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GLOBAL SOLVABILITY OF THE KIRCHHOFF EQUATION WITH
GEVREY DATA

TOKIO MATSUYAMA AND MICHAEL RUZHANSKY

ABSTRACT. This paper is devoted to proving the global solvability of the Cauchy
problem for the Kirchhoff equation in the Gevrey space v75. More precise results
are derived for solutions in the s-Gevrey classes v7,. Furthermore, similar results
are obtained for the initial-boundary value problems in bounded domains and in
exterior domains with compact boundary.

1. INTRODUCTION

G. Kirchhoff proposed the equation

(1.1) Ofu — (1 +/ |Vu(t,y)\2dy) Au=0 (teR, ze€Q)
Q

in his book on mathematical physics in 1883, as a model equation for transversal mo-
tion of the elastic string, where € is a domain in R" (see Kirchhoff [26, Chap. 29, §7],
and for finite dimensional approximation problem, see Nishida [37]). Since then, first
it was in 1940 that Bernstein proved the existence of global in time analytic solutions
on an interval of the real line in his celebrated paper [5]. After him, Pohozhaev ex-
tended Bernstein’s result to several space dimensions (see [39]). Arosio and Spagnolo
proved analytic well-posedness for the degenerate Kirchhoff type equation (see [4],
and also D’Ancona and Spagnolo [11] and Kajitani and Yamaguti [25]).

As it is well known, this equation has a Hamiltonian structure, nevertheless it
involves a challenging problem whether or not, one can prove the existence of time
global solutions corresponding to data in Gevrey classes, and standard Sobolev spaces
without any smallness condition. Up to now there is no solution to these problems,
and even the existence of local solutions in Sobolev spaces H? for 1 < o < 3/2 is still
unclear.

The global existence of quasi-analytic solutions is known from Nishihara, and Ghisi
and Gobbino (see [38, 17]). Here quasi-analytic classes are a slight relaxation of the
analytic class as opposed to the C*-class. Manfrin discussed the time global solutions
in Sobolev spaces corresponding to non-analytic data having a spectral gap (see [29]),
and a similar result is obtained by Hirosawa (see [21]).
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On the other hand, global well-posedness in the Sobolev space H*? or H? with

small data is well established in [0, 12, 13, 14, 19, 24, 30, 31, 41, 45, 46]. There,
the classes of small data consist of compactly supported functions (see [19]), or more
generally, they are characterised by some weight conditions (see [6, 12, 13, 14]) or
oscillatory integrals (see [20, 24, 30, 31, 40, 41, 45, 40]). Recently, the authors stud-

ied the global well-posedness for Kirchhoff systems with small data (see [33]), and
generalised all the previous results in the framework of small data, both for the Kirch-
hoff equation and Kirchhoff type systems. Here, the class of data in [33] consists of
Sobolev space (H')™, m being the order of system, and is characterised by some
oscillatory integrals. The precise statements of the known results can be found in the
survey paper [34]. Scattering results are also available, see [32].

The goal of this paper is to show the global existence of solutions to (1.2) with
Gevrey data in R” without smallness assumptions, see Theorem 1.1 and Theorem 1.2.
Furthermore, we indicate how to modify the proof to also yield the global existence
for the initial-boundary value problem in exterior domains, and in bounded domains
(see Theorem 4.1 and Theorem 4.2, respectively).

The method of our proof is quite novel for this area. Namely, we assume that a
solution blows up in finite time and arrive at a contradiction. The contradiction ar-
gument involves considering data in different regions (according to relations between
their size and regularity), an energy estimate for local solutions with a controllable
loss, the Schauder-Tychonoff fixed point theorem, lower bounds for life spans of local
solutions, and the exploration of the Hamiltonian structure of the equation.

We note that our proof can be extended to treat more general equations of Kirchhoff
type, for example of the form

Otu — @ (/ |Vu(t,y)|2dy) Au =0,
Rn

for a Lipschitz function ® > a > 0. For the sake of simplicity here we treat the main
example of such equations, the classical equation (1.1).

Thus, in this paper we consider the Cauchy problem for the Kirchhoff equation

OPu — (1 +/ IVu(t,y)|? dy) Au=0, >0, xeR"
Rn
uw(0,z) = ug(x), Ou(0,x) = uy(x), z € R".

(1.2)

Equation (1.2) has a Hamiltonian structure. More precisely, let us define the energy:
1 1
H (w3 t) = 5 {IVu®7z + 10l + ZIVu@)llze.

Then we have
H(u;t) = H(u;0)
as long as a solution exists (see Lemma 3.1). We shall now recall the definition of

Gevrey class of L? type. For s > 1, we denote by 7§, = 75, (R™) the Gevrey—Roumieu
class of order s on R™:
vie = U

n>0
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where f belongs to Vo L2 if and only if

/ | Fe) P d < oo

o~

Here f(£) stands for the Fourier transform of f(z). In the particular case s =1, v/,
corresponds to the analytic class. The space 77, is equipped with the inductive limit
topology. As to the inclusion relation among the classes 7;., we have

e S il <s < s

(see also Lemma A.1 in Appendix A). We will use the norms

R 1/2
1l = [ /R e (€)|2d5]

and
e (e 1/2
”(f, 9) QAT A = {/R eMlél {|f(§)|2 + |g(§)|2} dﬁ}
for n > 0. The Gevrey class 775 is defined as the union
(1.3) v =i

s>1

Locally the space 775 is ‘almost’ the space C'*° of smooth functions but it appears
to be more natural than C'*™ already for linear problems. For example, the Cauchy
problem for the linear wave equation

(1.4) Otv —a(t)Av =0, v(0)= vy, Ow(0) =y,
with propagation speed a = a(t) may not be well-posed in C'*:
o if vg,v; € C* but a > 0 is Hélder C%, 0 < a < 1, then (1.4) may have
non-unique solutions, see Colombini, Jannelli and Spagnolo [3];

o if vg,v; € C® and a > 0 is in C* then (1.4) may have no distributional
solutions, see Colombini and Spagnolo [J].

