Furtheremore, putting
= ((Nrz(¢,)/2(¢0) c 1 Guzica = I T Gmzicos
Zl¢n) /2 dln Z[C4l/Z
we obtain a commutative diagram of group schemes over Z[1/n]

r— ( 11 Gm,Z[gn]> ®z Z[1/n)
Z[¢n]/Z

| |
I —— Uz = ([T TI Gmaica) @2201/7)
dln Z[¢4]/Z
Example 3.7. If n is even > 4, the embedding problem is negative over Q for the embedding
I = Tlzi¢/2 Gm.ziq)-
Indeed, Nrg¢,)/Q(¢s) © Hn — M2 = {£1} is not surjective since Nrg(c,)/0(¢) = 1.

Example 3.8. For n = 15, the embedding problem is affirmative over Z[1/n| for the embedding
I'— HZ[Q/Z Gy z1¢)-

Indeed, Nroc5)/Q(¢) @ #15 — Mg and Nrge5)/0(c) @ H15 — M5 are both surjective since
Nrg(¢s)/@(ea) (G15) = 5 and Nrg(¢5)/a(¢es) (G15) = G5 -
Example 3.9. For n = 21, the embedding problem is negative over Q for the embedding
I'— HZ[Q/Z Gy z1¢)-

Indeed, Nrg(¢,,)/0(¢s) @ #21 — M3 18 not surjective since NrQ(@l)/@(@)(Cgl) =1
Example 3.10. Let p be a prime number > 2, and put n = p". Then the embedding problem
is affirmative over Z[1/p] for the embedding I" = []z;¢ /2 Gm z(¢-

Indeed, let R be a Z[1/p]-algebra. Then the group homomorphism

p'—1 r

1 . .
(R @z 2 1/9)" = R a3 Trnesaig, /n(Gi Nensyaie, ) msszic,) 1
j=0 =0

is represented by a homomorphism of group schemes
(11 Gm.a) ®2Z01/p] = U(D)zpns.
AJZ

We obtain a commutative diagram of group schemes

r—s ( II Gmazin) @2 201/p)
Z[Cpr]/Z

L I

I —— U(F)Z[l/p] = (H H Gm,Z[Cp;]) Xz Z[l/p]
=0 Z[Cpl]/Z
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since NrQ(CpT)/Q(Cpr71)<PT = Cpr—l.

4. Kummer theory for norm tori

In this section, n denotes a positive integer, I" a cyclic group of order n and v a generator of
I'. We put ¢ = (, = 2™/,

Notation 4.1. Let R be a ring. The map Nr : Z[(] — Z induces a homomorphism of mul-
tiplicative groups Nr : (R ®z Z[(])* — R*. The homomorphism Nr : (R ®z Z[(])* — R* is

represented by a homomorphism of group schemes

Nr: H sz[c] — sz.
zZ[¢)/z

Put now

1)
H sz[c] = Ker[Nr : H sz[d — sz].
Z[¢)/zZ Z[¢]/Z

Then the homomorphism of group schemes I — HZ[Q] /z G,z 1s factorized as

(1) inclusion
r— I Guug "= 11 Gnag
Z1¢)/zZ zlq)/z

since Nrg(e) € = 1.

Remark 4.2. Put G = Gal(Q(¢)/Q). As is remarked in 2.6, (H(Zl[)c]/z Gyzjc)) ®z Z[1/n] is an
algebraic torus over Z[1/n] with character group Jg = Z[G]/Z.

Proposition 4.3. If n is odd > 3, the sculpture problem is affirmative over Z[1/n| for the
embedding I' — H(Zl[)c]/z Gm,z(¢)-

Proof. There exists ¢ € G = Gal(Q(¢)/Q) such that g(¢) = ¢? since n is odd. Defining
a homomorphism of Z[G]-modules ¢ : Jg = Z[|G|/Z — Z|G] by [1] — g — 1, we obtain a

commutative diagram of Z[G|-modules
Z/nZ(1l) «+—— Z|G]
U

"

