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Nonautonomous differential equations and
Lipschitz evolution operators in Banach spaces

Yoshikazu KOBAYASHI, Naoki TANAKA and Yukino TOMIZAWA

ABSTRACT. A new class of Lipschitz evolution operators is introduced
and a characterization of continuous infinitesimal generators of such
evolution operators is given. It is shown that a continuous mapping A
from a subset Q of [a,b) X X into X, where [a,b) is a real half-open
interval and X is a real Banach space, is the infinitesimal generator of
a Lipschitz evolution operator if and only if it satisfies a sub-tangential
condition, a general type of quasi-dissipative condition with respect to a
metric-like functional and a connectedness condition. An application of
the results to the initial value problem for the quasilinear wave equation
with dissipation is also given.

1. Introduction and Main Theorems

Throughout this paper, R denotes the set of all real numbers.

Let X be a real Banach space with norm || - ||. For a subset @ of
R x X, Q(t) denotes the section of Q) at t € R, that is, Q(t) = {z €
X (t,z) € Q).

Let [a,b) be a subinterval of R and 2 a subset of [a,b) x X such
that —oo < a < b < 0o and Q(t) # 0 for t € [a,b). Let A be a
continuous mapping from 2 to X. Given (7, z) € €2, we consider the
following initial value problem:

/ —
(IVP: 7, 2) { W(t) = A(t,u(t)) for 7 <t<b,
u(r) = 2.
Suppose that the problem (IVP;7,z) has a unique solution u(-) on
[1,0) for every (7,2z) € Q. Defining U(t,7)z = u(t), we have the
following properties from the uniqueness of solutions:

(E1) U(r,7)z = z and U(t,s)U(s,7)z = U(t,7)z for z € Q(7)
and a <7 <s<t<b.
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Set A = {(t,7);a <7 <t < b}. Usually, we have also the following
properties from the continuous dependence of solutions on the initial
data (7,2) €
(E2) Let (t,7) € A, z € Q(7), (tn,7) € A and z, € Q(7,) for
n=12.. If (t,,7/) — (t,7) and z, — z as n — o0,
then Ul(t,, 1)z, — U(t, 7)z as n — oc.

By an evolution operator on €2, we mean a family {U (¢, 7)} ¢ rea of
operators U(t,7) : Q(7) — Q(t) satisfying (E1) and (E2). Such a
family {U(t,7)}@,rea is called a Lipschitz evolution operator on €2,
if the following additional condition is satisfied:

(E3) There exist a number L > 1 and a continuous function
w : [a,b) — [0,00) such that

0607y - Ul < Lo tww)de) e — ol

for x, y € Q(7) and (¢,7) € A.

The main purpose of this paper is to establish the conditions on the
continuous mapping A which are necessary and sufficient to guaran-
tee the existence of the Lipschitz evolution operator associated with
A. The obtained results extend that of Kobayashi and Tanaka in [§]
concerning the autonomous case where A is independent of ¢. In par-
ticular, a type of generalized quasi-dissipativity condition on A with
respect to a metric-like functional is shown to be necessary for the
existence of the Lipschitz evolution operator. Sufficient conditions
on A for the existence of evolution operators have been studied by
many authors and this paper is related with the works of Iwamiya
[4], Kato [5], [6], Kenmochi and Takahashi [7], Lakshmikantham,
Mitchell and Mitchell [10], Martin [11], [12], [13] , Murakami [15],
Pavel and Vrabie [19], Pavel [18] and Carja, Necula and Vrabie [22].
Several types of generalized quasi-dissipativity conditions on A are
introduced and investigated in [15], [12], [10] , [6], [20] and [2]. Such
a kind of generalized quasi-dissipativity conditions was first found by
Okamura [17] as a uniqueness criteria for ordinary differential equa-
tions. See [1] or [24]. Our results extend the most of them. As in [7],
[6] and [4], the domain  is allowed to be genuinely noncylindrical
and the subtangential condition, which was first found by Nagumo
[16], is used to construct approximate solutions to (IVP;7,z). The
advantage of these assumptions is illustrated by an application of the
results to the initial value problems for nonlinear wave equations.

Let J C [a,b) be a subinterval of the form [r,¢] or [r,¢). An
X-valued continuous function v : J — X is called a solution to
(IVP;7, 2) on J, if u(r) = 2, (¢, u(t)) € Q for ¢t € J, u is differentiable
on J and u/(t) = A(t,u(t)) for t € J. A solution to (IVP;T,z2) on
[1,0) is called a global solution.



Nonautonomous differential equations 3

Let d(x, D) denote the distance from x € X to D C X, i.e.,
d(z,D) = inf{||lz — y||; y € D}. We consider the following condi-
tions.

(Q21) A is continuous on €.

(Q2) If (ty,z,) € Q, t, Tt € [a,b) in R and z,, - = in X as
n — oo, then (t,z) € Q.

(Q3) liminfy o hd(z + RA(t, ), Q(t + k) = 0 for (¢, z) € .

(Q4) There exists a functional V' : [a,b) x X x X — [0, 00) satis-
fying the following properties (V'1)—(V4) and a continuous
function w : [a,b) — [0, 00) such that

DV (t,z,y) (At 2), Alt,y)) < w(t)V(t,z,y)

for z,y € Q(t) and ¢ € [a,b). Here, for (t,z,y) € [a,b) X
X x X and (¢,n) € X x X,

1
DV (t,,y)(& ) = lim inf E(V(t + h,x+ hé,y+ hn) — V(t,z,y)),

where the values oo and —oo are not excluded.

(V1) There exists a number L > 0 such that |V (¢, z,y) —
V(t,2,9)] < Lllz — 2| + [ly = gl) for (z,y),(2,9) €
X x X and t € [a,b).

(V2) V(t,z,z) =0 for t € [a,b) and x € Q(t).

(V3) If {t,} is a sequence in [a,b) and {(x,,y,)} is a se-
quence in X x X such that (z,,y,) € Q(t,) x Q(t,) for
n>1,t,—t¢elab) and (z,,y,) — (x,y) € Qt) %
Q(t) as n — oo, then V (¢, z,y) < ligg}f\/(tn, Ty Yn)-

(V4) If {t,} is a sequence in [a,b) and {(z,,y,)} is a se-
quence in X x X such that (z,,y,) € Q(t,) x Q(t,) for
n>1,t,—t€lab)and V(t,, zp,yn) — 0 asn — oo,
then ||z, — yn|| = 0 as n — oc.

(©25) For any (7,2) € Q, there exists a connected component C

of Q such that (7,2) € C' and C(¢t) # () for t € (1,0).

REMARK 1. Condition (V1) with (V2) implies the following:
V(t,2,9)| < Lla—yll for (z,5) € Q) xt) and € [a,b).

The following are our main theorems.

THEOREM 1. Let A be a mapping from Q into X such that
conditions (Q1)—~(Q4) are satisfied. Let C' be a connected component
of Q and set d = sup{t € [a,b); C(t) # 0}. Then the following
assertions hold true:

(i) For (1,z) € C, (IVP;71,2) has a unique solution u(t;T, z)
on [1,d) and the interval [r,d) is the maximal interval of
existence of solution.
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(ii) For z,z € C(7) and t € [1,d),

V(t,u(t; 1, 2),u(t;7,2)) < exp (/:w(e)dé) V(r, 2, 2).

THEOREM 2. Let A be a mapping from Q into X such that (21)
and (Q2) are satisfied. Then there exists a Lipschitz evolution op-
erator {U(t,7)}.rea on Q such that u(t) := U(t,7)z is a global
solution to (IVP;7,z) for any (1,2) € Q if and only if conditions
(Q3)—(Q5) are satisfied, where condition (V4) is replaced by the fol-

lowing condition:
(V4) For anyt € [a,b) and x,y € Q(t), ||z —y|| < V(t, z,y).
Theorem 1 consists of the uniqueness and local existence of so-
lutions to initial value problems (IVP; 7, z) and the global existence
theorem as well as the continuous dependence of solutions on initial
data. They are discussed in Sections 2 and 3 respectively. The proof
of Theorem 2 is given in Section 4. An application of our results to

the initial value problem for quasi-linear wave equations is given in
Section 5.

2. Uniqueness and Local Existence of Solutions

In this section, we construct the solutions to the initial value
problem (IVP;7,z). We assume that conditions (©21)-(Q4). The
following proposition ensures the uniqueness of solutions.

PROPOSITION 1. Let [1,¢) C [a,b) and z; € Q(7) fori = 1,2.
Let u; be solutions to (IVP; 1, z;) on [1,¢), for i = 1,2, respectively.
Then

V(t,ul(t),UQ(t)) < exp(/jw(s)ds)Vﬁ, 21, 22)

for t € [1,¢). In particular, if z1 = 2z, then ui(t) = us(t) for
terc).

PROOF. Set w(t) = V (t,u1(t),us(t)) for t € [r,¢). From (V3)
we see that w is lower semi-continuous on [7,¢). Let ¢t € [1,¢) and
h € (0,c—t). From (V1) it follows that

(Wt +h) —w(t))/h - (V(t 4Ry (f) + hA(, u (8)), us(t) + hA(E, us(t)))

=Vt (),uw(8) ) /b < |V(E+ Ry us(t+R), ua(t + 1))

— V(t+ hyw (8) + BA(E us (1)), us(t) + hA(E us(E)))] /1
< L(Jlur(t + h) — ua(t) — hA(t ua (1)) [1/h

+ [|lug(t + h) — us(t) — RA(t, uz(t))[| /1)
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Taking the inferior limit as h | 0 yields
lim inf(w(t+h)—w(t))/h < DLVt (1), u2()) (A, (1), A, ua(0)).

From (Q4) we have D, w(t) < w(t)w(t), where D, w(t) denotes the
lower right derivative of w(t). Therefore, we see that the function

t— exp(—/ w(s) ds)w(t)

is lower semicontinuous on [7,¢) and D (exp(— f: w(s) ds)w(t)> <

0fort € [r,¢). By [3, Lemma 6.3], we have w(t) < exp <f: w(s)ds)w(T)

for t € [1,¢). Refer to [9] or [21] for the same kind of differential in-
equalities. 0

For each (¢t,2) € R x X and r > 0, we define S, (t,z) = {(s,y) €
Rx X;|s—t <nrly—=x| <r} We need the following lemmas
which are proved in [7] without using condition (£24).

LEMMA 1 ( [7, Lemma 1]). Let (t,x) € Q and n > 0. Let
r > 0 be a number such that |A(s,y) — A(t,z)|| < n for (s,y) €
QN S.(t,z). Let M > 0 be a number such that ||A(s,y)|| < M for
(s,y) € QN S,(t,x). Set hg = min{r,r/M,b—t}. Then

d(z + hA(t, x),Qt +h)) < hng  for h € (0, h).

