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BESOV SPACES ON OPEN SETS
TSUKASA IWABUCHI, TOKIO MATSUYAMA AND KOICHI TANIGUCHI

ABSTRACT. This paper is devoted to giving definitions of Besov spaces on an arbi-
trary open set of R™ via the spectral theorem for the Schrodinger operator with the
Dirichlet boundary condition. The crucial point is to introduce some test function
spaces on (). The fundamental properties of Besov spaces are also shown, such as
embedding relations and duality, etc. Furthermore, the isomorphism relations are
established among the Besov spaces in which regularity of functions is measured by
the Dirichlet Laplacian and the Schrodinger operators.

1. INTRODUCTION

In 1959-61 Besov introduced the Besov spaces in his papers [2,3]. There are a lot
of literatures on characterization of Besov spaces, and we refer to the books of Triebel
[37,38,40] for history of Besov spaces. It was by Peetre that the Fourier transform
was employed to study the Besov spaces on R™ (see [27-29], and also Frazier and
Jawerth [11,12]). On a general domain, if the boundary is bounded and smooth, the
theory of Besov spaces is well established by extending functions on the domain to
those on R™. Otherwise, the situation is quite different as is indicated in previous
studies (see e.g. [37,39]), and there appear to be considerable difficulties to construct
such theory.

Let 2 be an open set of R” with n > 1. Our aim is to define the Besov spaces
on ) based on the spectral theory by referring to Peetre’s idea. If the boundary 0f2
of € is smooth, then some basic notions are available; the restriction method of the
function on R™ to €2, the zero extension to the outside of €2, and certain intrinsic
characterization (see [25,32,33,36-41]). Recently, Bui, Duong and Yan introduced
some test function spaces to define the Besov spaces B;’?q generated by the Dirichlet
Laplacian on an arbitrary open set, where s, p and ¢ satisfy |s| <1 and 1 < p,q¢ < 0o
(see [4]). They also proved the equivalence relation among the Besov spaces generated
by the Laplacian and some operators, including the Schrodinger operators, on the
whole space R™, n > 3 with some additional conditions such as Holder continuity for
the kernel of semi-group generated by them. As to the results on the Besov spaces
generated by the elliptic operators on manifolds, or Hermite operators, we refer to
[1,4-7,10,23] and the references therein. To the best of our knowledge, it is necessary
to impose some smoothness assumptions on the boundary 0f2 in order to define the
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Besov spaces B; , and B;’q with all indices s, p, ¢ satisfying s € R and 1 < p,q < 0.

In this paper we shall define the Besov spaces B, , and B;jq generated by the
Schrodinger operator —A + V' with the Dirichlet boundary condition for all indices
s, p, q without any geometrical and smoothness assumption on the boundary OS2, and
shall prove the fundamental properties such as embedding relations and lifting, etc.
Furthermore, regarding the Besov spaces generated by the Dirichlet Laplacian as the
standard one, and adopting the potential V' belonging to the Lorentz space Lz>(),
we shall establish the equivalence relation between the Besov spaces generated by the
Dirichlet Laplacian —A|p and Schrédinger operator —A|p + V. The motivation of
the study of such properties and equivalence relation comes from their applications
to partial differential equations, and one can consult the papers of D’Ancona and
Pierfelice (see [9]), Georgiev and Visciglia (see [14]) and Jensen and Nakamura (see
[21,22]).