Z/nZ(1l) +—— Jg
n
and therefore a commutaive diagram of group schemes over Z[1/n]

r —— H Gm,Z[C]
z[¢]/Z

i s

(1)
r— [ Gz
Zid)/Z
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We have gotten the conclusion, combining the above diagram with the commutative diagram of

group schemes over Z[1/n]
r—— U@

ll J/Xn
r —— [ Gunag
Z[¢)/z
Propostion 4.4. If n is even > 4, the sculpture problem is negative over Q for the embedding
problem I" — HZ[{]/Z Zic]-

Proof. Assume that there exists a commutative diagram of group schemes over Q

r ——

| l

r'— H m Q)
Q©)/Q

Then we obtain a commutative diagram of Z[G]-modules

Z/nZ(1) «— EPZ[G4
dn

[ E
ZnZ() —— o

Now put
£ = (a)am : Jo — EDZIG4).

din

As is remarked in 2.7, for each positive divisor d of n, we have
&a € Ig, = Kerle : Z|G4] — Z].

Moreover i(g) € Z/nZ is odd for each g € G since n is even. This implies that (n/2)nq({4(1)) =0
for each positeive divisor d of n since Ig, is generated by g — 1 (¢ € G4). Hence the homo-
morphism of Z[G]-modules no ¢ : Jo = @y, Z[Ga] = Z/nZ(1) is not surjecitve. However this

contradicts the commutativity of the above diagaram.

Theorem 4.5. Let n be an integer > 3. Then the embedding problem is affirmative over Z[1/n]
for I' — H.gz;l[)c]/z Gzl if and only if the embedding problem is affirmative over Z[1/n] for
I'— HZ[Q/Z G zq)-

Proof. We can verify the if-part, weaving the embedding

(1)
r— 1] Gmazg— [ Cmaqg
zicl/z zi()/2
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into the commutative diagram

I — II  Gnzumg
Z11/n.C)/ 211 /n]

| |
r —— U(I)z(1/n)

We now prove the only if-part. By the assumption, there exists a homomorphism of group

schemes o : H(S()g)/Q Gm,o(¢c) = U(I)g such that the diagram

)
r—— JI ‘Guec
QCn)/Q

5 I
r —— U)o

is commutative. Let d be a positive divisor of n. Then the homomorphism of group schemes

xa:U([Mg — H Gm,0(ca)
Q(¢a)/Q

induces a surjection I' — p 4, and therefore, the homomorphism of group schemes

(1)
Xd©O0: H GmQ(Cn) — H Gm@((d)
Q(¢n)/Q Q(¢a)/Q

induces also a surjection I' = u,, — p4. As is mentioned in 2.12, the homomorphism of group

schemes of ygo 0 : HQ(Cn)/Q Gm,ce) — HQ(Cd)/@ Gm,q(c,) 1s expressed in the form of

o Nrg(,) /0 @ € Endg-g( [ Gmaw):
Qa)/Q

Then « induces a surjection pg — py. Therefore the map Nrg,)/q(c,) induces a surjection

W, — pg. It follows from Theorem 3.6 that the embedding problem is affirmative over Z[1/n]
for I = Tlzic 1 /m)yzi1/n) Gm,zic1/n)-

5. Isogeny problem

5.1. Let I' be a cyclic group of order n. It is an interesting problem to ask if the constant
group scheme I is isomorphic over Z[1/n] to the kernel of an endomorphism of HZ[C} 12 Gm,z)¢]
or H(Zl[)g] Iz Gin,z/¢]» which shall be called isogeny problem. Here ¢ = e2mi/n,

Put now G = Gal(Q(¢)/Q). Then the isogeny problem is equivalent to the question if the
kernel of the surjective Z|G]-homorphism 7 : Z[G] — Z/nZ(1) or n) : Jg — Z/nZ(1) is a principal
ideal. Evidently, if the isogeny problem is affirmative for I" — HZ[(} /Z Gyn,z[¢), then the isogeny
problem is affirmative also for I" — H(Zl[)c] Iz Gm,z[¢)-

The isogeny problem for Weil restrictions is studied in [3], and the isogeny problem for norm

tori in [2]. More precisely, let k£ be a subfield of Q(¢) or F,(¢) with (n,p) = 1, where ¢ is a
primitive n-th root of unity. Put K = k({,) and G = Gal(K/k). In [3] Kida examined, when G
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is cyclic, the isogeny problem for the embedding I — [, Ik G, k- It would be remarkable that
he has gotten affirmative answers in the cases of k = Q and n = 3,5,7,11. In [2] Kida examined
the isogeny problem for the embedding I' — Hg)/k G,k when G is cyclic and the embedding
I — HK/k Gm, K is factorized as I" — H%}k Gm,x — HK/k Gm, k-

It would be remarkable also that, if G is cyclic of prime order [ with (/,n) = 1 and Nrg /¢ = 1,
the isogeny problems are equivalent for I' — [] K/k Gm,x and for I' — Hg}k G,k (cf. [3,

Proposition 4.1)).