LEMMA 2 ( [7, Lemma 2]). Let (t,z) € Q and € € (0,1). Let
r > 0 and M > 0 be numbers such that t +r < b and such that
|A(s,y)—A(t,2)|| < e/3 and |A(s,y)|| < M for (s,y) € QNS (¢, x).
Let h € (0,r/(M + 1)]. Let {sr}}_o be a partition of [t,t + h] : t =
Sp < 81 < -+ <8, =t+ h. Then there exists a sequence {yx}r_o of
elements in X such that
(i) yo == and (sk,yx) € Q2 for 0 <k <n;
(i) [|yp — || <K (M +¢e)(sx —t) for0<k<n;
(i) [lye—1 + (sk — k1) A(Sk—1, Yn—1) — Ykl < e(sk — 1) for
1<k <n.

We also need the following lemma.

LEMMA 3. Let (t,x) € Q and e € (0,1). Letr >0 and M >0
be numbers such that t +r < b and ||A(s,y)|| < M for (s,y) €
QN S, (t,x). Let o € (0,7/(M + 1)]. Then the following assertions
hold true:

(1) If a sequence {(s;,y;) 1y in Q satisfies
tl=sp<s<--<8,<t+o, (2.1)
lyio1 + (i = sic1) A(si—1,yi-1) — yill < (s — sim1)

for 1 <1 <mn, where yy =z, (2.2)
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then

lys — yjll < (M +e)(si—s;)  for0<j<i<n,
|A(si, y)|| <M for 0 <i<n.

Moreover, if n > 0 and ||A(s,y) — A(t,x)|| < n for (s,y) €
QN S,.(t,x), then

[z + (sn — D) A(t, ) = ynll < (€ +1)(5n — 1) (2.3)

(ii) Let n > 0 and ||A(s,y) — A(t,z)|| < n for (s,y) € QN
Se(t,z). If a sequence {(si, ;) }2, in Q satisfies
t=sp<s$1< - <8;<---<t+o and lims;,=t+o, (2.4)

1—>00
i1+ (8 — si—1) A(si—1, Y1) — ¥l < e(si — si-1)
fori>1, where yo =z, (2.5)

then § = limy; . y; exists in X, § € Q(t + o) and
|z +oA(t,z) — 9|l < (e +n)o. (2.6)

Proor. To prove (i), let {(s;,y;)}", be a sequence in 2 satisfy-
ing (2.1) and (2.2). We first show inductively that (s;,v;) € S,(¢, )
for 0 <4 < n. It is obvious that (sg,yo) € S,(t,x). Let k be a non-
negative integer such that k& < n and assume that (s;,y;) € S,(t, )
for 0 <i < k. From (2.2) we obtain

i1 — will < (88 — sic1) | A(Si—1, Y1) || + (55 — 8i-1)

for 1 <4 <mn. Since ||A(s;,x;)|| < M for 0 < i < k by assumption,
we have

Ny = yiz1ll < (M +¢€)(s; — si-1)

for 1 <14 < k+1. Summing up this inequality from i = 1to ¢ = k+1,
we find that

lypsr — z|| < (M +&)(spy1 —t) < (M + 1o <.

It is obvious that sg.1 —t < 0 < o(M + 1) < r. These mean that
(Sk+1,Yk+1) € Sp(t,x). Thus, we inductively prove that (s;,y;) €
Sy(t,x) for 0 < i < n.

Since (Sg, yx) € Sy(t,x) for 0 < k < n, we have ||A(sg, yx)|| < M
for 0 <k <mnand ||lyx — yp_1|| < (M +¢&)(s — sx—1) for 1 < k <n.
Therefore, we find that

lyi — ysll < (M +€)(si — s5)

for 0 < j < i < n. To prove (2.3), let n > 0 and assume that
|A(s,y) — A(t, z)|| < n for (s,y) € QN S,(t,x). Since {(s;,y;); 0 <
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i <n} CQNS,.(t,z), we have | A(s;, y;) —A(t, z)|| < nfor0 <i<n.
From (2.2) we see that
[gi-1 + (i = si-1) AL, ) — wil
<Y1 + (5 = sim1) A(Si1, Yim1) — il
+ (s = sim1) (At 2) = Alsi—1, 9i)) |
< e(si — si-1) +n(si — si-1) = (e +n)(si — si-1)
for 1 < ¢ <mn. Hence

|2+ (50 = DA @) = gall <D Ny + (s = si) Alt ) — wil
i=1

< (e+n)(sn—1).
To prove (ii), let {(s,vi)}32, be a sequence in  satisfying (2.4) and
(2.5). From (i) we obtain ||y; —y;|| < (M +¢)(s; —s;) for 0 < j <.
This implies that § = lim;_,, y; exists in X and is in Q(¢t + o) by
(©2). By (i) again, we note that the inequality (2.3) holds for n > 0.
Passing to the limit in (2.3) as n — oo, we obtain

o+ At @) — gl = lim o+ (s — A @) - v
< T (e 4 0)(s, — ) = (e + )
namely, the desired inequality (2.6) is proved. O

The local existence of approximation solutions to (IVP; 7, z2) is
given by the following proposition, which is essentially shown in [7]
and [4]. We give the proof for completeness.

PROPOSITION 2. Let (t,x) € Q and € € (0,1). Let r > 0 and
M > 0 be numbers such that t +r < b and ||A(s,y)|| < M for
(s,y) € QN S.(t,z). Let o € (0,7/(M + 1)|. Then there exists a
sequence {(s;,yi)}52, in Q such that
(it=sp<s1< <8< -<t+oandlim 8 =t+o0;
(ii) s; — 821 < e fori>1;
(iti) [lyim1 + (8i = sim1) A(si—1,9i-1) — will < e(si — si-1)/2 for
1> 1, where yo = x;
(iv) if (s,y) € QN Sar41)(ss—s51)(Sim1, Yi—1), then
A(s,y) — A(si—1,yi1)|| < e/4 fori > 1.

PROOF. Set (sg,y0) = (t,x). Let k be a positive integer and
assume that there exists a sequence {(s;, ;) }*- in © which satisfies
the first half of (i) and (ii)—(iv) for 1 < i < k — 1. We consider a
nonnegative number Ay defined by the supremum of k € [0, ] such
that h <t+ o0 — s,_1 and

[A(s, y) = Alsk—1, )| < €/4 for (s,9) € QO Sparin) (Sk-1, Yr-1)-



8 Yoshikazu KoBAYASHI, Naoki TANAKA and Yukino TOMIZAWA

By the continuity of A, we have hy, > 0. Thus there exists a number
hi € (0,¢] such that hy/2 < by <t+ 0 — sp_1 and

[A(s,y) — A(sk—1, yr—1)|| < /4 for (s,y) € QN S, (Sk-1,Yr-1),
(2.7)

where r, = hi(M +1). Set s = s_1 + hy. Then s < sp <t+o
and conditions (i) and (iv) with ¢ = k are satisfied. By Lemma 3,
|A(si, y:)|| < M for 0 <i <k — 1. The inequality (2.7) implies that
|A(s,y)|| < M +¢/4 for (s,y) € QN S,, (Sk—1,Yr—1). Hence, Lemma
1, with (¢,x),r, M and n replaced by (Sg_1,Yk—1),7k, M + /4 and
/4 respectively, implies that

d(Yr—1 + hA(se—1, yr—1), Qsx)) < ehy/4.

Thus there exists an element y;, € Q(sy) satistying (iii) with ¢ = k.

We shall show that lim;_,,, s; = t + 0. Assume to the contrary
that § = lim; ,. s; <t + 0. By Lemma 3 (i) we obtain |ly; — y;|| <
(M +¢/2)(s; — s;) for 0 < j <1i. Hence, lim;_,, y; exists in X, and
we denote its limit by g. Since (8,9) = lim;_,o(8;,¥;) in R x X and
(si,y;) € Q for i > 1, we have (5,9) € Q by (£22). The continuity of
A enables us to choose 1 € (0,¢] such that

n<t+o—5 and |A(s,y)— A(S,79)] <e/8 for (s,y) € QN S:3,7),
where 7 = 2(M + 1)n. Choose an integer iy > 1 so that § —s;_ 1 <7
and ||g — yi_1|| < (M 4 1)n for i > iy. Then, for i > ig and (s,y) €
S(M+1)77(3i—1a yi—l)a we have
s =8| <|s—sia| +]sics =8| < (M +1)n+n < 2(M + 1)n,
ly =9l < [ly — yiall + [lyier — 9l < 2(M + 1)n.

Hence S(ar41)y(si—1,¥i—1) C S#(8,9) for ¢ > ig. By the choice of 7,
we see that if 7 > 17, then

1A(s, y) = A(siv, yia) | < | AGs, ) — A 9)[| + 1A, 9) — Alsir, wia)|
<e/8+¢/8=¢/4

for (s,y) € QN Sar41)n(Si—1,Yi—1). Since n <t + o0 —s;-q for i > 1,
the definition of h; implies that n < h; < 2h; = 2(s;—s;—1) for i > ig
and the right-hand side tends to zero as ¢ — oco. This contradicts
the fact that n is positive. O

In what follows, we write @([a,b]) = SUp,c (5.5 w(s) for [a,b] C
[a,b). To prove the convergence of the approximate solutions, we

need the following Propositions, which are the refinements of the
results in [11], [10], [6] and [8].
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PROPOSITION 3. Lett € [a,b), (z,2) € Qt) x Qt) and 0,7 €
(0,1). Letr >0 and M > 0 be numbers such that t +r < b,

|A(s, 2)|| < M and ||A(s,z) — A(t,z)|| < n/4  for (s,z) € QNS (¢,
JAGs 2) < M and | A(s,2) — A, D) <2f4 for (5,2) € QN St

Let o € (0,r/(M 4+ 1)]. Then there exists a pair (y,7) € Q(t + o) X
Q(t + o) such that

|+ oAt z) —yll <7 (2.8)
|+ cA(t,z) — gl <7 (2.9)
V(t+0,y,9) <exp(ow([t,t +0])) (V(t,z ) + L(n+1)o). (2.10)

PROOF. We shall show that there exist two sequences {(s;, z;) } 32
and {(s;, %) }320 in § such that

l=5p<s8<:--<s;<---<t+o and lims;=1t+o,

j—00
(2.11)
1zj—1 + (85 = 85-1) A(sj-1, 2j-1) — 2]l < 3n(s; —5-1)/4
for j > 1, where zy = z, (2.12)
121+ (55 = 8j-1) Alsj—1, Zj-1) — &5 < 37)(s; — s5-1)/4
for j > 1, where 2y = z, (2.13)