Let us consider the Schrodinger operator

A+ V(z)=— S5t V(z)

on an arbitrary open set €2 with the Dirichlet boundary condition, where V'(z) is
a real-valued measurable function on 2. In this paper we adopt potentials whose
negative parts belong to the Kato class. More precisely, let us assume that the
potential V' satisfies

V=V,-V., Vi>0, VieLL(Q) and V. € K,(Q). (1.1)

loc

Here, the negative part V_ of V is said to belong to the Kato class K, (Q2) if V_
satisfies

( V_
limsup/ %dy:(), n >3,
=0 260 Jon{ls—yl<r} [T — Y|"
iy sup log(l — y V- ()l dy = 0, n =2,
=0 2€0 Jan{je—y|<r}
su V_ dy < 00 n=1.

p IV_(y)|dy :
\ z€Q JOon{|z—y|<1}

Then —A+V has a self-adjoint realization on L?(2) (see Lemma A.2 in appendix A).
Throughout this paper, we use the following notation:

Notation. We denote by Ay the self-adjoint realization of —A+V with the domain

D(Av) = {f € Hy(Q) | VVif, Avf € L*(Q)}, (1.2)
where H(SY) is the completion of C5°(Q) with respect to the norm

[ fllz2) + IV fll2(0)-
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By the spectral theorem there exists a spectral resolution {E 4, (\)}rer of the
identity and Ay is written as

Ay = / NdE4, (M),

oo

For a Borel measurable function ¢(X\) on R, ¢(Ay) is defined by letting

o(av) = [~ 6N dEa, ()
with the domain

Dlo(av)) = { € @] [~ 1o aIER WD < 0}

Due to such a spectral resolution, we can define the Sobolev spaces H*( Ay ) by letting
H¥(Ay) = {f € LHQ) | (I + Av)i f € LX(Q)}  for s > 0. (1.3)

Then, the regularity and boundary value of functions in H*(Ay ) are determined by
Ay. General approach to H*(Ay) on bounded open sets is discussed in Ruzhansky
and Tokmagambetov [31], where the operator does not have to be self-adjoint. Here-
after, we call H*(Ay ) the Sobolev spaces by Ay -regularity. In particular case 2 = R”
and V' = 0, the Sobolev spaces defined in (1.3) coincide with the Bessel-potential
spaces defined via the Fourier transform.

We shall apply the above characterization of H*(Ay) to those of the inhomoge-
neous and homogeneous Besov spaces (see Theorem 2.5 below). For the Besov spaces
by this characterization, we obtain fundamental properties of the spaces (see Propo-
sitions 3.1-3.4 below) and find a sufficient condition on the integrability of V' such
that the isomorphism holds between the Besov spaces by Ay and Ay-regularity (see
Proposition 3.5 below). It should be noted that our framework on open sets Q of R"
is the most general setting. The crucial point is to introduce test function spaces on
Q.

Let us recall the definitions of the test function spaces on R™ and the classical
Besov spaces, i.e., spaces when 2 = R™ and V = 0. It is well known that the
inhomogeneous Besov spaces and homogeneous ones are characterized as subspaces
of S'(R™) and 2’ (R”) by the Littlewood-Paley dyadic decomposition of the spectrum
of vV=A, namely, B and BS consist of all f € §'(R") and Z'(R™) such that

1£1ls5,, = |7 2( |§| ffHLp(Rn) + {2717 67 IENF Fll o }jenll oy < 00
Bs, — H{2Sj||-7:_1(/5(2_j|§|)]:f||L”(R”)}jezHeq(Z) < 00,

respectively, for some smooth functions v, ¢ with compact supports. Here S'(R")
is the space of the tempered distributions on R", which is the topological dual of
the Schwartz space S(R™). The space S(R™) consists of rapidly decreasing functions
equipped with the family of semi-norms

sup (1 + |z|?)2 Z 0% f( M=1,2---. (1.4)

n
z€R la|<M




4 T. IWABUCHI, T. MATSUYAMA, K. TANIGUCHI

Z'(R") is the dual space of Z(R™), which is the subspace of S(R™) defined by letting

Z(R") = {f € S(R")

u/ 2% f(z)dz = 0 braﬂcye(NIJ{OH”} (1.5)

endowed with the induced topology of S(R™). It is known that Z’(R") is characterized
by the quotient space of §'(R™) modulo polynomials, i.e.,

Z'(R") = S'(R")/P(R"),
where P(R™) is the set of all polynomials of n real variables (see e.g. [16,37]).