However, the Cauchy problem (1.4) is still well-posed in Gevrey spaces, see Colombini,
de Giorgi and Spagnolo [7]. While such situations do not happen in our case (the
linearised nonlinearity is strictly positive and can be shown to have derivative in L ),
it shows that classes of the type 775 may naturally enter such problems. Here, our

first main result is:

Theorem 1.1. Let ug,u; € 775. Then the Cauchy problem (1.2) admits a unique
solution u € C* ([0,00);753) .

Starting with this theorem, we can summarise the main results of this paper as
follows:

e The global solvability of the Kirchhoff equation (1.2) in 7% is given in Theo-
rem 1.1. There is no smallness assumption on data in this result.

e In turn, Theorem 1.1 is a consequence of a more refined solvability statement
in classes 77 given in Theorem 1.2 below.
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e While the statement of Theorem 1.2 is enough to yield the global solvability in
77%, there is an arbitrarily small (but positive) loss of regularity for solutions
in Theorem 1.2. This can be refined further and we can show that no such loss
occurs for data in the ‘more regular’ part of 77, where the precise meaning of
‘more regular’ depends on the size of the Cauchy data: the ‘larger’ the data
is, the higher regularity is required. However, all the regularity that comes
under consideration here occurs within the same class 7., see Corollary 3.6
for a precise statement.

e In Section 4 we explain how these results can be extended to hold for initial-
boundary value problem for the Kirchhoff equation in bounded domains and in
exterior domains. Compared with the previous literature on exterior problems
(for example for small data), the results in the present paper do not require
the geometrical condition that the compliment of an exterior domain is star-
shaped with respect to the origin.

As we mentioned above, Theorem 1.1 is an immediate consequence of the definition
(1.3) and of the following:

Theorem 1.2. Let s > 1. Then for any up,uy € 73 the Cauchy problem (1.2)
admits a unique solution u € C! ([0, o0); 72/2) for every s’ > s.

The statement of Theorem 1.2 will be refined further in Theorem 3.5 with respect
to the regularity within the classes 7;,.

This paper is organised as follows: in §2 energy estimates for linear equations with
time-dependent coefficients will be derived, and these estimates will be applied to
get a priori estimates. In §3 we state the known result on local existence theorem as
Theorem A and continue to prove Theorem 1.2. In §4 global existence for (1.2) with
Gevrey data to the initial-boundary value problems will be discussed.

Acknowledgements. The authors would like to express their sincere gratitude to
Professors Taeko Yamazaki, Kenji Nishihara, Makoto Nakamura and Dr Tsukasa
Iwabuchi for fruitful discussions. The authors would like to thank also Professors
Kiyoshi Mochizuki, Hiroshi Uesaka and Masaru Yamaguchi for giving them many
useful advices.

2. ENERGY ESTIMATE FOR LINEAR EQUATION

In this section we shall derive energy estimates for solutions of the linear Cauchy
problem with time-dependent coefficients. These estimates will be fundamental tools
in the proof of the theorems.

Let us consider the linear Cauchy problem
@2.1) { O*u — c(t)*Au = 0, te (0, 7), zeR"
u(0,z) = up(x), Ou(0,x) = uy(z), r e R".
The assumptions for the following estimates are related with Theorem 2 from Colom-

bini, Del Santo and Kinoshita [10]. However, here we need more precise conclusions
on the behaviour of constants.
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Proposition 2.1. Let 0 > 1 and 1 < s < q/(q — 1) for some q > 1. Assume that
¢ =c(t) € Lip,.([0, 7)) satisfies
(2.2) mo < c(t) <M, tel0,T],

K
(2.3) I (t)] < T a.e.t€[0,7),

for some 0 < mog < M and K > 0. If ((—=A)7ug, (—A)0D/2y,) € Voz2 X Yy p2 for
some n satisfying

2Km
(2.4) n > +4M*mg ",

then the Cauchy problem (2.1) admits a unique solution

1
we ()€ ([0,T); (—A)~ 2 1)

J=0

such that
Qiﬂ%ﬂK—Aﬁ“ﬂmau@)i

(25)  mill(=A)u(t)|3.
< ma{ M2, 1t e T (A g, (—2) D )

S S
X
V02”12

fort €[0,T], where

2Kmg!
ﬁ:n_( 7% +4M3m 1)>0
Proof. Let v =v(t,&) be a solution of the Cauchy problem

{afv +e(t)lfv =0, te(0.7),

0(075) = a(](é)? atv<07€> = a1(5)

We define
c(T) if Tle[V/ @) < 1,
c.(t, &) = < c(t) if T|£’1/(QS—S) cland0<t<T— ’§|_1/(q8_8)7
o(T — |¢| 1/ (as=9)) if T)¢|Y/@=9) > 1 and T — [¢]"Yles=9) <t < T,
and
alt:§) = 2Mms e (,6) = c(o)e] + 2=

We adopt an energy for v as

= {WOF + eut. €L ()"} k(t,€),

where .
k(£ €) = |62 exp (— / o7, €) dr + n|5|1/s)

and 7 is as in (2.4). We put

s = [ B9
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Hereafter we concentrate on estimating the integral of a(t,£). When T|¢|Y (@59 < 1,
we can estimate, by using assumption (2.2) on ¢(t),

(2.6) / a(r€) dr = / " oMms ea(r.€) — e(r)\[€] dr
<AMPmy T

§4M2m61T17(q375)’

and when T|¢|/(45=%) > 1, we can estimate

t T—|¢| =1/ (as=s) 2’0/(7_” T
/ a(r,&)dr S/ —dT+/ 2Mmal|c*(7',§)—c(7)||§|d7'
0 0 c(7) T—|¢|=1/(a5—)
T—|¢| =1/ (as=s) QKm_l
2.7 < —Od 4M2 —1|¢11-1/(gs—s)
en < S 0P ¢

S2Kmalwfl”s

: +4M2m0—1|§|1—1/(qs—s).
q —

Since 1 —1/(gs — s) < 1/s, it follows that
€)' < 1 g

Consequently, we get

-1
2Km0 —4M2m61> |§-‘1/5

5'2(01)6(77_!11

k(t, 5) Z e*4M2m0*1 max{l,Tl_(qS—S)}

Y

and hence,

(28) S(t) > 6—4M2m0_1 max{1,71~ (@55} y

_2Kkmgt 21 ) 1¢[2/5
/e(” S O)M [P EmEIEP o (B)]* + [V ()]} dé.