V(85,25 25) = V(sj-1,2-1,2j-1)) /(85 — 8j-1)
< w(sj—1)V(sj-1,2j-1,2-1) + L(n+n) for j > 1. (2.14)

Set (s0, 20, 20) = (t, z, %) and assume that sequences {(s;, z])} and

{(s5,2)}—p in Q with ¢ > 1 satisfy the first half of (2.11) and (2.12)-
(2.14) for 1 < j < i —1. Then we need to show that there exist
si € R, z; € Qs;) and 2; € Q(s;) such that 5,1 < s; <t + o and
(2.12)~(2.14) with j = i are satisfied. Let h; denote the supremum
of all h > 0 such that h <t+ o0 — s;_; and

V(si—1 4+ h, zim1 + hA(Si—1, 2i—1), Zim1 + hA(Si-1, Zi—1))

— V(si—1, 2i-1, Zi1) < h(w(si-1)V (si-1, zi-1, 2i-1) + (n + ) L/4).
Since h; > 0 by (94), there exists a number h; > 0 such that h;/2 <
h; <t+o0— s;_1 and

V(si1+ h,zio1 + hA(si—1,2i1), 2io1 + RA(si-1, 2i-1))

—V(sic1, 2ie1, Zim1) < h(w(sim1)V(siz1, 21, Zim1) + (n 4+ 1) L/4).
(2.15)

Set s; = s;_1 + h;. It is obvious that s,_1 < s; < t + 0. To prove
that Srs1yn,(si—1, zi1) C Sr(t,x), we note by Lemma 3 (i) with

),
2.
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e = 3n/4 that
i — all < (M + 3n/4) (51— £) < (M + 1) (5,1 — 1),
If (s,2) € Stms1)n, (Si-1, zi—1), then
|s —t] <|s—si—1| + |sic1 — ] < (M + 1)(h; + ;-1 — 1)
=(M+1)(s;—t) < (M+1)o <r
and
|z —z|| <z — zical| + ||zics — || < (M + 1) (h; + si-1 — t) < 1.

This means that Siri1ys,(Si—1, 2zi1) C Sy(t,2). By assumption, we
have

JA(s,2)| <M and  [[A(s,2) = Ao <nfd (216)
for (s,2) € QN Sy, (Si—1,2i—1). From the second inequality of

(2.16), we see that if (s,lz) € QN Srs1)h (Si-1, 2i—1), then
[A(s, 2) = Alsi-1, zioa) | < [|A(s, 2) = At 2) || + [[Asioa, zia) — AL 2)
<n/d+n/d=n/2.
Hence, by Lemma 1 with r = (M + 1)h;, (t,x) = (si—1, 2;—1) and
h = h;, we find that
d(Zi_l + hiA(Si_l, Zz’—l)u Q(SZ)) S hZT]/2 == 7](81 — Si_l)/Q.
This implies that there exists z; € (s;) such that (2.12) holds true
for j = 4. Similarly, we can show that there exists 2; € €(s;) satis-
fying (2.13) with j = i.
By (V1) we obtain (2.14) with 7 = ¢ by the inequality (2.15)
combined with (2.12) and (2.13) with j = i. Indeed, we have
(V(5i7 Zi fz) - V<Si717 Zi—1, éifl))/hi
= (V(Sz‘, Zi ZAZ) - V(Sm Zi—1+ hiA(Si—la Zz‘—l), Zio1+ hz‘A(Sz‘—la éi—l)))/hi
+ (V(Si; Zic1 + hiA(si—1, 2i1), Zie1 + hiA(si—1, 2i1))
- V(Si—h Zi—1, ﬁi—l))/hi
< L(|lzi = (zic1 + hiA(siz1, zioa)) || + 1120 — (Zica + hiA(sic1, Zio1))[]) [
+w(si-1)V(si—1; zi-1, Zim1) + (n + 1) L/4
<3+ n)L/4+w(si1)V(si-1, zi-1, Zim1) + (n + 1) L/4
< w(si-1)V(si1, i1, Zim1) + L(n + 7).
It remains to prove the second half of (2.11). Assume to the contrary

that s = lim; ,o0 $; < t 4+ 0. Lemma 3 (i) asserts that {z;} and
{%;} are Cauchy sequences in X, since

limsup ||z; — z;|| < limsup(M + 3n/4)(s; —s;) =0,

%,]—>00 1,]—>00

limsup [|Z; — 2| < limsup(M + 37/4)(s; — s;) = 0.

%,J—00 1,J—>00
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This implies that 2z, = lim;_, z; and Z = lim;_, 2; exist in X
and are in Q(s) by (€22). By (£24), we choose a number h > 0 so
that h <t+ 0 — s and

{V (800 + Iy 2oo + hA(Soo; 200)s 2o + A (Sooy 200)) — V(Soos Zoos 200) }/
< W(S00)V (Soos 2o0s 200) + (M + 1) L/8. (2.17)

Let 7j = Soo + h —s;j_; for j > 1. Then we have r; <t+4o0 —s;_; for

j>1land r; = has j — oo. Since h; < 2h; = 2(s; — s;_1) — 0 as

~

J — 00, there exists an integer jo > 1 such that h; < r; for j > jo.
By the definition of h;, we have

{V(sjmr 415250 +1A(85-1,2-1), 21 +75A(85-1, 1))

= V(sj-1,2j-1,2-1)} /1 > wlsj-1)V(sj-1, 21, Z-1) + (n + 7)) L/4
for j > jo. Since sj_1 — S0, Zj—1 —F Zoo, Zj—1 —* Zoc and r; — h as
j — oo and s;_1 +71; = S0 + h for 7 > 1, from (V1) and (V3) we
obtain
{V (800 + Iy 2oo + hA(So0, 20)s 2o + BA(So0y 200)) — V(Soos Zoos 200) }/

> W(800)V (So0s 200y Zoo) + (1 + 1) L /4,

which contradicts to (2.17).

We now turn to the proof of the existence of pair (y, ) € (t) x
Q(t) satisfying (2.8)—(2.10). We apply Lemma 3 (ii) to show that
y = lim;_, z; and g = lim;_, Z; exist in X and are in Q(t+ o) and
that they satisfy (2.8) and (2.9), that is,

o+ oAt 2) ~ 3]l < (3n/4-+ 0/4)o < o

12+ 0 A(t, 2) — gl < (37/4+1/4)0 < fjo.
We note here that 1+ ¢ < e’ for ¢ > 0. We deduce from (2.14) that
V(sj, 25, 25) < exp(hw([t, ¢ + 0])) (V(8j-1, 2j-1, Zj-1) + hyL(n + 1))
for 7 > 1. Hence, we inductively show that
V(85025 5) < exp((sy — D@0+ o) (V(E2.8) + Lo+ i), — 1)
for j > 0. Thus we obtain (2.10) by letting j — oc. O

PROPOSITION 4. Let (1,2) € Q and \,u € (0,1/2). Let R > 0
and M > 0 be numbers such that T+ R < b and ||A(s,y)|| < M for

(5,y) € QNSg(r,2). Leto € (0, R} (M+1)]. For eachz € {\, u}, let
{(t5,25)}32, be a sequence in Q satisfying the following conditions:
() r=th<ti< - <ti< - <rt+o ond limet=
T+ 0,
(i) 212 <= fori>1;
() a5, + (1 — ) AUE_yvai_y) —af]l < ot —t5.)/2 for
t > 1, where zj = z;
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(iv) i (5,5) € QN Sarsnyir—is_)(Ey,a,), then
[A(s, y) — Aty 25l < e/4 fori> 1.
Let {s}32, be a sequence such that sy < sp+1 for k>0 and
{sk; k=0,1,2,.. 3 ={t};i=0,1,2,.. yu{t); j=0,1,2,...}.

Then there exists a sequence {(z, 24 ) 32, in X x X such that (2}, z') €
Q(s) x Q(sg) for each k > 0 and the following three properties are
satisfied:

(a) Zfsk_tw thenzk—m Zfsk:t“ thenzk_x
(b) for each e = X\, u, we have

k
D1 (55 = s5m) Ao, 2-) = 5]
J=q
Selsi—se)H3e DD (1)

for1<q<kandk>1;

(c) fork >0,
V(sp, 2, 24) < exp((s, — 7)w([7, sx])) {2LA + 1) (s — 7) + m(A, 1) },
where
o =3L(h Y @ -t)+a Y @ -t
t2e{s1,....51} the{s1,....s1}

PROOF. Set z; = z for each ¢ = A, . Assume that sequences
{(sk, 20) 1zl and {(sk, )}ty in ©Q with [ > 1 satisfy properties
(a)—(c) for 0 < k <1 —1. Let i and j be positive integers such
that ¢}, < s <t} and ¢/, < s, < 1%, respectively. By Lemma 3
(i) with € = \/2 we obtain ||z} | — z|| < (M + \/2)(t}, — 7). If
(s,y) € S(M+1)(tLt.* )(@—17-’/5?—1% then we get

s = 7] < Js =t [ty — 7] < (M +1)(t7 — ) + (L, — 7)
<(M+1)o<R
and
ly = 2l < lly — @l + l2iy — 2|
<M+ =)+ (M +X1/2)(t} —7) < (M +1)o < R.

Hence S(741)2 0 y(t2 1, 27,) C Sr(7, 2). This implies that

7—1

[A(s,y)| < M for (s,y) € QN S(M+1)(tf‘—tf‘_l)<tf\—17x?—l)' (2.18)
We shall show that for each ¢ = A, p,

[A(s,y)| <M and  |JA(s,y) — A(si-1, 274)[ < /2 (2.19)
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for (s,y) € QN St1)(s,—s_1)(S1-1, 27_1). By the definition of {s;}
we observe that

< siq<s <t th <sia < s <t
tl’-\_lzspforsomeOSpSl—l, and t’-’“_lzsqforsome()gqgl—l.