Now, when €2 # R" a question naturally arises what the spaces corresponding to
S'(R™) and Z'(R™) are. We introduce such a kind of spaces as X{,(§2) and Z{,(2) in
§62.1. There we will encounter with two problems in the formulations:

(a) To handle the neighborhood of zero spectrum in the definition of the homo-
geneous Besov spaces;

(b) To develop the dyadic resolution of identity operators on our spaces A7, (£2)
and Z{,(Q); dyadic resolution lifted from L?((Q).

Let us explain the problem (a). Looking at the definition (1.5) of Z(R"), one
understands that the low frequency part of f is treated by

/n z®f(x)de =0 for any o € (NU{0})". (1.6)

However, when 2 # R" it seems difficult to get an idea corresponding to (1.6). To
overcome this difficulty, instead of (1.6), we propose

Sl<l%)2M|j|||¢](\/Av)f”Ll(Q) < 00, M = 1,2,"' (17)
i<

in (2.4) below, where we put ¢;(v/Ay) := ¢(277y/Ay). This is probably a main nov-
elty in our work. The condition (1.7) seems one of important ingredients to introduce
test function spaces for not only Besov spaces but also other ones of homogeneous

type.

We turn to explain the problem (b). For the sake of simplicity, let us consider the
case when V = 0. Clearly, in this case, Ay becomes the Dirichlet Laplacian Ay. As
is well-known, the identity operator is resolved by the dyadic decomposition of the
spectrum for the Dirichlet Laplacian in L*(€2), namely,

T =9(Ao) + Y ¢;(VAo), (1.8)
jEN
which is assured by the spectral theorem, where v is a smooth function such that
YA+ ¢;(\) =1 for any A > 0.
jEN

Initially, the resolution (1.8) holds in L*(©2), and then, it is lifted to the space X}(€2).
This argument is accomplished in Lemma 4.5 below. When one considers Z{(f2),
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(1.8) is replaced by

I=Y 6;(v/A). (1.9)
jez
Thanks to these resolutions (1.8) and (1.9), the well known methods in the classical
Besov spaces on R"™ work well also in the present case. The starting point of this
argument is to extend the spectral restriction operators ¢;(y/Ag) on L?(Q2) to those
on L'(Q). There, the uniform boundedness on L'(2) of {¢;(v/Ao)};, i-e.,

sup 195 (v/ Ao)llzr () —r1() < 00 (1.10)
J

plays a crucial role in proving (1.8) in Aj(€2) and (1.9) in Z{(2), respectively. For
the proof, see Proposition A.1 in appendix A (see also [19,20]). Furthermore, (1.10)
guarantees the independence of the choice of {¢;};ez U {¢}, when we define spaces

Xo(Q2), X(82), Z0(€2), Z5(2) and Besov spaces defined in §2.

This paper is organized as follows. In §2, we state a main result on the Besov
spaces by Ay-regularity. §3 is devoted to stating some fundamental properties of
Besov spaces. In §4, we introduce key lemmas and fundamental properties of test
function spaces on (), which are essential for our theory. §5-89 are devoted to the
proof of our results. In appendix A, we show the uniform LP-boundedness of ¢p(6Ay ),
the self-adjointness of Ay and the pointwise estimate for the kernel of e~*4v which
are verified with some modifications of our previous work [19]. Finally, we prove in
appendix B that zero is not an eigenvalue of Ay under some smallness condition on
the negative part of V.

2. STATEMENT OF RESULTS

In this section we shall state several results on the Besov spaces by Ay -regularity.
We divide this section into two subsections: the introduction of test function spaces,
and statement of the result.