Now we consider another kind of isogeny problem.
5.2. Let p denote a prime number > 2, I' a cyclic group of order p, v a generator of I' and
¢ = e2milp,

Put G = Gal(Q(¢)/Q), and let g be a generator of G. Define a character p : G — C* by
p(g) = 2™/ @~ Then we have Im[p : Z[G] — C] = Z[(,_1]. Let G,,(p) denote the algebraic
torus over Z[1/p] with character group Z[(,—1]. Then, by the theorem of Mazur-Rubin-Silverberg

(recalled as Theorem 2.15), we have

Gm(p) = ( ﬂ Ker| NrZ 0)/0x H Gm,z[e] = H Gm,0x ) ®z Z[1/p].
QCKCQ(¢) Z[¢)/z Ok /L
K#Q(Q)

Here O stands for the ring of integers in K.
The embedding I" = ([17¢/z Gm.z1) ®z Z[1/p] is factorized as

I' — Gu(p) — ( H Gm,z(c]) ®z Z[1/p]
AISYY/

since Nrg)/x(¢) = 1 for any subextension K # Q(¢) of Q(¢)/Q. The isogeny problem for
the embedding I' — G,,(p) is equivalent to the question if a prime ideal of Z[(,—1] over p is
principal.

Swan [12] established a criterion for rationality of the function field of the homogeneous space
U(I')g/I: if a prime ideal of Z[(y—1] over p is not principal, then U(I")g/I" is not rational as an
algebraic variety over Q. In [12] Swan showed the cases p = 47,113,233 as counterexamples for
the Noether problem on rationality of invariant fields, which are also counterexamples for the

isogeny problem for I' — G, (p).

Here are a few examples. We owe Kida [3, Example 4.3 and Example 4.4] the results con-
cerning the isogeny problem for Weil restrictions, though modifying the isogenies slightly.
Example 5.3. p =5, ¢ = ¢2™/5,

Define g € Gal(Q(¢)/Q) by g(¢) = ¢2. Then G = Gal(Q(¢)/Q) is generated by g. Moreover
define a Z[G]-homomorphism 1 : Z[G] — Z/5Z(1) by g — 2 mod 5. Then 7 is surjective.

Furthermore a sequence of Z[G]-modules

0 —s z[q] " 7j6) < 7/5Z(1) — 0.
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is exact. We obtain also exact sequences of Z[G]-modules

2
0 — Jo 2R o L 7/52(1) — 0

and
0— Ok T2 0r s 7/57(1) — 0,
noting that Jo = Z[G]/(¢* + ¢* + ¢* + g+ 1) and Ok = Z[G]/(¢* + 1).
Example 5.4. p=7, ( = *™/7,
Define g € Gal(Q(¢)/Q) by g(¢) = ¢3. Then G = Gal(Q(¢)/Q) is generated by g. Moreover
define a Z[G]-homomorphism 7 : Z[G] — Z/7Z(1) by g — 3 mod 7. Then 7 is surjective.

Furthermore a sequence of Z[G]-modules
_ 3, 4
0 — z[G] IS z(6) L 7/77(1) — 0
is exact. We obtain also exact sequences of Z|G]-modules

_ 3, 4
0— Jo "5 go L 7/72(1) — 0

and
0— Ox "X 0x 15 7)77(1) — 0,

noting that Jo = Z[G]/(¢® + ¢® + ¢* + ¢ + ¢* + g + 1) and O = Z[G]/(¢* — g + 1).

6. Kummer-Artin-Schreier theory

In this section, p denotes a prime number and I" = {1,~,... ,47~1} a cyclic group of order p.