By the hypothesis (a) of induction, we have z)‘ =z} , and =l

If 0 <p< -1, then the set {s,1,.. 31,1} contains no pomts .
By the hypothesis (b) of induction, we have
221+ (6 — k1) Alsk-1, 201) — 2l < 2A(sk — s51)  (2.20)
fork=p+1,...,0—1. By (2. 18) and (2.20), we use Lemma 3 (i)
with (t,x) = (8, 27,) = (sp,z ),e =2 and r = (M+1)(t} —t} ;)
to obtain ||z — 2| < (M—|—2/\)(sl 1—5p). This is valid for p = [—1.
If (s,y) € Stm+1)(s1—s1_ 1) (S1-1, 211 ), then we get
s — 752\—1| <ls— s +[sim1 — ti—1|
< (M +1)(s10 = s101) + (s101 = t2g) < (M 1)1 = 1y),
ly — 24l < lly — 2l + lley — 22l
< (M +1)(s1 = s1-1) + (M +20) (s121 = 5,) < (M + 1) (8 —t1y).
This means that
S(M+1)(SL—8171)<3171731)\71) - S(M+1)(tjftl{1)(t?f1a37?71)- (2.21)

Thus, the claim (2.19) with € = X follows from (2.18) and condition
(iv). Indeed,

IA(s,y) — A(sic1, 200 |
< ||A(37 y) - A(tz{\—hx?—l)n + ||A(t?_1,xf‘_1) - A<Sl—17 Zl>\—1>||
<ANA+A/4=)/2

for (s,y) € QN Srs1)(s,—s_1) (51— 1,2 ,). We apply the above argu-
ment again, with p and i replaced by ¢ and j, to show that (2.19)
holds true for € = p.

By virtue of (2.19), we deduce from Proposition 3 with ¢ = s;_,
(z,2) = (21,2 ), n =2\ 1 =2uand r = (M + 1)(s; — 5_1) that
there exists a pair (y;',v)") € Qsi—1 + (51 — s1-1)) X Q(s1-1 + (51 —
si-1)) = Q(s;) x Q(s;) satistying

271 + (st = sim1) A(sim1, 2-1) — Y | < 2e(si — s1-1)  for e = A, p,
(2.22)
Vis,yyl) < exp((sl — s1-1)w([s1-1, 31]))

X (V(sim1, 201, 20) + 2L+ p) (s1 = s1-1)).-
(2.23)
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We define (27, 2") € Q(s;) x Q(s;) by

A A o p
ALY for s; < 17, and o= LY for s; < {7,
! z for s = £ ! ff for s; = Y.

If s; = ¢, then by condition (iii) we have
7y + (50— o) A, 2y) — 20 < (s — 62 A/2,

while in view of (2.18) and (iv) we find, by applying Lemma 3 (i),
with e = 2)‘7 n= )\/47 r= (M—i_l)(tz)\_tz)\fl) and (tv LC) = (ti\fla xz?\fl)v
0 (2.20) and (2.22), that

oy + (st = DA L 2fon) = 9l < @A+ A4 (s — 1),
These inequalities together yield

||Zl/\ - yf\|| < ||$§\—1 + (81— t?—l)A(ti\ 1’$?—1) - yf\||
F e+ (s = ARG 2y) — 2|
(9441251 —t2) <BAD (8 —t),).  (2.24)

t)‘—sl

Similarly, we get

lof =l < 3 30 (85—t (2:25)

tl‘«f

Combining (2.24) and (2.25) with (2.22), and adding the resulting
inequality to the inequality (b) with k& = [ — 1, we conclude that the
desired property (b) holds true for k = [.

Finally, we show that (c) is true for £ = [. Using (2.24), (2.25)
and (V1) we have

Vs, 20, 2) = Vst )l < LIl = w'll + 121 = vl

§3L(A2(t3—ﬂ *MZ (th — )

A H_g
tr=si t
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Combining this and (2.23), we obtain

V(sl,z?,z{“t)gV(sl,y?,y;‘)+3L(AZ(t?—vtA +uZ (t =t )

A H_g
tr=si t

< exp((s: = si-)@([si-1, 51)) (V (5121, 2205 215 ) + 2L(A + M)(Sl — 51-1))

+3L()\Z (B =t +p > (=t )

) =s t“:sl

< exp((st — 1)@ ([, s1])) LA+ ) (s = 7) + m-1(A, 1))

+3L()\Z (=8 +p > (=t )

t)=s t“:sl

< exp((st — 7@ (17, 1)) (2L + 1) (51 = 7) + (A, ).
This means that (c) is true for & = [, and the proof is completed. O

The following is a local existence theorem of solutions to (IVP; 7, 2).

THEOREM 3. Let (1,2) € Q. Let R > 0 and M > 0 be numbers
such that 7+ R < b and ||A(s,y)|| < M for (s,y) € QN Sg(r,2).
Let o € (0, R/(M +1)]. Then there ezists a solution u to (IVP; 1, z)
on [1,7 + o] such that

|lu(t) —u(s)|| < M|t —s| fort,s€[r,7+ ol

PrROOF. Let ¢ € (0,1/2). Then, by Proposition 2, there exists
a sequence {(t5,25)}2, in §2 satlsfylng (i)—(iv) of Proposition 4. Let
u® @ [1,7 4+ 0) — X be the function defined by u®(t) = x5 for t €
[t5,t5,,) and @ > 0. We want to prove that the family {u®} converges
in X uniformly on [r,7+0) as € | 0.

Let A, pp € (0,1/2) and let {s;}2, be a sequence defined as in
Proposition 4. Then there exists a sequence {(z7, &)} in X x X sat-
isfying (27, 24) € Q(sk) x Q(sg) for k > 0 and (a)—(c) of Proposition
4. We first prove that

sup|[zp — 28| = 0 as A\, 0. (2.26)
k>0

Assume to the contrary that there exist g > 0, two null sequences
{A\} and {u,} of positive numbers, and a sequence {k,} of nonneg-
ative integers such that

||z2‘: — 2" || >0 forn >1. (2.27)
Since the sequence {sy, } is bounded as n — oo, it has a convergent

subsequence {sy,, }. Since (z,;\nl “"l) € Qsk,,) x Qs,,) for I > 1,
and since

V(sknl,z,i‘nl “’”) < 5Lexp(cw([T, 7+ ]))(An, + tin, )0 forl>1
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by Proposition 4 (c), we deduce from condition (V'4) that lim;_, || Z;‘:lz —
M"l H = 0. This is a contradiction to (2.27).

Lett e [7,74+0). Let k > 1 be an integer such that t € [sg_1, s1).
Let i and j be positive integers such that ¢} | < sp_1 < s, < 2 and
t;‘_l < spo1 < 8 < t;‘ , respectively. Then we have, in a similar way
to the derivation of (2.21), ||zp_; — 2} || < (M + 1)(t} — ;) and
121 — @ || < (M + 1)(t] —tf_,). Since

Il (#) — (O < Ny — 2ol + llzeey — 21l + 2y — 2|

< (M A+ 1A+ p) + 2oy — 2l

we observe from (2.26) that the family {u®(¢)} is uniformly Cauchy
on [7,7+ o). By Lemma 3 (i) we obtain

|us(t) —u(s)|| < (M +¢/2)(Jt —s|+2¢) fort,s€[r,7+0)
and € € (0,1/2). These facts imply that there exists a continuous
function u defined on [7, 7+ 0] such that supe(, 10 [[u*(t) —u(t)|| —
0 as e | 0. It is clear that u(7) = z and ||u(t) — u(s)|| < M|t — s| for
t,s € [1,7 +c]. Let 7° : [1,7 + o) — R be the function defined by
T5(t) =t fort € [t5,t;) and ¢ > 0. Then 7 < 75(¢) <t < 7+0 and
hﬁ)l 75(t) =t for t € [r,7 4+ ). From Proposition 4 (iii) we deduce
g

that

w5) =) = [ A7)0 ds

<e(t;—71)/2<e0/2
(2.28)

for i« > 0. Since (7°(¢),u°(t)) € Q and |[A(7°(¢), v (t))|| < M for
t € [r,740) and since (75(t),u®(t)) — (¢, u(t)), we have (t,u(t)) €
and A(7e(t),u°(t)) — A(t,u(t)) for t [T T+o0)ase 0, by (Q )
and (Q1) respectively. From (2.28) we obtaln

u(t) — u(0) = / A(s,u(s))ds

for t € [1,7+ o). Since t — A(t,u(t)) is continuous on [7,7 + o], u
is a solution to (IVP;7, 2) on |7, 7 + o]. Since the uniqueness follows
from Proposition 1, the proof is completed. 0

3. Global Existence of Solutions

In this section we investigate the intervals where the solutions
o (IVP; 7, 2) exist under assumptions (21)—(224). We follow the
arguments in [4], [6] and [7].

PROPOSITION 5. Let (7,z) € Q. Then there exists ¢y € (T,b)
such that for any c € (T, ¢y), the following properties are satisfied:

(i) (IVP; 7, 2) has a solution uw on [r,c|.
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(ii) For any € > 0, there exists a number r € (0,¢ — 7) which
satisfies the following:
(a) (IVP;t,x) has a solution v on [t,c] for any (t,x) €
QNS,.(r,2),
(b) if (t,x),(t,2) € QN S,.(7,2), v and O are solutions to
(IVP;t,x) on [t,c] and (IVP;t,2) on [t,c] respectively,
then V (s,v(s),9(s)) <& for s € [t,c] N[t .

PRrROOF. Let R > 0 and M > 0 be numbers such that 74+ R < b
and ||A(t,z)|]] < M for (t,x) € QN Sg(7,2), and set ¢g = T +
R/(M + 1). We shall show that for any number ¢ € (7,¢), the
desired properties are satisfied. The first property (i) follows from

Theorem 3.
We shall show that such a number ¢ has the second property

(ii). Let ¢ > 0. We take § > 0 so that exp(/ w(@)d@)é < ¢ for

any s € [a,c]. Next, we choose r > 0 so small that 7 +r < ¢ <
T+ (R—7r)/(M+1)—rand

2L(M + 1)r < exp </Sw(6)d9)(5 (3.1)

for s € [r—r,7+7r]NJa,b). To prove (a), let (t,x) € QN S, (T, z). Set
r=R-—r. Since r+r <c<17+R/(M+1) <7+ R, we have 7 > 0.
Moreover, we have t + 7 = (t —7)+ 7+ 7 <r+7+7 =7+ R <b.
For (s,y) € Si(t,x), we have

|s—7|<|s—t|+|t—7|<F+r=R
and
ly =2l <lly ==l + [z =zl <7 +r=R.

Thus S;(t,x) C Sg(7,2). Since ||A(s,y)|| < M for (s,y) € QN
Si(t,z) and t+7 < b, (IVP; ¢, x) has a solution v on [t,t+7/(M +1)]
by Theorem 3. Since t +7/(M +1) >7—r+ (R—1r)/(M +1) > ¢,
we certainly infer that v is defined on [¢, c|.
To prove (b), let © be a solution to (IVP; %, %) on [£, ] with (£, %) €
QN S,.(7,2). Assume that ¢ < ¢ without loss of generality. Then
[6(t) —v(@)I] = 1o(8) — 2| < [lo(t) — &l + || — 2l + ||z — =]
< |o(t) — o(8)|| +2r < M(t — 1) +2r
=M((t—71)+ (1 —1) +2r <2(M + 1)r.