We compute the derivative of E(t,¢):

E'(t€) =
2Re {0 ()0} + 26.(t, ), (t, OIEPIv(t) * + 26.(t, €)1 PRe{v/ (D)o }| k(. €)
— (L ORI + [0 (Ot k(2. €)
= [24e.(t,€)* = c(®)}EPRe{v (0D} + 26, (8, )L (1 OIEP ] k(2. €)
— a(t, O E(1,6).
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Then we can estimate the right hand side as

e (£, — c®?1IE] | ey, v
er(t,€) [/ ()] - e (t, )IE] Ju(t)] + 2

- Oé(t, £)E(t7 5)

., €)]
C*<t7£)

e (t, €[ [o ()| K(2,€)

<2Mmi e (,6) = OB ) + 25 Bie ) - att 9Lk €
=0, ’
which implies that E'(t,£) < 0 for t € (0,7), and we find that
E(t) < &£(0).
Thus the required estimate (2.5) follows from this estimate and (2.8). The proof of
Proposition 2.1 is now finished. O

3. PROOF OF THEOREM 1.2

First we discuss possible properties of the life span of local solutions to (1.2).
Among other things, let us introduce the local existence theorem for the Cauchy
problem (1.2). We often use the norm of solution wu(t) as follows:

Eya(uit) = (1 + [IVu(®)lZ2) w2 + 1012
Here we denote by
H? = H°(R") = (D)~ L*(R")
for o € R the standard Sobolev spaces, and (D) = (1 — A)'/2. Their homogeneous
version is
H? = H°(R") = (—A)"72L3(R").
The following result is proved by Arosio and Garavaldi (see [2], and also [3]).

Theorem A (Arosio and Garavaldi [2]). Let (ug,u;) € H® x H* for some o > 3/2.
Then there exists a life span T, = T, (ug,u1) > 0 such that the Cauchy problem (1.2)
1

admits a unique mazximal solution u € m C([0,T,); H°?), and at least one of the

=0

following statements is valid:

(a) T, = +o0;

(b) T\, < 0o and limsup &32(u;t) = oo. In this case the life span T, is estimated

t /T
from below as
1

3.1 T, >T)y = ————.
( ) =70 253/2(%0)

We remark that the life span T,, = T),(ug, u1) is to be understood as follows:
T, =sup {t: H3/?-solution u(r,-) to (1.2) with data (ug,u;) exists for 0 < 7 < t}.

Let us mention also a known result on the local existence of solutions. Before
Theorem A was proved, Medeiros and Miranda exhibited the local solvability for Eq.
(1.2) in H32 x H'Y? (see [35]). It should be noted that, however large the regularity
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of data is, T}, depends only on the norm of the data in H*? x H'/?. This means that
when one would show the global existence of solutions to (1.2), it suffices to obtain
that the norm of solutions in H*?2 x H'/? is bounded on [0, T,).

Kirchhoff equation has a Hamiltonian structure. Namely, we have:

1
Lemma 3.1. Let u € ﬂ C7([0,T,); HB/279Y be the solution of (1.2). Then we have
j=0

H(u;t) = A (u;0), Vte|0,T,),

where we recall that
1
H(u;t) = = {HVU N7z + [[0u(®)]72} + ;lHVu(t)H‘iw

Proof. The proof is elementary. Multiplying equation (1.2) by d;u and integrating,
we get

d HC(u;t) =0

dt (u7 ) -
as desired. 0J

We now establish a local existence theorem for (1.2) in Gevrey classes (see also

[16, 18, 22, 23]).

Proposition 3.2. Let s > 1 and n > 0. Let (up,uq) € (D)*3/27;7L2 X (D)2 1.
Then there exists a life span T, = T,(ug,u1) > 0 depending only on F(u;0) and

&3/2(u; 0) such that the Cauchy problem (1.2) admits a unique solution u in the class

mcj OT (D)~ 3/2)+J%7 )

and one of the following statements is valid:
(a) T, = o0
(b) T, < 00 and limsup &5 (u;t) = co. Furthermore, we have

u

3.9 T,>—
(3.2) 263/2(u; 0)
Proof. Let us interpret the initial data as elements of the space H3/? x H'?. From

Theorem A of the case for (ug,u;) € H*? x H'? we know that the Cauchy problem
1

(1.2) admits a unique maximal solution u € ﬂ CI([0,T,); H®/P79) | where the life
j=0
span T, satisfies either the assertion (a) or (b). We adopt an energy for

o(t) = €[Vt €)
as
= {[o/(t)|? + &()2[¢ o (t)[*} e,
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where

é(t) = \/1 + |Vu(t, z)|? dx.
Rn
We notice that v(t) satisfies the equation
(33) V(1) + (eI Po(E) =
We put

E(t) = / CB(t,6) de.

By using (3.3), we compute the derivative of E(t,&) with respect to t;

B(1,€) = [2Re{o" (17(0)} + 2600 (H]El (1) + 26017 € *Re {0/ (D)} 7
=2(1) (1) €[ [o(t) Pem”
20l

é(t)

thus we find from Gronwall’s lemma that

E(t) < £(0) exp ( /0 t 2‘2;)’ dT)

for any ¢ € [0,7,). Hence on any subinterval [0,¢] C [0,7;,) we have the energy
estimate with the same 7, and so the Cauchy problem (1.2) admits a unique solution
u in the class

1

() €7 (0,7); (D)~ @252 1)

=0

j=
Finally, inequality (3.2) comes from (3.1). The proof of Proposition 3.2 is now
complete. O

We introduce the class of blow-up data in the Gevrey class. The final aim will be
to show that this set is empty by arriving at a contradiction. Let us define the class
of blow-up data:

B, = {(Uoﬂh) € (D)” 3/2’7;? x (D)~ 1/2%8; 2 Tu(ug, ur) < OO}

n
=B

n>0

and also

In the lemma below the number MT2 — 1 can be replaced by any positive number but

we write it in this form to be able to apply the statement directly in the sequel.