First we recall the Kummer-Artin-Schreier sequence (cf. [13], [7]).

Notation 6.1. Let A be a ring and A € A. A commutative group A-scheme G is defined by

1

N =
g Spec A[T, T )\T]

with multiplication

I'=Te14+1T+NT'®T.

Furthermore a homorphism of group A-schemes

1
— Gma = SpecA[U,

Oé()‘) : g()\) — SpecA[T’ 5]

v
1+ AT
is defined by

U1+ M.

If X is invertible in A, then o™ is an isomorphism. On the other hand, if A is not invertible
in A, then G @4 Ay is nothing but the additive group scheme G, 4,. Here Ag denotes the
residue ring A/(A).

Hereafter we put ¢ = e*™/?, \ = ¢ — 1 and A = Z[(].
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6.2. A homomorphism of group Z[(]-scheme

L]
14 AT

- g(A) — SpecA[T, ] — g(m = SpecA[T

1
14+ AT
is defined by
(1+XT)P -1

AP '
It is readily seen that Ker[¥ : G — GO\)] is isomophic to the constant group scheme Z/pZ.

T —

Moreover the diagram of group A-schemes with exact raws

0 —— Z/pZ —— GW L, gt 49

l lam lauf')

0 —— tpzig — Gmzig — Gmazig —— 0
is commutative. Hence the sequence
v
[0 — Z/pZ — GV =5 GA) — 0] @710 Q(C)
is isomorphic to the Kummer sequence
P
0— tpa) — Gmow) — Gmaw =0
On the other hand, we have F, = Z[(]/()\). Moreover the sequence
[0 — Z/pZ — GV L5 GO 5 0] @ F,y

is nothing but the Artin-Schreier sequence

0 — Z/pZ — Gop, == Gax, — 0

since {(1 4+ AT)P — 1}/ =TP — T mod A\

To sum up, the exact sequence
0— Z/pZ — GV L g™ 0
unifies the Kummer and Artin-Schreier sequences (cf. [14], [7], [5]).

Now we examine the sculpture and embedding problems for the Weil restriction HZ[(] /z G»,

6.3. For simplicity, we put

X=xp:U) — H Gmn,z[¢]
Z[¢)/Z
and

€ =X1 ZU(F) —)sz.
Let R be a ring. Then the homomorphism y induces a homomorphism of multiplicative

groups

p—1 p—1
RIT* = (R@z ZIC)* : Y ary* = > ar @ (¥,
k=0 k=0
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and the homomorphism ¢ induces a homomorphism of multiplicative groups

p—1 p—1
* 5 R Zakyk — Zak.
k=0 k=0
All the elements of Ker[e : R[I']* — R*| are expressed uniquely in the form of
T+a(y =1 +a(y¥* =1+ +ap 1771 1) (a1,az,... ,ap_1 € R).

The homomorphism x : Kerle : U(I") = Gyz] = [17;¢/2 Gm.zjq) is factorized as

Kerle : U(I') = Gz = [] 6W Maigyz ™ T Guzie-
z(d)/2) 2icl/2

Indeed, the homomorphism of group schemes x : Kerle : U(I") = Gp, 2] — HZ[(} 12 Gm.z[()

gives a homomorphism of multiplicative groups
RIIT = (Rez ZIC)) 1+ ap(y* —1) = 1+ ar® (¢* -

By the definition of Q(/\), we have

p—1 k_q
dar® = eg (R ®z2Z[(])
k=1

and

rla z)m®ilkﬁr+1®A(z}m®i ) 1+§:%@

Z[¢)/Z k=1
It is readily seen that the constant group scheme I" is contained in Ker[e : U(I") = G, 7] and
k-1
(-1

for each k. Furthemore X : Kerle : U(I") = Gnz] — [lz1/7 GW is an isomorphism of group

X =1¢
schemes. Indeed, the inverse of x is defined by
p—1 k
¢k —
Soe
k=1 (-1

Moreover, define a homomorphism of group schemes

p—1 p—1

— (1 — ak> + Z akﬁyk

k=1 k=1

s:U(I') = Ker[e : U(I') = Gy 7]

p—1 p—1 p—1
S ut o Yt/
k=0 k=0 k=0
Then s gives a splitting of the exact sequence
0 — Kerle : U(I') = Gpz) —= U(I') =5 Gpnz, — 0.