By Remark 1 and (3.1), we have

V(t,0(t),8(t)) < 2L(M + 1)r < exp(/tw(e)cM) 5.
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Thus, by Proposition 1, we obtain

V(s,0(s), 8(s)) < exp (/:ww)de)v(t,v(t),@(t)) < exp(/jw(Q)d@)é <c

for s € [t, c|. O

Let (1,2z) € Q and let u be a solution to (IVP;7,z) which is
noncontinuable to the right. We denote its final time by T(,z). It
is clear that 7 < T'(7,z) < b and u is a solution to (IVP;7,2) on
[7,T(7,z)). Since (IVP; 7, z) has a unique solution, T'(7, z) € (7,b] is
well-defined for every (7, z) € Q. We consider T" as a function from
the metric space 2 into the extended real line R U {oo} endowed
with the usual topology.

PROPOSITION 6. Let (7,z) € Q and let d be a number such that
T <d < T(r,z). Then there exists a number r > 0 with T +1r < b
such that T'(t,z) > d for any (t,z) € QN S,(1, 2).

PROOF. Let (7,z) € Q and let d be a number such that 7 <
d < T(r,z). Let u be a solution to (IVP;7,z) on [r,d]. Since the
set {(s,u(s));s € [r,d]} is compact in © and A is continuous on
Q, there exists a number M > 0 such that |[A(s,u(s))|| < M for
s € [r,d].

We first prove that there exists a number R > 0 such that
|A(s,z)|| < M forany s € [r,d] and z € Q(s) satisfying V (s, z, u(s)) <
R. Assume to the contrary that for any n > 1 there exist s, € [, d]
and z,, € Q(s,) such that V(s,, 2y, u(s,)) < 1/n and [|A(s,, z,)| >
M. Since the sequence {s,} is bounded, there exists a convergent
subsequence {s,,} converging to some number s € [r,d|. Since
V (Sngs Tny» u(Sn,,)) — 0 as k — oo, we have ||z, — u(sn,)|| — 0
as k — oo by (V4). Since u(s,,) — u(s) as k — oo, we have
(Sngs Tny,) = (s,u(s)) as k — co. Thus, by (Q1), we have ||A(s, u(s))|| >
M. This contradicts to the definition of M.

By Proposition 5, we can choose a number ¢ such that 7 < ¢ < d
and properties (i) and (ii) in Proposition 5 are satisfied for (7, z). Let

e > 0 be a number such that €exp (/ w(G)d@) < R for s € [e,d],

c

and then choose r > 0 so that 7 + r < ¢ and Proposition 5 (ii) is
satisfied for the number €. Let (¢,x) € QNS (7, z). We want to show
that d < T'(t,z). To this end, assume to the contrary that 7'(t,z) <
d and let v be a noncontinuable solution to (IVP;¢,z). Note by
Proposition 5 (i) that [t,¢] C [t,T(t,z)) and V(c,v(c),u(c)) < e.
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By Proposition 1, we have
V(s,v(s),u(s)) < V(c,v(c),ulc)) exp(/jw(@)d@)
< gexp</sw(0)d9> <R

for s € [c, T (t,x)). From the fact proved first, we observe that
|A(s,v(s))|| < M for s € [¢,T(t,z)). Thus |Jv(t) —v(s)|| < M|t —s|
for t,s € [c, T(t, x)) Therefore, w = limgr) v(s) exists in X and
(T(t,x),w) € Q by (Q2). In view of Theorem 3, this contradicts
the fact that v is noncontinuable to the right of T'(¢,x). Hence
T(t,x) > d. O

PROPOSITION 7. Let (1,2z) € Q and let {(Tn, 2n) }n>1 be a se-
quence in ) converging to (1,z) as n — oo. Forn > 1, let u,
be a noncontinuable solution to (IVP;T,,z,), and let u be a non-
continuable solution to (IVP;7,z). Assume that d € (7,b) satisfies
d < T (T, z,) for n > 1. Then the following assertions hold:

(i) d <T(7,2).
(ii) For any o € (7,d), the sequence {u,} converges to u uni-
formly on [o,d] as n — oco.

PROOF. Let ¢ € (1,d) be a number with the properties (i) and
(ii) in Proposition 5, and let 7 < ¢ < ¢. We may assume that
T <0 <c<d<T(ry,z,) for n > 1, because lim,,_,o, 7, = 7 < d.
Let ¢ > 0. Let r € (0,¢ — 7) be a number with the property (ii) in
Proposition 5 for the number e. Since (7, 2,) — (7,2) as n — oo,
there exists an integer nyg > 1 such that (7,,z2,) € QN S.(7,z) for
n > ng. By Proposition 5 (ii-b) we observe that if n,m > ng, then
V (8, unm(s), un(s)) < e for s € [o,c] and

V (1t um(t), un(t)) < exp(/ w(@)d@)V(c, U (€), un(c))
< eexp((d — )w([e, d)))

for t € [¢,d]. By (V4), the sequence {u,} is uniformly Cauchy on
[0,d]. Define u(t) = lim, o u,(t) for t € [o,d]. Then we observe
that 4/(t) = A(t,u(t)) for t € [0,d]. By Proposition 5, we observe
that if n > ng, then V(s,un(s),u(s)) < € for s € [o,¢]. Thus,
we have u(0) = lim, o uy(0) = u(o). Hence @ is a solution to
(IVP; o, u(a)) on [o,d]. Note that u is a solution to (IVP; T, z) on
[1,0]. Since the function v : [1,d] — X defined by v(t) = u(t) for
t € [r,0] and v(t) = a(t) for ¢ € [0,d] is a solution to (IVP;, z)
on [1,d], we have T(7,2z) > d. Since v(t) = u(t) for t € [r,d]
by uniqueness, we observe that the sequence {u,} converges to u
uniformly on [0, d] as n — oc. O
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PRrROPOSITION 8. T is a continuous function from € into R U
{oo}.

PROOF. Let (7,2) € Q and let {(t,,z,)}n>1 be a sequence in
converging to (7,2). Let 7 < d < T(7,z). Since lim, oo (tn, z,) =
(1,2), we deduce from Proposition 6 that d < T'(t,,z,) for suffi-
ciently large integers n. Thus d < liminf, ., T(t,,z,). Since d is
arbitrary, we obtain 7'(7, z) < liminf,, . T(t,, z,). Note that

T<T(r,2) < lini)infT(tn, z,) < limsup T(t,, x,),
n—0o0 n—oo
and let d satisfy 7 < d < limsup,_,. T(t,,%,). Then there ex-
ists a subsequence {(t,,,%n, )} i>1 of {(tn,2n)}n>1 such that d <
T(ty,,Ty,) for k> 1. Since (t,,,xn,) — (7,2) as k — oo, it follows
from Proposition 7 that d < T'(r,z). Since d is arbitrary chosen,
we conclude that limsup,, . T (t,, z,) < T(7,z). Hence, we obtain
limy, o0 T(tn, ) = T(1, 2). O

A global existence theorem is given as follows.

THEOREM 4. Let C' be a connected component of 0 and set
d = sup{t € [a,b); C(t) # 0}. Then for each (1,z) € C,(IVP; 1, 2)
has a unique solution on [r,d) and the interval [T,d) is the maximal
interval of existence of solution. In particular, if ) is connected,
then for (1,z) € Q, (IVP; 7, 2) has a unique solution on [T,b).

ProoF. We shall show that T : Q@ — R U {oo} takes the con-
stant value d on C. To prove that T(C) is a singleton set, let
¢, c € T(C) = {T(t,x); (t,x) € C}. Without loss of generality,
we assume that ¢ < ¢, and set

Ci={(t,x) e C; T(t,x) <c} and Cy={(t,x) e C;T(t,z)> c}.

If C = (4, then ¢ < ¢, and so T(C) is a singleton set {c}. To
prove that C' = C}, we have only to prove that Co = () because C
and Cy are disjoint. To this end, assume to the contrary that Cs is
nonempty. Since T is continuous on C' by Proposition 8, Cs is an
open subset of C. Let {(t,, x,)}n>1 be a sequence in Cy converging
to (t,z) € C. By the definition of Cy, we have ¢ < T(t,,z,) for
n > 1. Proposition 7 asserts that ¢ < T'(¢,z). This implies that C
is a closed subset of C'. It follows that C' = C U Cy, and C; and Cy
are disjoint, nonempty and open in C'. This is impossible because C'
is connected, and so we conclude that Cy = ().

Since T'(C) is a singleton set, we can write T'(C) = {c} for some
¢ € RU{oo}. Since t < T(t,z) = c for (t,x) € C, we obtain
d = sup{t; C(t) # 0} < c¢. On the other hand, let s < ¢. Note
that ¢ = T'(t,z) for some (¢t,z) € C. If t < s then a noncontinuable
solution u to (IVP; ¢, x) satisfies (s, u(s)) € C, and so C(s) # (). This
implies that s < d. If s <t then s <t < d because C(t) # (). Since



Nonautonomous differential equations 21

s is arbitrarily chosen such that s < ¢, we have ¢ < d. Consequently,
we get T'(C) = {d}. O

Theorem 1 is a consequence of Proposition 1 and Theorems 3
and 4.

4. Proof of Theorem 2

Proof of the necessity part. Let (7,z) € Q and u(t) =
U(t,7)z for t € [1,b). Let C be a connected component of Q2 such
that (7,2) € C. Since {(t,u(t));t € [r,b)} is a connected set in €2
containing (7, z), we have (¢, u(t)) € C for t € [1,b) by the maximal-
ity of C; hence C(t) # 0 for t € [1,b). This means that (25) holds
true. Since u(1 + h) € Q(7 + h) for h € (0,0 — 7), we have
htd(z + hA(T, 2), Q7 + h)) < Y2+ hA(T, 2) — u(r + h)||

= | A(r,u(r)) = h™ (u(7 + h) — u(7))]
= [ A(T,u(r)) —u/(7)] = 0
as h | 0. Thus, (£23) also holds true. It remains to show that (4)
holds true. We set

Vit ) = sup {exp (= [ wt0)@0) |0G0.1)2 - Vo) }
c€[t,b) t
for t € [a,b) and x, y € Q(t). From (E1) and (E3) we see that
lx —yl| < Vo(t,z,y) < L||xz —y|| fort € [a,b) and x,y € Q(t).
(4.1)
For any z, y € X, t € [a,b) and 2/, ¢ € Q(t), we have
Vo(t, 2’ y') = L[l — 2| + lly = o/'ll)
< Llle" =yl = Lz =2 + ly = ¢ll) < Lllz =yl
Thus, we can define V : [a,b) x X x X — [0,00) by
Vo= s {max(0, Volt,a') — Ll =2 +lly = y'l)) }
(2, y")eQ(t) x Q1)
for (t,z,y) € [a,b) x X x X. Since
Vo(t, =", y") < Volt, o', z) + Vo(t, z,y) + Vo(t,y, ¢/)
<Vo(t,z,y) + L (e =2l + [ly = ')
for t € [a,b) and (z,y), (2',y) € Q(t) x Q(t), we have V(t,z,y) <
Vo(t,z,y) for t € [a,b) and (z,y) € Q(t) x Q(t). The converse
inequality follows readily from the definition of V. Thus V (¢, z,y) =

Vo(t,z,y) for t € [a,b) and (z,y) € Q(t) x Q(t). This combined with
(4.1) implies that the functional V satisfies (V4)" and (V2).
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Let (z,y), (z,9) € X x X and t € [a,b). For any (z,y) €
Q(t) x Q(t), we have

Volta!,) = L{lle =/l + ly = ¥/l
= (Volt.a'y) = L(l& =2/ + 5~ ¥'I))

=Lz =2+ 15— 9'l) = Llz =2l + ly = /ll)
< L(ll# ==l + g = vl

which implies that
Volt, 2" y) = Lz =2/ + lly —y'ID) < V(. 2,9) + L(|1E — 2] + 15— yl))
and

V(t,z,y) <V(t,2,9) + L& —=| + [|g — yl).