Lemma 3.3. Let M > 2 andn > 0. If

2
{(uo,ul) € B : 2(u;0) < MT _ 1} 410,

then

(34) inf Tu(uo, U1) = 0.
(uo,u1)€EBs: ij(u;o)g%?_l
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Proof. By virtue of Lemma 3.1, we have
2

(3.5) 2 (s ) = 2 (u: 0) < MT 1

for all t € [0, T, (uo, u1)). Also, thanks to Proposition 3.2, the solution u(t,z) to (1.2)
enjoys the property that

(3.6) (u(t), Drult)) € (D) ™y 1o x (D)™ 1
for all ¢ € [0, T\, (ug, uy)) with the same value for n. To prove (3.4), we put
(3.7) = inf T (ug, uy).

(UO :Ul)er]S Z}f(u;o)g MTQ -1

1

Let u=u(t,z) € ﬂ C*([0, Ty (ug, uy)); (D>’(3/2)+k7;;7L2) be the solution to (1.2) with
k=0

data (ug,u1) € B} satisfying 25¢'(u;0) < MTQ — 1. For every € > 0 this u(t) = u(t, )

at t = T,,(up, uy) — € satisfies

(u(Tu(uo, ur) — €), Ou(Tu(uo, u1) —€)) € B;
in view of (3.6). It also satisfies (3.5). Hence it follows from (3.7) that
Tu(u(Ty(ug, ur) — €), Opu(Ty(ug, ur) — €)) > a.
On the other hand, we have
T (u(Ty (ug, uy) — €), Opu(Ty(ug, ur) —€)) = €.
Thus we must have o = 0. This completes the proof of Lemma 3.3. OJ

Though we can define B; for any n > 0, we will encounter with the restriction of
n to be n > 4M? in Proposition 3.4 below.

Let us now turn to prove the theorem. Given exponents s and ¢ related by
(3.8) l<s<gq/(g—1) and ¢>1,

let us take a pair of data vg,v1 € 7§,. For this pair (vg,v1) we consider the linear
Cauchy problem in the strip (0, T, (vg,v1)) x R™

(3.9) Ofv —c(t)*Av =0, te€(0,T,(vo,v1)), x€R
with initial condition
(3.10) v(0,2) = vo(x), Ow(0,2) = vy (x).

Here ¢ = ¢(t) belongs to a class # defined as follows:

Class # (T). Let0 < T < T,(vo,v1). Given constants q > 1, M > 2 and Ky > 0, we
say that c(t) belongs to #(T) = H (T, Ko) = H (q, M, Ko, T, T, (vo,v1)) if ¢ = ¢(t)
belongs to Lip,,.([0, Ty (vo, v1))) and satisfies
1<c(t) <M, telo,T)
Ky
vy, vp) — L}’
Sometimes we may abbreviate the notation by simply writing £ (T") or JZ .

a.e.t € [0,T,(vo,v1)).

0] < 1
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By the energy estimate (2.5) from Proposition 2.1, if ¢(t) € K(T,(vo,v1)) and
(vg, v1) belongs to the class

(—A) 7y o x (=A) "y 1
for some n satisfying

2K,
01 +4M?,

n >

then the Cauchy problem (3.9)—(3.10) admits a unique solution v(t, z) in the class
1
(3.11) m CJ ([07Tu(vo,v1)]; (—A)_(3/4)+(j/2)7;f,m) :
=0

provided that s and ¢ satisfy (3.8), where 7/’ is the real number such that

2K,
(3.12) n=n- ( 01 + 4M2) > 0.

If we define the functional

é(t) = \/1 + /n |Vo(t, x)|? dz,

O :c(t) — é(t).
We will show the convexity and compactness of K(T,(vo,v1)) in L2 ([0, Ty (vo, v1))).
If we show that © maps continuously K(T,(vo, v1)) into itself, the Schauder-Tychonoff
fixed point theorem will allow us to progress with the proof. But first we look into
the structure of the blow up.

this defines the mapping

Keeping Lemma 3.3 in mind, let us introduce a subset of the blow-up class B* for
s > 1 as follows:

oo = {(ug,ur) € (D)2 1o x (D) V25 1o Tlug,ur) < C1}
for C1 > 0. Let us give some remarks on the properties of B} - .
(1) If up,u1 € 772, then the known results of [5, 39] imply that
T (ug, uy) = 00.

Thus, for the analytic class we have 15’717,01 = () for all n and C}, so we may
restrict considering s > 1. However, we note that the argument works also
well for s = 1.

(ii) Observing from (3.1) in Theorem A, one can see that if &3/o(u;0) — 0, then
Tu(ug,u;) — oo. This means that T, (up,u;) is unbounded near (0,0) in
H3/% x H'2. But, one could not exclude the case that T} (ug,u;) would be
bounded for some small data (ug, u1) in H*? x H'/2. Also, one does not know
whether B® is empty or not. So, there is a possibility that T, (ug,u;) = o0
even if data (ug,u;) are very large. From this point of view, assuming B* # (),
we will employ the fixed point argument.

We shall prove here the following:
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Proposition 3.4. Let s be related to the exponent q as follows:

1
(3.13) s=—— and 1<q<2.
q—1
Assume that M > 2 and n > 4M?, and set

(3.14) o = {<q -y - 4M2>}qll

464M2

Let (vg,v1) belong to
(—8) "y o X (=8) "y
and satisfy

2
(3.15) 27 (1:0) < MT Y

If there exists a constant Cy € (0,e0) such that
(3.16) (vo, v1) belong to By
and satisfy

3/4 1/4 2 (¢ —1)(n —4M?)
(317) H((_A> / Yo, (_A) / Ul) 72,L2X77S;,L2 205M264M2 ’
then, setting
(3.18) Ko i= CIM2™M || (=A)* v, (=A) "0 || ,

S ><S
'YLQ 77L2

we have the following statement. For any c(t) € & (T,(vy,v1), Ko), let v be the
solution to the Cauchy problem (3.9)—(3.10) satisfying (3.11). Then

(3.19) 1<e(t) <M, tel0,Tu(vo,v1)],

o Ky
(3.20) ()] < TTovoroy) — 37"

€ [0, T, (vo, v1)).