Therefore we obtain the following assertions:
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Propostion 6.4. Both the sculpture and embedding problems are affirmative over Z for the

embedding I' — HZ[C]/Z GWM. Indeed, the diagrams
I — U

H [

r—— I o™
ASYY/

and
r—— [ ¥
Z[¢l/z

| e

r — U
are commutative.

Now we describe the homomorphim [ /7 G 22 G - 1121¢/2 Gm.ziq) more pre-

cisely.

6.5. Description of U(I"). Put

To T Tp—1
T T To
Ap(To, T, ..., Tp—1) = Ar(To, Th, ..., Tp—1) = )
Tp—1 To Tp—2
Then we have
p—1
Ap(To, 11, .. Tp1) = (D)2 T[(To + PTy + Ty + -+ + 07T, _y).
=0
Furthermore we have
1

I = ZTo, Th, ..., T, '
U(I') = Spec Z[Ty, 11, )P 1’AP(T0,T17---7TP*1)}

The multiplication is defined by

T Y T;®T, (1<i<p-1).
Jj+k=i
mod p
6.6. Description of HZ[C]/Z Gmz()- Let R be a ring. Then all the elements of R ®z Z[(] are

expressed uniquely in the form of
ax ®C+a2®C2+---—l—ap_1®Cp_1 (a1,a2,...,ap—1 € R)

since {¢,¢?,...,(P71} is a basis of Z[(] over Z.

Put now
p—1 p—1

Ny (X1, Xa, ..., Xpo1) = H( gjkxk).
j=1 k=1

bS]
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Then N,(X1, Xo,... ,Xp-1) € Z[ X1, Xo, ..., X,—1]. Furthermore,

p—1
Y aref e (RezZ[C)* < Ny(ar,as,... ,ap1) € R*.
k=1

Hence we obtain

1
Np(X1, Xo,. .. ,Xp_l)]’

H Gm,z[c) = SpecZ[ X1, Xa, ... , Xp1,
Z[¢)/Z

where the multiplication is given by

Xﬂ—)— Z Xj®Xk+ Z Xj®Xk (1§i§p—1).

Jj+k=0 jt+k=i
mod p mod p

The homomorphism of group schemes

1
— v : U(I') = Spec Z[Tp, T, . .. , T,
X =Xp:U(I') =SpecZ[Ty, Ty, ..., T, DA To T Ty

]

1
NP(Xla X27 s aprl)

— JI Gz =SpecZ[X1, X5, ..., X1,
z[¢)/z

]

is defined by
Xii—>ﬂ—T0 (1§Z§p—1>

Furthermore the homorphism of group schemes

Nr: H sz[c] = SpeCZ[Xl,XQ, e 7Xp—17
Z[d)/z

is defined by

Ny(X1, Xo, ..., Xp 1)

Uw— Np(Xl,XQ, .. 7Xp71)-

Hence we obtain

(1)
1 Gz =SpecZX1, Xa, ..., Xpoa]/(Np(X1, X, , Xpo1) — 1),
z[¢)/z

6.7. Description of []z/z GWN. Let R be a ring. Then all the elements of R ®z Z[(] are

expressed uniquely in the form of

—2 ¢—1 ¢ -1 ¢rt-1
a1@1+a2@(1+¢)+ - ~+ap 1@ (14+C+ - -+¢P )::a1®giji+az@><_]>+-~+x%_1®42i51—
(a1,a2,...,ap—1 € R).

since {1,1+¢,..., 1+ +---+ (P72} is a basis of Z[(] over Z. Noting that

p—1 i p—1 p—1

1 . .

h@LHl@M{E %®i¥_1}:1®1+§:amﬂd—1%:}:@4+ar%.ﬁa%+~~+%Fﬂ®G,
i=1 i=1 =1



24 N. SUWA

we can verify that:

p—1 Ck_l
Sare 1 e GV (RezZ[]) «
k=1

Np(71+2a1+ az+ - +ap_1, —14a1+2a2+ - - +ap—1,..., —1+a;+as +--- +2ap,1) € R*.