2.1. Definitions of test function spaces on (2. In this subsection we shall define
“test function spaces” consisting of functions smooth and integrable on €2 and spaces
of a kind of “tempered distributions” as follows:

Let ¢o(-) € C5°(R) be a non-negative function on R such that

suppgo C { N eR |21 <A <2}, Z¢0(2_j)\) =1 for A >0, (2.1)
jeZ
and {¢;};jez is defined by letting
di(A) = ¢o(277)) for A € R, (2.2)
Definition 2.1. (i) (Linear topological spaces Xy () and X{,(Q)). Assume that

the measurable potential V' satisfies (1.1). Then a linear topological space

Xy (Q) is defined by letting
Xy (Q) :={f e L"Q)ND(Ay)| A) f € L'(Q) N D(Ay) for all M € N}
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equipped with the family of semi-norms {py,n(-)}33—, given by
pvu(f) = I fllie) + sup 270165 (v Av) fll L.
j€

X7, () denotes the topological dual of Xy () and x1(f,g)x, is the duality
pair of f € X (Q) and g € Xy (). A sequence { fn}¥_, in X|,(Q) is said to
converge to f € X{,(2) if

x (N, 9y — 2 (f,9)x,  as N — oo for any g € Xy ().

(i) (Linear topological spaces Zyv () and Z{,(S2)). Assume that the measurable
potential V' satisfies (1.1) and

V.o =0 ifn=12,

V_(y)] s (2.3)

sup if n > 3.

e Jo o —y|"? I'(n/2-1)
Then a linear topological space Zy (L)) is defined by letting

Zu(Q) = {f € X (Q) ‘ sLlIgQMU‘Hij(« [A0) F || gy < 00 for all M € N}
j<
equipped with the family of semi-norms {qv.(-)}35-, given by
qv,u (f) = || fllre) + sup 2Ml1¢; (v Av) fll £ @) (2.4)
j

Zy,(Q) denotes the topological dual of Zv(2) and z (f,g)z, is the duality
pair of f € Z{,(Q) and g € Zy (). A sequence {fn}3_, in Z{,(Q) is said to
converge to f € Z{,(Q) if

Z@(fN,9>ZV - z(/<f, @)z, as N — oo foranyge€ Zy(Q).

(iii) (Spaces generated by the Dirichlet Laplacian). In particular case V = 0, we
write Xy (), X, (), Zv(2) and Z{,(2) as

X(Q), Q). Z(Q) and Z(Q),
respectively.

We notice from assumption (2.3) that Ay is non-negative on L*(Q) and that zero is
not an eigenvalue of Ay as well as the Dirichlet Laplacian. In fact, these results hold
for a more general assumption (B.1) in appendix B. We also note that assumption
(2.3) excludes the potential V' like

V(z) = —clz|™?, ¢>0.
For more details, see the remark after the statement of Proposition A.1 in appendix A.
Functions in the Lebesgue spaces are regarded as elements in X{,(£2) and Z{,(2)

analogously to the case for S’(R") and Z'(R"), respectively. Lemma 4.6 below assures
that

/Q‘f(x)mwx < 00

for any f € LP(Q), 1 <p < oo, and g € Xy (Q) (g € 21 () resp.). So, we define:
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Definition 2.2. For f € L'(Q) + L>(Q), we identify f as an element in X{,(Q)
(Z1,(92) resp.) by letting

w9, = [ falafa) da (Z gz = [ 1@ia) resp.)

for any g € Xy (Q) (2v(Q) resp.).

For a mapping ¢(Ay) on Xy () (Zv(Q) resp.), we define the dual operator of
d(Ay) on X[ (Q) (Z,(Q) resp.) induced naturally from that on L?*(Q).