Let us give a few remarks on assumptions in Proposition 3.4.
(i) Observing (3.2) in Proposition 3.2, if (vo, v1) belong to B; -, we have

1
20,
Also, assumption (3.15) on the Hamiltonian implies that
M2
1+ ||VU()||L2 < T
Hence, going back to the definition of &3/5(v;0) and combining the previous
inequalities, we get

1 M?
20, < e (lvollZase + lloallFse) -

53/2 (U O)

Obviously, we have
H( Ay, A)1/4vl) 23

V.12

2 2
xt o 2 V0llzare + llvallgs e
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Then, combining this inequality with (3.17), we see that C; must satisfy

1M (g= D=4
201 4 2CfM2€4M2 ’

which means that
0 < 4 < ey,

where g is the constant given in (3.14).

(ii) It is not restrictive to assume that C; > 0 is small also from the point of view
of Lemma 3.3.

(iii) One does not know whether or not, (3.15) and (3.16)—(3.17) are compatible.
Certainly, we can specify some data in the previous remark (i) that the two
conditions (3.15) and (3.17) are compatible. But we have no knowledge to
prove this incompatibility for any data. To make it clear, assuming that any
data satisfies both (3.16) and (3.17), we will lead to a contradiction in the
argument after the proof of this proposition.

We now turn to prove Proposition 3.4.
Proof of Proposition 3.4. For the sake of simplicity, we write
T, = Ty (vo, v1).
Notice that, by virtue of (vg,v1) € B; ,, it follows that
(3.21) T, < C.
First, we prove (3.20). One can readily see that
2¢(t)e (t) = 2Re ((—A)3/4v(t), (—A)1/48tv(t))

L2 )
and hence, we have

O] <o)l a2 II@tv( M g2
<laph@l, a0

S
n',L2

for any 7' > 0, since ¢é(t) > 1. Notice that (v, v1) satisfy (3.17). Then, by the
definition (3. 18) of Ky and (3.1 ) we have the following inequality:

n > 1-|—4M2

Hence, if 7 is chosen as in (3.12), then, applying the energy estimate (2.5) from
Proposition 2.1 to the right hand side of the previous estimate, we can write

(3:22) (&) < M2MTOTT I () g, (=) ) |

V12>V 2
for t € [0,7,]. Since 1 — (¢s — s) = 0 by assumption (3.13), it follows that

2 1—(gs—s) 2
(323) e4M max{l,Tu } — €4M .
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Hence, by using inequality (3.21) and recalling the definition (3.18) of K, we conclude
from (3.22)—(3.23) that

4 2 AM2 g |[(( AN3/4,, (L A\L/4 2 L
0] MPETY (-, A )
2 1

§M264M20i1 H ((—A)3/4U0, (—A)1/4U1)

Y L2 X 1 ) (T, — t)d
K
B (Tu - t)q

for t € [0,T,). This proves (3.20).

Finally we prove (3.19). In this case, we will not use the energy estimate (2.5) from
Proposition 2.1. Our assumption (3.15) implies that

1 <é(0) < +/1+425(v;0) < %

Since ¢&(t) is continuous, there exists a time ¢; < T, such that
1<é(t) <M

for 0 <t < t;. Fixing data (vg,v;) satisfying (3.13)—(3.17), we can show that the
class K(t1, Kj) is the convex and compact subset of the Banach space L>([0,,]), and
resorting to (3.20), we can also prove that © is continuous from (¢, K;) into itself.
This argument will be also done in the whole interval [0, 7, in the last step, where

we give its details. Then Schauder’s fixed point theorem allows us to conclude that
© has a fixed point in K(t1, Ko):

c(t) = O(c(t)) = e(t)

for 0 <t < t¢;. This means that solution v(¢,z) to the linear Cauchy problem (3.9)—
(3.10) is also a solution to the nonlinear Cauchy problem (1.2) with data (vg,v;) on
[0,¢;]. Hence it follows from Lemma 3.1 and assumption (3.15) that

2

2 (v;t) = 256 (v;0) < MT —1, tel0,t],

and as a result, we deduce that

1< é(t) < /11 22wih) < %

for 0 <t < t;. Therefore, by the continuity of &(t), there exists a time ty € (t1,7})
such that

1<) <M
for 0 <t < t5. Hence, we can develop the previous fixed point argument; the solution
v(t,z) to the linear Cauchy problem (3.9)—(3.10) is also a solution to the nonlinear
Cauchy problem (1.2) with data (vg,v1) on [0, to] satisfying
2

275€ (v;t) = 256 (v;0) < MT —1, tel0,t],
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where we have used assumption (3.15) in the last step. Now, we define a time ¢, by
the maximal time such that

1<ét)< M

for 0 <t <'t,. Suppose that t, < T,. Then, after employing the fixed point argument
on the interval [0,%,], we deduce from Lemma 3.1 and assumption (3.15) that

2
QA (i) = 2 (1:0) < MT Y

and hence, we get

_ M

Therefore, the fixed point argument will be also applicable, and v(¢, x) coincides with
the solution to (1.2) with data (vg,v;) on some interval [0,¢,,] strictly containing
[0,t,]. This implies that ¢(t) is bounded by M on [0,¢..]. But this contradicts the
maximality of t,. Thus we must have the required estimate (3.19). The proof of
Proposition 3.4 is now complete. 0

Based on Proposition 3.4, let us prove the following theorem.

Theorem 3.5. Let s > 1, M > 2 and 1 > 4M?. Let (ug,u1) belong to (D)3~ x
<D)_1/27;’L2 and satisfy
2

M
(3.24) 2(u;0) < ==~ 1.