Put now

F(X1,Xs,...,Xp1) =

Np(—142X1+Xo + -+ X, — 14+ X1 4+2X0+ -+ X1, .., -1+ X1+ X0+ - - +2X, ).

Then we have
F(Xl,XQ, ce 7Xp71) =1 mod D-
Indeed, by the definition of N,(X1, Xo,... ,X,—1) and F (X1, Xs,...,X,_1), we obtain

p—1

p—1 -
F(X1, Xa, ... ,Xp,l):H{H (Ck—l)Xk}.
j=1 k=1

This implies that
F(Xl,XQ, RN 7Xp—1) =1 mod A

There we obtain the result, noting that F/(X1, Xa,...,Xp—1) € Z[Xo, X1,..., Xp_1].
Define N, (X1, Xo,..., X, 1) € Z[X1, Xo,..., X, 1] by

F(X1, X, ..., Xp1) =1+ pNy(X1, Xo,. .., Xp_1).

Then we arrive at the assertion:

(-1

Hence we obtain

p—1 E ~
S ae st e V(R ZIe) € (Roz ZIC)X & 1+ pNy(a,as,-.. ,ap1) € R,
k=1

1
1 +pr(X1,X2, e 7Xp71)

H g(/\) = SpecZ[X1, X, . .. » Xp—1,
z[()/z

]7

where the multiplication is defined by

Xim Xio(1l-X1—-Xo— = Xp )+ (1 -X1 - Xo— =X, 1)@ X; + Z X; @ Xp
jt+k=i
mod p

(1<i<p-—1).

The homomorphism of group schemes
1

) GW = SpecZ[X1, X X
« . pec [ 1y A2y.00 -1, =
1] 1] P 4 pNL (X, X, X 1)

zZ[d)/z Z[q)/z

]

1
— H sz[c] = SpeCZ[Xl,XQ, .. 7Xp—17

z[Q)/Z Np(X1, X, .o, Xpe
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is defined by
Xim Xi+ (-1+ X1+ X0+ + X, 1) (1<i<p—1).
The homomorphism H o™ is isomorphic over Z[1/p]. Indeed, the inverse is given by
Z|c)/Z
Xi'—>XZ-+11)(1—X1—---—Xp1) (1<i<p—1).

Furhtemore the homomorphism

1

% :U(N) =S Z\Top, T4, ...,T,_
XO0S ( ) pec [07 1, y4p 1’AP(T0,T1,...,TP_1)]

1
1+ pN, (X1, X2, ..., Xp_1)

N H g\ = SpecZ[ X1, Xo, ..., Xp1,
zl¢)/z
is defined by

XJ r—)T]/(To—l—Tlﬂ-—}—Tp,l) (]:1,2, ,p—l),
and the homomorphism

1
1+ pNy (X1, Xa, ..., Xp1)

iox H GWN = SpecZ[X1, X, ..., Xp_1, ]

Z[¢)/z
1
— U(I") = Spec Z|Ty, T, ... , T,_1,
(') = SpecZ{To, T L A T T Ty,
is defined by

1-X1—...—X,_ =0

le—) 1 p—1 (] )
Xj (7 >0)

Example 6.8. Here are a few examples of IV, and Np.
(1) In the case of p = 3, we have
Ny(X1, X2) = Xi — X1 X0 + X3
and
Np(X1, Xo) = — X1 — Xo + X7+ X1Xo + X3,
(2) In the case of p =5, we have
Np(X1, Xo, X3, X4) =
(XT+ X3+ X5+ X)) — (X3 Xo + X3Xy + X5 X34+ X5X))
— (X1 X3+ Xo X2 + Xy X3 4+ X3X3) — (Xa X3+ X5 X1 + X3Xy + X5 X,)
+ (X7X5 + X3XT+ X3X5 + X3X7) + (X{X7+ X5X3)
+ 2(X? X0 X3 + X2X4 X1 + X2 X3X0 + X2X1 X))
+ 2(X1 X0 X2 + Xo Xy X? 4+ Xy X3X3 + X3X,X3)