Thus, we obtain (V'1).
To prove (V3), let t,, € [a,b) with t,, = t € [a,b) as n — oo and

let (zn, yn) € Qtn) x Qty) with (25, yn) — (2,y) € Q(t) x Q1) as
n — oo. Let o € (t,b) and N a number such that o >t, forn > N

Then we have
Vo(tn, T, Yn) > exp (—/ w(0) d9) |U (0, tn)xy — U(o, tp)yn|  forn > N.
tn

Taking the inferior limit as n — oo, we have

liminf Vi (t,, Tn, yn) > exp (—/ w(0) d@) WU(o,t)x —Ul(o,t)y||.
n—oo t

By (4.1), we have Vy(t,, Tn, yn) > ||zn — ynl| for n > 1. Taking the
inferior limit as n — oo, we see that the above inequality is also
valid for ¢ = t. Thus, we have

lminf Vo(t,, Zn, yn) = Vo(t, x,y).
n—oo

Finally, we prove the dissipativity condition
D V(t,z,y)(A(t,z), Alt,y)) <w(t)V(t,z,y) forz,y € Qt) and t € [a,b).
For this purpose, let ¢ € [a,b) and z,y € Q(t). Since

U (o,t+ h)U(t+ h,t)x — U(o,t + h)U(t + h, t)y||

= exp (/jw(e) d@) - exp <— /tgw(Q) de) [U(o,t)z — Ulo, )yl

< exp (/:w(e) de)vo(t,:c,y)

= exp (/tm w(6) de) - exp (/t; w(0) d9> Vo(t, z,y)
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for h € (0,b—t) and o € [t + h,b), we have

Vo(t + h,U(t + h,t)x,U(t + h,t)y) < exp (/ttJrhw(Q) d@) Vo(t, z,y)
(4.2)

for h € (0,0 —t). Since V(t,z,y) = Vy(t,z,y) for t € [a,b) and
x,y € Q(t) and since V' (¢, -, -) is Lipschitz continuous on X x X with
Lipschitz constant L, by (4.2) we have

(V(t+ h,z+ hA(t,x),y + hA(t,y)) — V(t,z,y))/h
< (V(tE+hUE+ht)x, Ut + h,t)y) = V(L z,y)/h
+ L(||x + hA(t, ) = U(t + h, t)z| + ||y + hA(t,y) = U(t + h,t)y||)/h

<1 (exp (/tth(e) d0> - 1) Vit,zy)

+ L([lz + hA(t,z) = Ut + h, )| + |ly + RA(t,y) — Ut + h,t)yl))/h
—w()V(t,z,y) ashlO0.

This means that the desired dissipativity condition holds true. [

Proof of the sufficiency part. By condition (£25), Theorem
4 asserts that for any (7,z) € €, there exists a unique global solu-
tion u = u(-;7,2) to (IVP;7,2) on [r,b). Define {U(t,7)}urjea by
U(t,7)z = u(t; 7, z) for (1,2) € Q and t € [r,b). Then we see that
for each (¢t,7) € A, U(t,7) maps Q(7) to Q2(¢). We immediately ob-
tain (E1) from the uniqueness of solutions to initial value problem
(IVP;7, z). By Proposition 1, we find, noting (V'4)’, that

WU, T)z—U(t,7)z|| < V(t,U(t, 1)z, U(t,7)2)

< exp (/:w(e)de) V(r 2 2) < Lexp (/:w(e)de) 12— 2|

for z,2 € Q(7) and (¢,7) € A, namely, (E3) holds true.

It remains to show that (E2) holds true. Let (t,,7,), (t,7) € A,
zn € Q(7,) and z € Q(7) and suppose that (t,,7,) — (t,7) and 2z, —
z as n — oo. We have to show that w(t,; 7., zn) = Ultn, Tn)zn —
u(t;T,z) = U(t,7)z as n — oo. First, we assume that ¢ > 7. Let
d € (7,b) be a number such that ¢ < d and take o € (7,t). Since
t, — t as n — 0o, we may assume that ¢, € [o,d] for n > 1. Then,
we deduce from Proposition 7 that lim, . u(:; 7, 2,) = (-7, 2)
uniformly on [o,d], and hence u(t,; 7., 2,) — u(t;7,2) as n — oo.
Next, we assume that t = 7. Since u(t; 7, 2) = U(t,7)z = z, we need
to show that u(t,; 7., 2,) — 2z as n — oo. To this end, let M > 0
and R > 0 be numbers such that 7+ R < b and [|A(s,y)|| < M for
(s,y) € QN Sg(T, 2). Since (7, z,) — (7,2) as n — oo, there exists
an integer N > 1 such that 7, + R/2 < b and (7,,2,) € Sg/2(7, 2)
for n > N. Take r = R/2. Thus, we observe that if n > N, then
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Si(Tny 2n) C Sr(7,2) and ||A(s,y)|| < M for (s,y) € QN S (7w, 20)-
Let 0 € (0,7/(M + 1)). Thus, we deduce from Theorem 3 that if
n > N then

”u(8§7—mzn) - u(§;7n7ZTZ)|| < M|S - §‘

for s, € [r,,7n + 0]. Since 7, — 7 and t,, = t = T as n — o0,
we find that ¢, € [1,, 7, + o] for sufficient large n, and so the above
inequality implies that

for sufficient large n. Since z, — z as n — oo, we conclude that
W(tp; Tny 2n) — 2 @8 N — 00. O

5. Application to Wave Equations

In this section, we apply Theorem 1 to the initial value problem
for nonlinear wave equation with dissipation:

{ Ou = Oyv, O = 0po(t,u) — v,

u(0,2) = ug(x), v(0,2) =vo(z) for z € R and t € [0, 00). (5-1)

Here v is a positive constant and o (-, -) a real-valued smooth function
on [0,00) x R satisfying o(¢,0) = 0 for t € [0,00). We make the
following assumptions on the function o.

(i) There exists a positive constant &y such that o,.(¢,r) > do
for (t,r) € [0,00) x R.
(ii) There exists a constant Ly > 0 such that

o (t, e < Loy |ow(t, )|l < Lo
and  ||oper(t,9)||pe < Lo for t € [0,00).

(iii) There exists a continuous integrable function A : [0, 00) —
[0, 00) such that

o6 (t, )L < A(t)  for ¢ € [0, 00).

Let X = L*(R) x L*(R) with the standard norm |[|(u,v)| =
(Jlull?, + ||v]|2,)Y2, and define H : [0,00) x H*(R) x H*(R) — R by

H(t,u,v) = H(O)(t u v) —I—H(l)(t u,v) +H(2)(t,u,v)

(o (t, u)(O2u)® + (YOu + O2v)?)da
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for (u,v) € H*(R) x H*(R) and ¢ € [0,00). The assumptions imply
that there exist constants Cy > ¢y > 0 such that
coll(w, 0) |32 < H(t,u,v) < Coll(w, 0) [ g2 (5.2)

for (u,v) € H*(R)x H*(R) and t € [0, o). The following proposition
will be used in order to convert the problem (5.1) into the initial value
problem for a continuous mapping A : Q (C [0,00) x X) — X.

PROPOSITION 9. Let t € [0,00) and (ug,v9) € H*(R) x H*(R).

Then there exists Ao > 0 such that for any X € (0, X, the problem
(ux = ug) /A = Dyuy, (5.3)
(vn — Vo) /A = 0,(t, ug)Opux — YU (5.4)
has a solution (uy,vy) € H?*(R) x H*(R) satisfying the following

properties:
(i) The family {(uyx,v\)} converges to (ug,vg) in H*(R)x H*(R)
as A 0.

(ii) There ezists a nondecreasing continuous function g : [0, 00) —

0, 00) with g(0) = 0, depending only v and o(-,-), such that
1
X(H(t + A, up, vy) — H(t, ug, vo))

1 t+A
<55 ([ he)ds) luslie = rdalnnl
+ (1 + N)g([[(uo, vo) Lz a2 V (| (wns v2) a2 1r2)
X (10zuoll V(| 0sunla1)? (5.5)

for A € (0, Aol
Here and subsequently, we use notation a V b = max{a,b} for a,b €
R.

PROOF. Let t € [0,00) and (ug,vy) € H*(R) x H*(R). Define
D(L(t)) = H'(R) x H'(R) and
L(t)(u,v) = (0,0, 0, (t, ug) Ot — yv)
for (u,v) € D(L(t)). Let By be a positive number such that 5y >
Lo||0,uol| o /(24/90). Since

10x (o7 (£, w0)) 1z |[or(t, 110)Dutio|
24/3, B 24/30

we deduce from [8, Proposition 5.7] that L(t)— o/ is m-dissipative in
X = L*(R)x L*(R) with inner product ((u,v), (4,9)) = ([ 2 o (¢, up)ui+
vodr)Y? for (u,v), (4,0) € X. Choose \g > 0 so that A3y < 1.
Then, for X € (0, Xo], (ux,v)) = (I — )\L(t))fl(uo,vo) satisfies (5.3)
and (5.4). Note that D(L(t)¥) = H*(R) x H*(R) for k = 2,3. It fol-
lows from the proof of [8, Proposition 5.7] that (ux,vy) € D(L(t)?)