Then the Cauchy problem (1.2) admits a unique solution u in the class

(1.
ﬂ > (3/2)+]%7 )

One problem that we will encounter later in the proof of Theorem 1.2 (in particular
leading to the appearance of s’ > s there) is that we need 7 to be sufficiently large in
Theorem 3.5, namely, to satisfy n > 4M? for M > 2 also satisfying (3.24). Writing
these conditions as > 4M? > 16 and n > 4M? > 4(8.#(u;0) + 4), Theorem 3.5
gives the following

Corollary 3.6. Let s > 1. Let us write
Y12 =2 (v) UTS (v), where I ( U Yorz (V) = U Vo L2+
0<n<v n>v
If (D)3ug, (D)Y?uy € T%.(v) for v > max{16,4(85¢(u;0) + 4)}, then the Cauchy
problem (1.2) admits a unique solution
u € C'([0,00);772)

Proof of Theorem 3.5. Assuming that (ug, up) satisfy (3.16)—(3.17) from Proposition
3.4, we lead to a contradiction. Hereafter, we write

T, = Ty(ug,u1) and K =K(T,, Ko).
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First, we notice that if {(ug,u1) € By : 2 (u;0) < MTQ — 1} # 0 for some n > 4M?,
then we have (3.4) from Lemma 3.3:

inf , T (ug,uq) = 0.
(uo,u1)€EBS: QW(U;O)S%—I

Letting ¢ = ¢(t) € J#, where s and ¢ are related by (3.13), we consider the linear
Cauchy problem (3.9) with data (ug,u1), and we put

\/1+/ |Vo(t,x)|? de.

Then it follows from Proposition 3.4 that the mapping
O :c(t) — é(t)

maps from % into itself. Now .# may be regarded as the convex subset of the Fréchet
space L2 (]0,7),)), and we endow .# with the induced topology. We shall prove the
compactness of J# and continuity of the mapping ©. Then the Schauder-Tychonoff
theorem allows us to conclude the proof.

Compactness of # . We show that % is uniformly bounded and equicontinuous
on every compact interval of [0,7,,). Let {cx(t)}32, be a sequence in % so that

(3.25) L<et) <M, telo,T)

Ky
(326) ’Ck( )‘ ~ ﬁ, a.e.t e [O,Tu>
Observing

we obtain from (3.26) that

o Ko 1 1
) =) < 2 { g~ e

for 0 < ¢ <t < T,. Since 1/(T, —)?" is uniformly continuous on every compact
interval of [0,T,,), the sequence {ck(t)}32, is equicontinuous on that interval. Thus
one can deduce from the Ascoli-Arzela theorem that £ is compact in L2 ([0, 7)),
and hence, every sequence {c(t)}?2, in ¢ has a subsequence, denoted by the same,
converging to some c(-) € L2 ([0,7,)):

cr(-) = () i Lig ([0, Tn));

(k—o0)
(3.27) 1 <c¢(t) <M for every compact interval in [0,T,);
Ko 1 1
! /
le(t) — c(t')] < p— {(Tu—t)ql - —t’)ql}’ 0<t <t<T,

The last statement of (3.27) implies that ¢(¢) is in Lipy,.([0,T%)), since the function
(T, — t)~ Y is in Lip,..([0,7%)). Furthermore, c(t) must be bounded by M even at
t="1T,,

(3.28) 1<e(t)y <M, tel0,T,]
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Indeed, if
limsup ¢(t) > M,
t/ Ty
there exists a sequence {t;} such that
(3.29) t; /T, and c(t;)) > M, (j=1,2,...).

Going back to (3.25), and resorting to the first statement of (3.27), we have
c(tj) = lim ¢(t;) < M, (V7).
k—o0
This contradicts (3.29). Thus we conclude that ¢(t) satisfies (3.28) and
C() S Liploc([O7Tu))7

and the derivative ¢(t) exists for a.e. t € [0,T,,). Now, for the derivative ¢/(t), if we
prove that

Ky
(Tu - t)q’
then c(t) € 2, which proves the compactness of J#. We prove (3.30). Let ¢y € (0,7%,)
be an arbitrary point where ¢(t) is differentiable. Since we have, by using (3.26),

Ck(t() + h) — Ck(to — h) 1 /t0+h /
=|— t)dt
20 20 i(t)

(3.30) Id(t)] < a.e.t €10,T,),

to—h

< Ky { 1 B 1 }
“2h(q—1) | (T — (to — h))e=t (T, — (to + h))r!
for h > 0, we can take the limit in this equation with respect to k, so that
c(to+ h) —c(to — h) ‘ RO { 1 B 1 }
2h T 2h(g—1) [(Tu—(to—h))t (Tu—(to+h)t ]~
Then, letting h — +0, we conclude that

Ko

()] < ———
|C( 0)| = (Tu tO)q
Since ty is arbitrary, we get (3.30).

Continuity of © on J . Let us take a sequence {cx(-)} in 2 such that
() = () et i L ([0, 7)) (k= o),

and let vi (¢, z) and v(t, z) be the corresponding solutions to the linear Cauchy prob-
lem (3.9)—(3.10) with coefficients ¢ (t) and ¢(t), respectively, with fixed data (ug, u;).
Then it is sufficient to prove that the images ¢x(t) := O(cx(t)) and é&(t) := O(c(t))
satisfy

(3.31) k() = c(-)  in Lis([0,7,)) (k — o0).
The functions wy := v, — v, k = 1,2, ..., solve the following Cauchy problem:

OPwy — c(t)?Awy = {cp(t)? — c(t)?} Avg,  (t,2) € (0,T,) X R,
wi(0,2) =0, Juwi(0,2) =0, x€R"
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Differentiate the energy & (wy(t)) for wy, with respect to ¢, where
&(wi(t) = [ (®)I[72 + ()| V()] Z2-

Then we get

(3.32) &' (wp(t)) = — 2{ck(t)”> — c(t)*} Re (Avk(t), pwp(t)) 2
+2¢(t)c' (1) | Van(8) 72

c(t
<2au(tf = et Jon Ol e O + 2/ n (1),
Here, we see from (2.5) in Proposition 2.1 and assumption (3.13) on s and ¢ that
[0 ()| 7272 1 0r0n () | 712

< MZAM max (LT () 2y, (=8) )3

><7n 12
=M (=) 2, (~A) a2

X S
2 77,,L2

for 0 <t < T,. Then we integrate (3.32) and apply Gronwall’s lemma to obtain
& (wi(t)) < 2M%"||((=A)*2ug, (—A)*u D5 axae

([ -t o) o 450

LOO

loc

for t € [0,T,), which implies that

Vug(t) = Vo(t)
Oyur(t) — atv(t)}

Hence we get (3.31), which proves the continuity of ©.