—3(X1X3X3 + XoX7X1 4+ XuX2Xo + 3X3X72Xy) — X1 X0 X3X,

25
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and

Ny(X1, X2, X3, X4) =
— (X1 + X2+ Xy + X3) +2(X] + X5 + X5+ X3)
+4(X1 X + Xo Xy + Xu X3 + X3X1) + 3(X1 Xy + XoX3)
— 22X X3+ X+ X3) — 6(XP X+ Xa Xy + X3X3 + X2X)
—5(X1 X5 4+ Xo X7+ Xy X2 + X3X7) - 3(Xa X3+ X2X1 + X2Xo + X2X,)
—9(X1 X2 X3 + XoXu X1 + XuX3Xo + X3X1Xy)
+ (X + X+ X§ 4+ XD+ 4XEX3+ X2X2 + X7X2 + X2XH) + (X2X? + X3X2)
+ 2(X1X35 + Xo X3 + Xy X3 + X3 XP) + (X3X3+ X2X1 4+ X5 Xo + X3Xy)
+3(X7 X0+ X3 X4 + X3 X3 + X5X1)
+ T(X? X0 X3 + X2X 4 X1 4+ X2 X3X0 + X3X1 X))
+4(X1 X3X3 + XoX2X1 4+ Xu X2 X0 + X3X7 X))
+ 6(X1 X2 X3 + Xo Xy X? 4+ Xy X3X2 + X3X1X3) + 11X Xo X3X 4.

We conclude the article, by mentioning the sculpture and embedding problems for the ana-

logues of norm tori in the Kummer-Artin-Schreier theory.

6.9. Put G = Gal(Q(¢)/Q), and let g be a generator G. Let R be a ring. Then a homomorphism
of multiplicative group gr : (R ®z Z[¢])* — (R ®z Z[¢])* is defined by r ® a — r ® g(a). The
homomorphism gg : (R ®z Z[¢])* — (R ®z Z[(])* is represented by a homomorphism of group
schemes ¢ : HZK]/Z Gzl — HZ[C]/Z G z(]-

Now we decribe the endomorphism ¢ of HZ[C} /z G,z In terms of Hopf algebras. Take an
integer i(g) so that g(¢) = ¢*9). Then the homomorphism

1

. = 2\ X1,X0,...,Xp_
g H Gm’Z[d SpeC [ 1 2> ’ p 1’Np(X17X2"" 7XP*1)

zl()/z

| —

1

G = SpecZ|X1,Xo,... , X)_
H m,Z[(] pec Z[X1, X, y Ap l’Np(Xl,Xg,...,Xp_l)]

Z[¢)/z

is defiend by
Xj — Xi(g)*lj (] = 1,2, e ,p— 1)
Here i(g)~!j stands for the integer [ € {1,2,... ,p — 1} such that i(g)l = j mod p.

Furthermore, for § € Z[G], an endomorphism 6 of HZ[Q] /Z Gyp,zj¢) 1s defined since the group

law of HZ[(] /z Gu,z[¢) is commutative. More explicitly, let

p—2
0= angk € Z|G],
k=0
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and let R be a ring. Then the homorphism of multiplicative groups 0 : (R ®z Z[(])* —
(R®gz Z[(])* is given by

6.10. Now define a morphism of affine schemes

1

. A
g: Q —SpecZXl,Xg,...,X_l, =
H | P pNL (X, X, X )

Z[¢)/z

| —

1
1 +pr(X1, Xz, . ,Xp_l)

H g\ = Spec Z[ X1, Xo, ... , Xp-1,
Z[Q)/zZ

]

Xj '_>Xi(g)*1j (] =1,2,...,p— 1)

Then it is verified without difficulty that g : HZ[C] /z G — HZ[C} /z GW is a homomorphism of

group schemes. Furthermore the diagram

H g™ 7 H G\

zicl 2 i)z
lorer s a® Tlorer n a®
Z[¢)/ 2 z[¢)/z
Il Gnzg —— 11 Gmag

zici 2 zic/z

is commutative.
More generally, for § € Z[G], an endomorphism 6 of HZ[C] /Z GM™ is defined since the group

law of HZ[Q /z g (N is commutative. Furthermore the diagram

I19%» —% I gW

zici/z zici/z
11 a™ I1 a™
Z[¢]/Z Z[¢l/Z
Il Guzig —— ]I Gmag
7i¢1/z 7ici/z

is commutative.