< Bo,
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and L(t)*(ux,vy) = (I=XL(t))LL(t)* (ug, vo) for k = 0,1,2 and that
the family {L(¢)*(ux,vs)} converges to L(t)*(ug,ve) in X as A | 0,
for £ = 0,1,2. Hence the family {(uy,v\)} converges to (ug,vp) in
H?*(R) x H*(R) as A} 0.

We shall show (ii). Since o(t,0) = 0, we have o(t,uy) € H'(R)
and 0,0 (t,uy) = o,(t,uy)0,uy. By (5.4), we get

1

X(U)\ —vg) = 0,0 (t,uy) —yux + (Jr(t, ug) — ar(t,ux))&:u)\.

We multiply this equality and (5.3) by vy and o(t, uy), respectively.
The sum of these two equations gives us

1
o(t,uy)(uy — ug) + XU)\(U)\ — )
=0, (U,\a(t, u,\)) — Y3 + vy (ar(t, uo) — o,(t, uA))aqu.

Integrating this equality, we have

1 [~ 1 [~
- / o(t,uy)(uy — ug)dr + " vx(vn — vg)dx

Ao .
= —’y/ vidax +/ Uy (ar(t, up) — ar(t,u,\))ﬁqudx
1 o0
< ﬂ (Ur(t, ug) — o, (t, u,\))Q(ﬁqu)Qd:c
L2 > )\2L2 00
< -0 . 2 A 2d — 0 / R 2 R 2d
=1y 700(“0 uy)"(Opun) da ™ 700(3 vx)*(Opuy ) dx
)\2L2 o]
S 470 ||8xv>\||§{l /m(ﬁqu)zdx.

Since the function » — o(t,7) is nondecreasing, we have

1 00 ux 1 00
X /_Oo (/uo a(t,r)dr) dx + oY _Oo(vi — v3)dz

/\2L2 00
< 0l [ (@,

o0

or

(H(O)(t + A uy,vy) — H(O)(tuu()JUO))

< ;/Z (/OUA(U(tvL/\,T) - J(t,r))dr>dx

)\QLQ 0
+280.mlfn [ (@an)id.

> =
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The first term on the right-hand side is estimated as follows:

%/Z (/0 (o(t+ A7) — a(t,r))dr> da
AP e
AL oo
<o ([ s sl

Hence
1
X(H(O)(t + A\ uy,vy) — H(O)(t,uo,vo))
< /mh( )ds | [luxlz +)\2L2||3 i 10surllz2. (5.6)
S o t s)as | [|ux]||z2 1 ol OzUN|| g1 [|OzUN || 12 .
Differentiating (5.3) and (5.4), we have
1
X(aqu — Oyptig) = 0x(0,v)), (5.7)
1

X((vu,\ + 0uy) — (Yuo + 8xvo)) = Op(0-(t, ug)Oruy). (5.8)

We multiply (5.7) and (5.8) by o,(¢, ug)d,uy and yuy + 0,vy, respec-
tively. The sum of these two equations gives us

%ar(t, o) ((Dpun)? — (Opuo)?) + %((7%\ + 0,v0)* — (vuo + Oyvp)?)

S a:t (Ur(t7 UO)aacu)\amv)\) + ’yukaa:<0-r (t, U'O)axu)\)-

Integrating this equality, we have

3 | ot (@) — (@0
o ((yux + 900)* — (yuo + Opv9)? ) d
< —”)// (aqu>(Ur(t7u0)awu/\)dx'

Thus

1
X(H(l)(t + A uy,vy) — H(l)(t, Uo, UO))

o

<
=/

o

(o0 (t + X un) — 0r(t, uo)) (Opun)? do — fy/ o, (t, ug) (Opuy ) d.

—0o0
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Since

‘O-r(t + )\,’U,)\) - UT(talLU)‘ < ‘O-T(t + /\7u/\) - O-T(tuu)\>‘ + ‘UT(tau)\) - 0'7.<t,'U/0)|

t+A t+A
< / our(s,un) ds| + Lo|ux — ug| < / h(s)ds + ALo|0,v],
t t
(5.9)
we have
1
X(H(l)(t + A\ uy,vy) — H(l)(t, U, UO))
1 t+A 1
< o5 ([ s) Boulie + ol fouul
t
— 00| 8pua 72 (5.10)
Differentiating (5.7) and (5.8), we have
1
X@m — 0%up) = 0,(0%v)), (5.11)
1
3 (Y0zux + O2v) — (YOpuo + O2vp))
= 0, (0 (1, U0) OptigOptin + 0 (t, 1) Oy ). (5.12)

We multiply (5.11) and (5.12) by 0,.(¢, up)0%uy and yd,uy + 0%vy,
respectively. The sum of these two equations gives us

(t Uo)(( ) — (82 ) ) + 5((78 U + 82’U>\) (’}/axU() + 8%1}0)2)

< 0, (0, (t, u0) D2up02vy) + YOrunOs (0, (t, ug) 2wy
+(02vx + YOpur) O (0 (t, ) OptinDptry ).

2\

Integrating this equality, we have

[e.o]

o (t, up) ((8§u,\)2 — (8§u0)2)d1‘

1 o0
+ o3 (Y0pux + 92v0)* = (YO,uo + D2vp)?) dx

2\

o0

< —7/ o (t, uo) (0%uy)? dx +/ (YOpux + O%03) 0y (0 (t, U0 ) OptiOpuy ) dw

o0 —0o0

= —7/ o (t, ug) (92uy)? dz — 7/ Oy (0 (t, U0) OpugOpuy) da

oo

+ / (020)) 0 (01 (£, 10) Dptig Oty ) dox.

—00
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Hence
%(H(Q)(t + A uy, vx) — HO (¢, ug, )

< o _C: (o0(t + A un) — 0,(t, ug)) (Orun)*da — /_Z 0 (t, ) (0%uy ) ?dx
— ’y/oo O2un (0 (t, o) (Opig) Dpuiy ) d:
+/<><> (020)) 0 (01 (£, 10) Dpig Oy ) dox. (5.13)

The third term on the right-hand side is estimated by
— ”y/ Oy (0 (L, ) (Optg) Oy ) de

< yLol|0Zua | 2 (|00 || oo | Ol 2 < v Lol o | 2 | Bt [ s -
Since
Op (0 (t, 10) OpugOrury )
= 0y (L, 10) (02u0)*Optin + 00 (T, 10)D2u0Opun + 0 (t, o) Ozundiun,

we have

/ (020))0p (0 (t, 1) Opig Oy ) da

o0

< Lol|320all 2 (1| Oxtto]| 7 | Ot ]| 22

+ (|07l 2| 0wunl | Lo + [|Ontto| o< |07 ua | 22)
< Lo||UAHH2(HU0HH2||3:EU0HH1HaacUAHLQ

+ [|0puo]| 1 [|Ornll v+ ([ Do || 11 |07 ]| 2)
< Lolloallaz ([[woll sz + 2) |0zuoll 1| wun] 2.

We estimate the first term on the right-hand side of (5.13) by (5.9),
and combine the resulting inequality and the inequalities obtained
above. This yields

1
X (H(Q) (t + )‘7 Uy, U)\) - H(Q) (tv U, UO))

1 A 2 2 LO 2 2 2 2
<5 h(s)ds ) [102usllfa + 5 10s0all [ 02usllFe — b0 | 0Fuall3
t

+ Lo (7||Uo||H2 + Nlvallerz ([Juol| 2 + 2)>(||8$u0||H1 V| 0pun | ).

Combining this inequality with (5.6) and (5.10) we observe that the
desired inequality (5.5) is satisfied for the function

g(r):Lor{(%) v (3+’y+r>} for r>0.
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Let ¢y be the constant in (5.2), and define H : [0, 00) x H2(R) x
H?*R) — R by
. 1 /[
H(t,u,v) = exp(—c—/ h(s)dS)H(t,u,v)
0 Jo
for (t,u,v) € [0,00) x H*(R) x H*(R). Then we have
N 1 > A
H(t,u,v) < H(t,u,v) < exp (c_/ h(s)ds) H(t,u,v) (5.14)
0 Jo
for (t,u,v) € [0,00) x H*(R) x H*(R). Since g is continuous and
g(0) = 0, we choose a number Ry > 0 so small that
1 o0
if r >0 and r* < &exp<c—/ h(s) ds) then g(r) < vdo, (5.15)
Co 0 Jo
and define a subset Q of [0,00) x X by
Q= {(t, (u,0)) € [0,00) x (H*(R) x H*(R)); H(t,u,v) < Ro}.

Let ro = \/Ro/Cy, where Cj is the constant in (5.2). Then, by (5.2)

we have

Sy = {(u,v) € H*(R) x H*R); ||(u, v)||m2xmz < ro} C Q1)
(5.16)

for any ¢t € [0,00), and there exists a connected component C' of ()
such that [0,00) x Sy C C' C . Let R}, be the positive number such

1 o0
that (Rp)? = ?exp (c_/ h(s) ds). Then, by (5.2) and (5.14)
0 0 Jo

we have

Q) € S = {(u,v) € H*(R) x H*R); ||(u, v)|| m2xm> < Ry}
(5.17)

for any ¢t € [0,00). Let V be the functional on [0, c0) x X x X defined
by

Vo0 = ([0 ([ vt as)

for (u,v), (4,0) € X and t € [0,00). It is easily seen that conditions
(V1)-(V4) are satisfied. In particular, we see that for each t €
[0,00), V(t,-,-) is a metric on X and

min{17 \/5_0}H(u7 U) - (1), @)H < V(tv (u7 U)? (ﬂ, ﬁ))
< (1 Vv LO)H(u)U) - (fL?ﬁ)H
for (u,v), (4,0) € X. Consider the operator A : Q@ — X defined by
A(t, (u,v)) = (0v, Opo(t,u) — yv)

for (t,(u,v)) € €. Then the nonlinear wave equation with dissi-
pation (5.1) is converted into the initial value problem for A. We
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can prove that the initial value problem for A is globally well-posed,
by Theorem 1 combined with the following theorem which will be
proved by a sequence of propositions.

THEOREM 5. The operator A satisfies (21)—(Q4).

In view of (5.16) and (5.17), we are in a position to state the

global solvability of the nonlinear wave equation with dissipation
(5.1).

COROLLARY 1. For any (ug, vo) such that ||(ug, vo)||mzxmz < To,
there exists a unique time global solution (u(-),v(-)) to (5.1) such that

(u(-),v(-)) € CH([0, 00); L*(R) x L*(R)) N L*(0, 00; H*(R) x H*(R)).

REMARK 2. Similar results are obtained in Yamada [23] and
Matsumura [14].

For the proof of Theorem 5 we follow the argument in [8]. We
note here that

10, w] 72 < [wllp2l|0Fw][z2 for  w € H*(R). (5.18)
PROPOSITION 10. The operator A is continuous on €.