Definition 2.3. (i) For a mapping ¢(Ay) : Xy (Q) — Xy (Q), we define p(Ay) :
AL (Q) — X (Q) by letting

X{,<¢(AV)fag>XV = X"/<fa ¢(AV)Q>XV Jor all g € Xy (Q2). (2.5)

(ii) For a mapping ¢(Ay) : Zv(Q2) — Zv (), we define ¢(Ay) : Z,(2) — Z{,(2)
by letting

2 (AN, 9) 5 = 2 (f,0(Av)g),  for all g € Zy(Q). (2.6)

It is shown in Lemma 4.2 below that X} (2) and Zy(2) are complete, and hence,
they are Fréchet spaces. Needless to say, it is not possible to define an operator /Ay
if the spectrum of Ay contains negative real numbers. However, since ¢,(A) = 0 for

A <0, we define ¢;(v/Ay) as
VY = [ (/B ),

Let us give a few remarks on properties of Xy(Q2) and Zy(2) as follows:

e When 2 = R™ and V' = 0, the Schwartz space S(R"™) is contained in A,(R™),
and the inclusion for tempered distributions are just opposite. Namely, it can
be readily checked from Definition 2.1 that

S(R") — XA (R") — X)(R") — S'(R"), (2.7)

Z(R") = Zy(R") — Z3(R") — Z'(R"),

Co*(R") € A (R™),  Cg°(R") & Zo(R").
e When Q = R” and V' = 0, the restriction of low frequency in the definition
(2.4) of gom(f) is natural, since one can show that any element f € S(R")

belongs to Z(R") if and only if gy (f) < 0o for M =1,2,....
e When Q # R", any f € X)(Q2) or Zy(Q?) satisfies

f=0 on 09,

since f € H(Q2). Hence, the condition pg(f) < oo not only determines
smoothness and integrability of f but also assures the Dirichlet boundary
condition. Also, such an f contacts with 92 of order infinity in the following
way:
Al'f=0 onoQ, M=0,1,2, -

The same assertion holds for Xy (Q2), Z1(€2) and Ay.

e In order to simplify the argument, instead of the polynomial weights appearing
on semi-norms (1.4) in S(R™), we adopted the integrability condition on f.
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Based on Definitions 2.1-2.3, we establish the definition of Besov spaces on an
arbitrary open set of R™ in §§2.2.

2.2. Statement of the main result. We are in this subsection to state the result.
Let {¢;}jez U {¢} be the Littlewood-Paley dyadic decomposition, namely, the se-
quence {¢,};ez is defined by (2.2), and 9 is a smooth function with compact support
around the origin. Here, we note that if V' satisfies assumption (1.1), then the spec-
trum of Ay may admit to be negative. It is shown in Lemma A.2 in appendix A that
there exists a positive constant Ay such that

Ay > =X\ (2.8)
Then we need to choose the function v such that
P(A) =1 for A€ [-A5,0],  ¥(\)+ D () =1 for A>0. (2.9)
jEN

Based on this choice of 9, let us introduce the definition of the Besov spaces by
Ay-regularity.

Definition 2.4. For s € R and 1 < p,q < oo, we define the inhomogeneous and
homogeneous Besov spaces as follows:

(i) B, ,(Ay) is defined by letting
By (Av) = {f € X () [ I fll5,av) < o0},

where
£ 1135 44y = I (Av) Fllzeiey + [[{271165(VAV) Fllze@ }enll oy

(ii) B;’q(AV) is defined by letting
B, (Av) = {f € Z,@) |1

Bg,q(AV) < OO},

where

/]

By (Av) " H{2sj||¢j(\/ AV)fHLP(Q)}jezHeq(Z)'

Our main result can now be formulated in the following way:

Theorem 2.5. For any s,p,q with s € R and 1 < p,q < 0o, the following assertions
hold:

(i) (Inhomogeneous Besov spaces) Assume that the measurable potential V' satis-
fies (1.1). Then:
(i-a) By ,(Av) is independent of the choice of {1} U{¢;}jen satisfying (2.1),
(2.2) and (2.9), and enjoys the following:

Xy () = B: (Av) — X(Q). (2.10)

(i-b) B, (Ay) is the Banach space.
(ii) (Homogeneous Besov spaces) Assume that the measurable potential V' satisfies
(1.1) and (2.3). Then:
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(ii-a) B;q(AV) is independent of the choice of {¢;}jez satisfying (2.1) and
(2.2), and enjoys the following:

Zy(Q) < Bs (Av) — Z,,(9). (2.11)
(ii-b) Bqu(AV) is the Banach space.