Example 6.11. Assume that p > 2. Put
y:1—|-g—|-..._|_gp_l € Z[G]

and

11 “ngKer[W [T 9%~ II o]

Z[¢)/z Z[¢)/z zZ[¢)/z
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Then we obtain a commutative diagram with exact raws

0 H(l)g(z\) — s 9™ —s T oW

Z[¢]/Z Z[C)/Z Z[¢]/Z
l lHZ[C]/Z ol lHZ[cwaw
(1)
0 — I "Guzg — II Gwzg —— 1l Gmag
Z[¢]/Z Z[¢l/z Z[¢]/Z

The induced homomorphism HZ[C] /z aW Héll[)d /z g — H(Zl[)c] /z Gyn,z[¢) is isomorphic over
Z[1/p].

We have also

(1) .
[T % =SpeczX1, Xa,... , Xp 1]/ (Ny(X1, Xa, ..., Xp1)),
Z()/Z

where the multiplication is defined by

Xim Xio(1-X1—Xo— - Xp )+ (1-X1 - Xo— =X, 1)@ X+ Y X;@Xp,
j+k=i
mod p

(1<i<p-1).

It is worthwhile to remark that HZK]/Z(UQ()‘) is smooth over Z, while HZ[g]/Z(l)Gm,Z[C] is not
smooth at the locus (p).

Proposition 6.12. Assume that p > 2. Then both the sculpture and embedding problems are
affirmative over Z for the embedding I" — HZK]/Z(DQ()‘)

Proof. The embedding problem for I' — HZ[{] /Z(l)g(A) is affirmative since the embedding
problem for I" = [z GW is affirmative.

Now we prove that the sculpture problem for I" — HZ[(} /Z(l)g(/\) is affirmative. Put ¢ =
g — 1 € Z[G]. Then the homomorhism o : [[7/7 G - z2 GO is factorized as

H g()\) H (1 )g 1nclu510n H g

Z[gl/z Z[q)/z zZ[(]/z

since vo = (14+g+---+ g?"2)(1 — g) = 0 in Z[G]. Moreover ¢ induces an automorphism of I’

since 0 = g — 1 : v+ ~9~1 Hence we obtain a commutative diagram

r —— H G’m,Z[C]
Z[¢]/Z

| -
(1)

r —— H Gm,Z[C]
YA/
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and therefore, a commutative diagram

r — u(r)

L |

(1)
r— [ 'Gnaug

z[gl/z

)

combining with the commutative diagram

r —— Ul

H e
r—— I o™
Z[q)/Z

Example 6.13. Assume that p > 2. For each positive divisor d of p — 1 (d # p — 1), put

va=1+g"+ ¢+ + P V7]

Put
ﬂ Ker{yd H Q ) H gW
Cfl\#l; 1) zlg)/z Z[¢)/Z

Then G, ®7Z[1/p] is an algebraic torus over Z[1/p] with character group Z[(,—1] as is remarked
in 5.2.

Theorem 6.14. Assume that p > 2. Then both the sculpture and embedding problems are
affirmative over Z for the embedding I' — Gp.
Proof. The embedding problem for I' — G, is affirmative since the embedding problem for
I'= Tlz)z GW is affirmative.

Now we prove that the sculpture problem for I' — G, is affirmative. Put

= 11 2aly) e z(c)

d|(p— 1)
d#p—1

Then the homomorhism & : HZ[C]/Z g HZK]/Z GW) is factorized as

H g %, G, inclusion H g™

Z[¢)/z Z|¢)/z
since
{ H @d/ }{ H @d/ } =0in Z[G]
d’|(p—1) d'|(p— 1)
dtd’ d'#p—1

for all positive divisor d of p — 1 (d # p — 1). Moreover ¢ induces an automorphism of I.
Indeed, put

- 1

d|(p— 1)
d#p—1
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Then we have in F, [T
F(T) = 11 (T — a).

ang
the order of a #p — 1

Moreover i(g) is a primitive root of F,. Then we have F(i(g)) # 0 in F,. Then &(¢) = ¢F((9) £
1.
Hence we obtain a commutative diagram

r — ] Guazg
zid)/z

| =
I —— G,
and therefore, a commutative diagram
r —— Ul
bl
I — G,

combining with the commutative diagram
r —— U

r—— I o™
ZIq)/z
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