([0,T,); L?) as k — oc.

We are now in a position to conclude the proof.

Let (ug,u1) € (D)™28 1, % <D>_1/27;7L2 satisfy (3.13) and (3.24) for some n >
4M?. Then the previous results assure that © is continuous from ¢ into itself,
provided that the data (ug,u;) is assumed to satisfy (3.16)—(3.17) from Proposition
3.4. Since £ is the convex and compact subset of the Fréchet space L{° ([0, T5,)), the
Schauder-Tychonoff theorem implies that © has a fixed point in /", and hence, we
conclude that solution v(¢,z) to the linear Cauchy problem (3.9)—(3.10) with data
(up,up) is also a solution wu(t,x) to the nonlinear Cauchy problem (1.2) with data
(ug,up) on [0,7T,] satisfying

limsup &3/9(u;t) < oo
t /T
Therefore, resorting to Proposition 3.2, we must have T, (ug, u;) = oco. This contra-
dicts the assumption (3.16) in Proposition 3.4 that (ug,u;) € B; o,. Therefore, for
(up,u1) € (D)_3/27;,L2 X (D>_1/27;7L2 satisfying (3.13) and (3.24), we conclude that
either assumption (3.16) or (3.17) is false. Namely, the class of

(ug,u1) € (D) 73245 1 x (D)"1232 1
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satisfying (3.13) and (3.24) leads to the following two alternatives: for any C' € (0, &),
either

(i) (uo,ur) € B

: _ (g=Dln—40r%)
Y12 Top2 200N 2e4M?
where g is the constant given in (3.14). If the assertion (ii) is satisfied for a sequence
of C' accumulating to 0, by letting C' — 0,

(8, ()0

(i) ||((—A)3¥ug, (—A) )

)

2
Vo 2 X% 12
and hence, we conclude that (ug,u;) ¢ (—A)*3/47577L2 X (—A)*1/47;7L2. Therefore,
(ii) never occurs in some interval [0, 1) for some 0 < &1 < 9. As a result, any pair
of data (ug,u;) € <D>*3/275 2 ¥ (D>*1/277‘;’L2 fulfilling (3.13) and (3.24) satisfies only
the assertion (i). Now, the assertion (i) implies that for £y > 0, we have

:OO’

jﬂ('u,o7 ul) > &1

for any (ug,u1) € (D)’3/27;’L2 X <D>*1/27;7L2 satisfying (3.13) and (3.24). But this
contradicts (3.4), and hence, we must have

2
(3.33) BN {2%(u; 0) < MT - 1} _0.

We finally remove the condition 2.7 (u;0) < MTQ — 1. We note that throughout the
argument, M was a fixed constant > 2. Suppose B, # () so that there exists some
(uo,u1) € By Setting, for example, M := /85 (u;0) + 4 + 1, we have M > 2 and
also 27¢ (u;0) < MTQ — 1. Hence we also have (ug,u1) € Bj N {2 (u;0) < MTQ -1}
which contradicts (3.33). Thus we arrive at B; = 0.

In conclusion, for any data (ug, u;) € (D>*3/27;7L2 X (D)*1/27;7L2 satisfying (3.13)
and (3.24), with n > 4M?, M > 2, we have T,(ug, u;) = co. Therefore, we conclude
from Proposition 3.2 that the Cauchy problem (1.2) admits a unique solution u in
the class

ﬂ C7 ([0, 00); (D)~ @2 s 1)

J
The proof of Theorem 3.5 is now finished. U
We now prove Theorem 1.2.

Proof of Theorem 1.2. Theorem 1.2 is an immediate consequence of Theorem 3.5 and
Lemma A.1 in Appendix A. In fact, let s > 1, and suppose that there exists ' > 0
such that (ug,u1) € <D)_3/2fyf;’E x (D)71/2~57¢, for some 0 < &€ < s — 1. Assume

’,L2 77/,L2
that
M2
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Then Lemma A.1 assures that (ug,u;) € (D)_3/27;’L2 X <D>_1/2727L2 for some n >
4M?. Therefore, thanks to Theorem 3.5, the corresponding Gevrey class solution to
(1.2) with data (ug,u;) exists globally on [0, 00), and belongs to the class

1
() €7 ([0,00); (D)~ /245 1)
§=0

The uniqueness follows from Proposition 3.2. The proof of Theorem 1.2 is now
complete. O]

4. INITIAL-BOUNDARY VALUE PROBLEM FOR THE KIRCHHOFF EQUATION

The argument in the proof of Theorem 1.2 is also applicable for the initial-boundary
value problems in an open set 2 in R”. In this section we discuss the global exis-
tence for the initial-boundary value problem to the Kirchhoff equation in exterior
domains and in bounded domains. The results in this section can be proved by the
generalised Fourier transform method in exterior domains, and the Fourier series
expansion method in bounded domains.

It is known from the spectral theorem that a self-adjoint operator on a separable
Hilbert space is unitarily equivalent to a multiplication operator on some L*(M, p),
where (M, ) is a measure space. Then L2(f2) is unitarily equivalent to L?(R").
This means that the Fourier transform method in R” is available for L? space on an
open set © in R™; any multiplier acting on L?(R") is unitarily transformed into an
multiplier acting on L?(Q).

4.1. The case: () is an exterior domain. Replacing the Fourier transform over
R™ by the generalised Fourier transform over exterior domains and applying exactly
the same argument of Theorems 1.2, we can also prove a similar result for the initial-
boundary value problem in exterior domains. More precisely, we consider the follow-
ing problem:

OPu — (1+/ |Vu(t,y)|2dy> Au =0, t>0, x€f,
Q

u(0,2) = wol),  Bu(0,7) = w (x), reQ,
u(t,z) =0, x € 0N0.

Here, Q is a domain of R™ such that R™ \ € is compact and its boundary 0f) is
analytic. The latter assumption may be in principle relaxed but this would require
an extension of known analytic solvability results to the Gevrey setting, so we omit
it for this moment, and refer to [!] and [27] for further details.