Let us give a remark on the theorem. It is meaningful to consider the space X0 (82)
(Z1/(2) resp.), when one defines the spaces B, (Ay) (B, ,(Ay) resp.). In fact, when
Q=R"and V =0, we see from (2.7) that

CP(R™) € S(R") — XH(R") — XJ(R") — S'(R™).
Since C3°(IR™) is dense in the classical Besov spaces B, , for s € R and 1 < p,q < oo,
B, , as subspaces of Aj(IR™) are isomorphic to those as subspaces of §'(R"). Similarly,
B;’q as subspaces of Z|(R") are isomorphic to those as subspaces of Z'(R").

3. DUAL SPACES, EMBEDDING RELATIONS, LIFTING PROPERTIES AND
ISOMORPHIC PROPERTIES

In this section, we shall introduce important properties of Besov spaces. Let us
consider the dual spaces of Besov spaces, lifting properties and embedding relations.

The following proposition is concerned with the dual spaces.

Proposition 3.1. Assume that V' satisfies the same assumptions as in Theorem 2.5.
Let s € R, 1 <p,q < oo, I/p+1/p =1 and 1/q+1/q = 1. Then the dual spaces of
B, (Av) and B; (Av) are B, (Ay) and B, (Av), respectively.

We have the lifting properties and embedding relations of our Besov spaces.

Proposition 3.2. Assume that V satisfies the same assumptions as in Theorem 2.5.
Let \o be the constant as in (2.8), i.e., Ay > —N2I. Let s,s0 € R and 1 < p,q, qo, 7 <
00. Then the following assertions hold:

(i) The inhomogeneous Besov spaces enjoy the following properties:

{2+ 1)1+ Ay} F € Bi(Ay)  for any f € BS (Ay);
Bir(Ay) — By (Av)  for any e > 0;

Psqo
B;q(Av) — B;?q<Av) ’LfS 2 S0,

stn(z—3)

B (Ay) = B> (Av) if 1 <r<p<oo and q < qp.

Psq0

(ii) The homogeneous Besov spaces enjoy the following properties:

Af})/Qf € B;;SO(AV) for any f € Bf,,q(Av);

. S+n(l_%)

Brg " P(Av) = B (Av) if 1<r<p<ooandq<q.

P,q0

The Besov and Lebesgue spaces have the inclusion relation with each other.

Proposition 3.3. Assume that V' satisfies the same assumptions as in Theorem 2.5.
Then the following continuous embeddings hold:
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(i) LP(Q) = Bpo(Av), Bya(Av) if 1<p<2.
(it) BY,(Av), BOy(Av) — LP(Q) if 2<p < .
As was stated in §1, the classical homogeneous Besov spaces are considered as
subspaces of quotient space S'(R™)/P(R™). The following proposition states that the
homogeneous Besov spaces with some indices s, p, q are characterized by subspaces

of &{,(2) which is not a quotient space. Such characterization is known in the case
of Q =R" (see, e.g. [24]).

Proposition 3.4. Assume that V satisfies (1.1) and (2.3). Let s € R and 1 <
p,q < o0o. If either s <n/p or (s,q) = (n/p, 1), then the homogeneous Besov spaces
Bs (Av) are regarded as subspaces of Xy, () according to the following isomorphism:

B3, (Av) = { £ € X0@) [ Iy ) < 00 £ = D2 05(VAV)f in X},

JET

We conclude this section by stating a result on the equivalence relation among the
Besov spaces by Ag and Ay-regularity with V' € L2°°(Q). For the definition of the
Lorentz space L3(), see §9.