PROOF. Let (t, (u,v)), (f, (ﬁ,@)) € Q. Since o(t,0) = 0, we
have

o(t,u(z)) — o(f, u(z)) = u(z) /0 (ar(t, bu(z)) — o,(i, éu(x))) df
and

lo(t,u) = o (t, u)Z2

:/_ ( //atrt+9t—t) fu(z ))dede) do
§/2(|t—t| |/ t+0(t—t))d0) da
= ([ noras ) s

Since ||ul|z2 < R} by (5.17) and ||o,(t,-)||z= < Lo, we get

lo(t,w) = ot @)z < llo(t,u) — ot w2 + llo(E,w) = o(f, @) 2

/ft h(s)ds
/{t h(s)ds

<

[ull 2 + Lollu — @l 2
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By (5.17) we have [|02(v — 0)||z2 < [|02v|| 2 + [|0%0]| L2 < 2R}. Since

J20(t, u(x)) = 0,0, (¢, u(x))d,u(z))
— 0,01, u(@)) (Dru())? + 0 (1, ulw))Pu(x),

we get, by using the inequality ||w||p~ < ||w||g for w € HY(R),

103 (o (t,u) — o (F, @) |22 < 1050 (t,u)||z2 + 050 (F, @) 2
< Lo([[(ew)?[| 2 + 11(020)? || 2) + Lo(05ul 2 + |07 =)
< Lo([[0pull o |0zul| 2 + (|00l Lo (| 0ptt]| 2) + 2Lo Ry
< 2Lo(Rp)* + 2Lo Ry,

Thus, using (5.18), we have

~

1A, (u,v)) = A(E, (@, 0))[|*
< 105(v = D)IZ + 110: (ot w) — o (F, @) — (v — D)7z
< [10(v = D172 + 2010 (o (t, w) — o, @) [IZ2 + 2970 — D172
< [lv = 02|07 (v = D)2 + 2% [Jo — D12
+2)lo(t,u) — o(t,)l|2l|0% (o (t, u) — o(E, @) | 2
< 2Rg|lv = 0|2 + 29*||v — 9|7

/5 Ch(s) ds

which implies the continuity of A on €. 0

+4LoRy(1 + Ry) (Rg

+ Lol|ju — a||L2),

PROPOSITION 11. Condition (Q2) is satisfied for the set ).

PROOF. Let t, € [0,00) with ¢, 1t € [0,00) as n — co. Let
(u,v) € X and let {(u,,v,)} be a sequence in X such that (u,,v,) €
Q(t,) for n > 1 and (up,v,) = (u,v) in X as n — co. We have to
show that (u,v) € Q(t). Since the sequence {(u,,v,)} is bounded
in H%(R) x H*(R) it follows that (u,v) € H*(R) x H*(R) and the
sequence {(u,,v,)} converges weakly to (u,v) in H*(R) x H?*(R) as
n — oo. By (5.18), we see that the sequence {(u,,v,)} converges to
(u,v) in HY(R) x HY(R) as n — oo. Moreover, {(u,,v,)} converges
to (u,v) in L®(R) x L>=(R) as n — co. Since H(t,, un, vy) < Ry for
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n > 1, we have

Roexp(% /0 " h(s) ds)
> /_oo </Oun o(tn, r)dr + 11} )dm

e}

+ % / (07 (ts un) (O21)* + (Yy + Opvp)?) dx

+ % / (7 (tns 1n) (Oatin)* + (YOsun + Ozvn)*) d

_ /_Oo (/O o(t,r)dr + 502 )dr + /_:{ar<t,u)((3xun)2

o0

+ (8%%)2) 4+ (Yty + Opvn)* + (Y0, uy + 8§vn)2}dx

* /Z </oun(”(t”’ r) ot r))dr) d

+ % /Z{(Ur(tn,un) — O’r(t,u)) ((&Eun)? + (aiun)Q)} forn > 1.
(5.19)

Since

/Oo (/( (t0.1) — o(t.)dr ) da
‘/ (t —t / /otrt+0(t — 1), 9r)d0d9>rdr)d
‘/ (th —t (/Olh(tJrQ(tn—t))dG)rdr)dx

_ lunllze /t h(s) ds‘

2
O (tn, un) — o (t, u)

and

S Or(tny un) - Ur(tna U)

/t " h(s) ds

for n > 1, we have Ry > H (t,u,v) by taking the inferior limit in
(5.19) as n — oc. O

+ (o) (tn, u) — op(t, u)

S L()Hun - uHLOO +

PROPOSITION 12. There exists a real-valued continuous func-

tion w deﬁned on [0, ) such that
D,V (t, (u,v), (@,9))(A ), A(t, (4, 9)) < w(B)V (¢, (u,v), (2, 0))
for(uv)( )E ()andtG[Ooo)
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PROOF. Let (u,v), (4,0) € Q(t) for t € [0,00). Let (£,7), (£,79) €
X. Then we get

2D,V (t, (u,0), (2,9)) ((€,m), € D)V (¢, (u, v), (@, 9))
=l of % (V¢ + . (u,0) + R(E 1), (0,5) + BE D)) = V(2. (u,0), (8,9))°)

= liminf%{/_ii((@ + ki) — (v + hn))? — (D — v)z) dx

hl0
+ /_:(( u:f Vot + h,r) dr>2 - (/uu Vot ) dr>2) da:}
= ["(2e-va-w+2 [ Vol (¢vama - e/mtn)
+ /u ' Zatf(’gl) dr}) dz. (5.20)

Substituting (£,7) = A(t, (u,v)) and (€,7) = A(t, (4, 0)) into (5.20)
yields

DLV (t, (u,0), (4, 0)) (A, (u,v)), A(t, (i@, )V (¢, (u,v), (i, 9))
-/ ) (w —0)(0ulo(t, @) — o(t,w) — (0 —v))
i / Vo) dr((203/a,E8) — d0/a, (1)
i o (t, )
+/u 2\/o.(t,T) dr)) e
. /_Z(v ) da— /_Z 0u(6 — v)(o(t, i) — o(t, u)) da
/°° (/ Vot dr (0.0, - axvﬁ,@,u)))) ai

/(/\/Tdrﬂ\/%)dx

:_V/Oo(v v) dm+/ (/ \/Tdr/uﬂ \/tl )d
+/ av/ \/atr\/atu )drdx
+/ av/ \/atr\/atu )drdm
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The second term on the right-hand side is estimated as follows:

‘/:(/jmd"’/j%dr) dﬂf‘ < \/2_\/]% )/ (@ — u)? da.

The third and fourth terms are estimated as follows:

[ [ (vetavata - ool

<fo.ile- ][

SLﬂmm3/
— 00
and

T o [ (Vo ot

Setting w(t) = C{(1 + h(t)) for a suitable positive number C}, we
conclude that

D,V (¢, (u,v), (4,9)) (A(t, (u,v)), At, (4,0))) < wt)V (¢, (u,v), (4,))
for (u,v), (a,0) € Q(t) and ¢ € [0, 00). O

PROPOSITION 13. For any t € [0,00) and (ug,vo) € Q(t),

on(t,r)( —o.(t,1))
\/artu —i-\/artr

dx = Lo||0 r2|li — wl*/2

dr|dz

11—7"|d7’

< Lolloll =l — ul/2.

hrﬁ%)nf )\d((uo, o) + AA(L, (uo, v9)), Q(t + A)) = 0. (5.21)

PrROOF. Let t € [0,00) and (ug,vo) € (t). By (5.15) and
(5.17), we note that

—’7(50 + g(||(u0, UO)||H2><H2> < 0. (522)

By Proposition 9, there exists A\g > 0 such that for any A € (0, Ao,
the problem

{ (ux = uo) /A = Dy,
(vx — Vo) /A = 0,(t, up) Oz — YU
has a solution (uy,vy) € H3(R) x H3(R) satisfying the properties (i)
and (ii) in Proposition 9. If it is proved that (uy,vy) € Q(t + ) for
sufficiently small A > 0, then the subtangential condition (5.21) is
shown to be satisfied by using the property (i) in Proposition 9.

We shall prove that (uy,v)) € Q(t + ) for sufficiently small
A > 0. By (5.2) and (5.5), we have

1 1 t+A

—((1-=— h(s)ds | H(t + X\, ux,vy) — H(t, ug, vo)
A 200 t

< (L4 M)g([|(uo, vo) [z V[ (wn, 02) |22 (10su0]l 1 V([0 1)
— 60| Opur ]| 3 (5.23)
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4+

1

for A € (0, \g]. Choose \; € (0, \g] so that — h(s)ds < 1 for
Co Jt

A€ (0,\] and ¢ € [0,00). Noting that e™> < 1—7for 0 <r < 1/2,

we have
1 [t 1 [t
exp (——/ h(s)ds> <1l—— h(s)ds
¢

Co 200 t
for A € (0, \1]. Hence

1 - - 1 [
X(H(t + A un, va) — H(t, ug, vo)) < exp (_c_/ h<3)d3) <—’Y50Haa:UAH12Hl
0 Jo

+ (14 M) g ([l (uo, vo) L2 V[ (i, vl 2 r2) (| 0o || 11 V ||8quHH1)2>
(5.24)
for A\ € (0, \]. Since (uy,vy) — (ug,vo) in H*(R) x H*(R) as A | 0,

we have

1, N
lim sup —(H(t + A, up, vy) — H(t, ug, UO))
A0 A
1 /[ 9
<exp( —— [ h(s)ds ) (=70 + g([(o, v0)llr2xss2) ) [ Doto 1.
0Jo
(5.25)

If || Opuol[ 2 # 0, then we have (—ydo+g(| (w0, vo) || 2 x #2))[| Oz to|| 2 <
0 by (5.22). Hence (5.25) implies that H (t4+-\, uy, vy) < H(t, ug, vo) <

Ry and (uy,vy) € Q(t+ ) for sufficiently small A > 0. If || O uol| g2 =
0, then (5.24) implies that

1 . . 1 [t
XA+ M s, ) — (g, m) < exp(—— / h(s)ds)
Co Jo

x (—750 + (14 A)g(|l(uo, vo) 2z V| (ua, vx)llmwp)) 10zu 71

for A € (0, \y]. Since
lm (=70 + (14 X)g(l o, v0) [z V | (r, 02) s c02))
= =700 + g([| (w0, vo) || 2 x1r2) <0,
the right-hand side of the above inequality is less than or equal to

zero for sufficient small A > 0; hence H(t+A,uA,v,\) < If[(t, Up, Vo) <
Ry and (uy,vy) € Q(t + A) for sufficient small A > 0. O
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