Following Wilcox [13], let us define the generalised Fourier transforms in an arbi-
trary exterior domain 2. Let A be a self-adjoint realisation of the Dirichlet Laplacian
—A with domain H*(Q)NH} (). Then A is non-negative on L?(£2), and we can define
the square root A2 of A. We recall the resolvent operators R(|£]? +i0):

R(E[* 0) = T (A — (1€ ie)) ",

(4.1)

and R(|€]* £140) are bounded from L?(Q, (z)*dx) to H?*(, (x)~*dx) for each £ € R"
and some s > 1/2, where (x) = (1 + |z|)'/? (see, e.g., Mochizuki [36]; note that this
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result does not require R™ \ € to be star-shaped). Introducing a function j = j(x) €
C*°(R™) vanishing in a neighbourhood of R™ \ @ and equal to one for large |z|, we
define the generalised Fourier transforms as follows:

(Z+f)(€) = lim (27?)_”/2 /ﬂm{ o Vy(x, &) f(x)dr in  L*R"),

L—o0

where we put }
V(. €) = j(@)e™ + [R(E[* £ i0) Me ()] (x)
with  Mg(z) = —(A = [€]*)(j(x)e™).
Notice that we can write formally
Me(x) = {Aj(w) + 2i€ - Vj(z)he™.

The kernels 14 (z, £) are called eigenfunctions of the operator A with eigenvalue |£|?
in the sense that, formally,

(A - |§’2)¢i($,§) = 07
but 14 (x,€) ¢ L*(). Similarly, the inverse transforms are defined by
(Fio)la) = Jim 20" [ ha@Oo()ds in Q).
{lel<L}

L—oo

We treat %, f only and drop the subscript +, since .%_f can be dealt with by
essentially the same method. The transform .# f thus defined obeys the following
properties (see, e.g., Shenk II [12, Theorem 1 and Corollary 5.1]):

(i) # is a unitary mapping
F : L*(Q) — L*(R™).
Hence
FFr=1.
(i) .Z satisfies the generalised Parseval identity:
(Z [, Z9) 2@ = (f, 9120, f.9 € L*().
(iii) .# diagonalizes the operator A in the sense that

F(e(A)f)(&) = €T 1)(E).

where ¢(A) is the operator defined by the spectral representation theorem for
self-adjoint operators.

We say that f € v5,(Q2) for s > 1 if and only if there exists n > 0 such that

(4.2) / oM

We denote by

(Z ) © d < oo.

H?(Q) = (D)~ L*(Q)
for o € R the Sobolev spaces over €2, and (D) = (1 + A)/2. Their homogeneous
version is

H(Q) = A™72L2(Q).
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To state the results, we need to introduce the analytic compatibility condition.

The Gevrey compatibility condition. f satisfies the Gevrey compatibility con-
dition if and only if f € 77,(f2) satisfies

AR fe Hy(Q), k=0,1,---.
Based on the properties (i)—(iii) of the generalised Fourier transform, we have:

Theorem 4.1. Assume that 2 is an exterior domain of R™ with analytic boundary
such that R™ \ Q is compact. Let s > 1. Then for any ug,ur € v;.(2) satisfying
the Gevrey compatibility condition, the initial-boundary value problem (4.1) admits a
unique solution

u e Ct ([0, OO);’YZ;(Q))
for every s’ > s.

In the previous known results of Sobolev well-posedness (for small data) on exterior
problems, the differentiation of generalised Fourier transform with respect to spectral
parameter is a powerful tool (see [20, 30, 31, 10]). There, some geometrical condition,
say, star-shaped assumption on the set of obstacles, would be necessary for getting
appropriate a priori estimates for solutions (see [20, 30, 31, 40]). Compared with
the previous literature, Theorem 4.1 does not require any geometrical condition on
Q). This is because we need not differentiate the generalised Fourier transform of the
data.

4.2. The case: (2 is a bounded domain. Replacing Fourier transform by Fourier
series expansion and applying exactly the same argument of the proof of Theorem
1.2, we can prove a similar result for the initial-boundary value problem in [0, 00) X €2,
where (2 is a bounded domain in R™ with analytic boundary 0f2.

Let {wg}?2, be a complete orthonormal system of eigenfunctions of the operator
—A whose domain is H2(2) N H}(Q), and let A be eigenvalues corresponding to wy.
Namely, {wg, A} satisfy the elliptic equations:

{ —Awy, = \pwy in €,
wy =0 on 0f).
Then (wy, we)r2(0) = dke and
O< A <A< - A <.+ and \p — o0,

where (¢, 1))2(q) stands for the inner product of ¢ and ¢ in L*(Q2). We say that
f e Ho(Q) for real o if

o0

- 2
Z)\i ‘(f?wk)LQ(Q)| < 0,
k=1

and f € v7.(Q) for s > 1 if and only if there exists > 0 such that

00 y
S
g ek

k=1

(f, wk)LQ(Q) {2 < Q.

Then we have:
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Theorem 4.2. Assume that 2 is a bounded domain with analytic boundary. Let
s > 1. Then for any ug,u1 € 73(Q) satisfying the Gevrey compatibility condition,
the initial-boundary value problem (4.1) admits a unique solution u in the class

o ([07 00); 72’2(@)

for every s’ > s.

APPENDIX A.
Here we briefly recall the inclusion relation among the classes 77..
Lemma A.1. Let s > s' > 1. Then
(A1) Vo2 & Yoz
for every n,n’ > 0.
Although this property is well known, we give a short proof for completeness.

Proof. Let us consider the characteristic function y (&) on the set

{EeR" 5] > (n/n)7},

where o is defined as % =L _ 1 Then we can estimate

s’ s

[ x@e fieras < [ e fopag s [ oo ds

n

since n < 1'[€]'/ on the support of x(€¢). On the support of 1 — y (&), we have
€] < (n/n')7, and hence,

1/s, 7 N(a/s) |
[ - x @ I fords < [ - e o) ag
<entn/m) / e | Fle) P de.
Summarising the above estimates, we get
[ IR d < {1 ) [ e
n R

which proves (A.1). O
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