Proposition 3.5. Let n, s, p,q be such that

1
n>2 1<pq<oo, —min{?,n(l——)} <s<min{ﬁ,2}.
p p

In addition to the same assumption on V as in Theorem 2.5, we further assume that

VeL(Q) ifn =2,
{v € L2>(Q) if n > 3. (3:1)

Then
B, (Av) = B, (A),
B;’q(Av) >~ B;’q(A()).
Let us give some remarks on Proposition 3.5.

(i) Proposition 3.5 implies not only the equivalence of norms, but also that of
the following two approximations of the identity

F=Y_0i(VAf i Zi(Q),  f=) (VA f in Z(Q),
JEL JEL

for f belonging to the homogeneous Besov spaces. Analogous approximations

in X5(2) and A&7, () are also equivalent for the inhomogeneous Besov spaces.
(ii) By considering the Lorentz spaces, it is possible to treat the potential V' like

V(z) = clz| 2, c>0,

which, in fact, V € L2>(Q).
(iii) If V' is smooth more and more, then, s can be taken bigger and bigger so that

the isomorphism holds. For instance, this comes from the following identity:

(FA+ V) f = (AP + (A) (V) + V(=A)f + V2f

when we consider the case s = 4. In fact, the term (—A)(V f) requires the
differentiability of V.
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4. KEY LEMMAS

In this section we introduce some tools and prove fundamental properties of Ay (2)
and Zy (), which are important in later arguments. Here and below, we denote by
| - ||lz» the norm of LP(Q2) and || - || zr(rny the norm of LP(R™).

We start with the functional calculus; LP-boundedness of operators ¢(Ay) and
¢;(v/Ay) for 1 < p < co. In the previous work [19] we have established such kind of
estimates for some potential V' when n > 3. We improve them by some slight modi-
fications, and obtain LP-estimates under more general conditions on our potential V'
in all space dimensions (see Proposition A.1 in appendix A).

Based on Proposition A.1, we have the following useful lemma.
Lemma 4.1. Let 1 <r < p < oco. Assume that the measurable potential V' satisfies
(1.1). Then we have the following assertions:
(i) For any ¢ € C§°(R) and m € NU{0} there ezists a constant C > 0 such that

[AVO(Av) flle < CIIf|2r (4.1)

for all f € L™(Q).
(ii) For any ¢ € C3°((0,00)) and o € R there exists a constant C' > 0 such that

1436277/ Ay) fl e < C2°G79)520) p)| (4.2)

forall j € N and f € L™(Q).
(iii) Assume further that V satisfies (2.3). Then for any ¢ € C5°((0,00)) and
a € R there exists a constant C' > 0 such that

A G277 /Ay fl| e < C2"0 727249 £ 0 (4.3)
forallj € Z and f € L"(92).
Proof. Let m € NU {0} and o € R. To begin with, we note that the following
inequality
AV (Av)gllrr < Cllgllee (4.4)
holds for any g € LP(Q2). In fact, writing

APo(Av) = {APeV o(Ay) e,
and noting
AP G(N) € CFF(R),
we conclude from Proposition A.1 that (4.4) holds. In a similar way, we get

IAT (277 v/ Av)gllze < Cllgllzs (4.5)

for any j € N and g € LP(2), provided that ¢ € C§°((0, c0)).

Taking account of these considerations, we show (4.1). Let G;(x) be the function
of Gaussian type appearing in the pointwise estimate (A.7) of kernel of e~*V from
Lemma A.4, i.e.,

Gi(z) = Ct 2 exp (—

|z

— t>0 R™
Ct)? ) xe )
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where C' is a certain positive constant. We write

B2\ Ay)f = e AV AV g2\ [Ay) ) f.

By using pointwise estimate (A.7) for e v we have
‘e’Z_QjAVf(x)‘ < Go—2j(x — y)‘f(y)‘ dy, jeN, zeQ, (4.6)
RTL

where f is a zero extension of f outside of Q. Let 7o be such that 1/p = 1/ro+1/r—1.
Then we conclude from the estimates (4.4), (4.6) and Young’s inequality that

AP oA fller = [[{A7e™ o(Av) e 1],
< Clle™™ fllie
< C||Gy # | flll oy
< CHGl”LTO(R”)”f”LT(R")
< Ol fller-

This proves (4.1).
As to (4.2), again by using (4.5), (4.6) and Young’s inequality, we get

1433277 V/AV) flle = 229 ||{(27¥ Ay)%e* "V p(277/Ay) be 2 AV,
< C2 e F| 1
< 02%9)| Gy # | fll oy
< 02| G| Lo @) | fll o ey
< 0292V ||

for any j € N, which proves (4.2). The estimate (4.3) is also proved in the analo-
gous way to the above argument by applying (A.2) in Proposition A.1 and (A.8) in
Lemma A.4 instead of (A.1) in Proposition A.1 and (A.7) in Lemma A .4, respectively.
The proof of Lemma 4.1 is finished. O

The second lemma concerns with the completeness of test function spaces.

Lemma 4.2. Assume that the measurable potential V' satisfies (1.1). Then Xy (2)
is complete. In addition to the assumption (1.1), if V' satisfies (2.3), then Zy(Q) is
complete.

Proof. We first show the completeness of Xy (). Let { fy}3_; be a Cauchy sequence
in Xy (2). Then, for M =1,2,..., there exists Cyy > 0 such that

pvm(fn) <Cy forall N e N. (4.7)

Since {fy} is a Cauchy sequence in L'(f2), there exists a function f € L'(2) such
that

fv— f inL'(Q) as N — oo.
Combining this convergence with the boundedness of 2M7¢;(\/Ay) from L'(Q) to
itself, which is assured by (4.2) for « = 0 and (4.7), we have

2" pi (W AV) fllr = Jim_ 2316 (v/Av) fxll 11



BESOV SPACES 13

and hence,

pvm(f) < Cum
for M =1,2,.... Hence we get f € Xy(€2). We next show the convergence of fy to
fin Xy (€2). For each M, let us take a subsequence { fy)}72; such that

pvar(fyew) — fvge-n) <275,

where we put fy() = 0. Hence we have

ZPV,M(fN(k) — fn@-1)) < 00. (4.8)
k=1

Since {fn ) }az; is a Cauchy sequence in L'(Q), f is written by

L
T T B . 1
f=lm fyay = lim ;(ﬁv(m fng—1y) in L7(€2). (4.9)

Then (4.8) and (4.9) yield the convergence of py,a(fn(r) — f) to zero as L — oo, and
hence,
pvu(fy—f)—0 asN—-o0 for M =1,2,---.

Therefore, Xy (2) is complete.

We next show the completeness of Zy(Q2). Let {fn}%_; be a Cauchy sequence in
Zy(Q). Since Zy(Q) is a subspace of Xy (€2) and Xy () is complete, { fnv}¥_; is also
a Cauchy sequence in Xy (€2) and there exists an element f € Xy () such that fy
converges to f in Xy () as N — oo. In order to prove f € Zy(2), we show that

sup 2MV1|¢; (v Av) fllpr < 00 for M =1,2,--- . (4.10)
3<0

Since fy converges to f in L'(Q) as N — oo and ¢;(v/Ay) is bounded on L'(Q) for
each j € Z by (4.3) for a = 0, it follows that

Jim[16;(v/Av) fller = [16;(V/Av) fllsr - for any j € Z.

Since { fn }¥_; is a Cauchy sequence in 2y (Q), {qv.m(fn)}F-; is a bounded sequence
for each M and there exists a constant C'y; > 0 depending only on M such that
oMl g, (V=A) x|l < Cy forall j<Oand N=1,2,--- .

By taking the limit as N — oo in the above inequality, we conclude that f satisfies
(4.10), and hence, f € Zy(€2). Finally, the convergence of fy to f in Zy(Q2) follows
from the analogous argument to (4.8) and (4.9):

ZQV,M(fN(k) — fng—1)) < 00,
=1

L

f= nggo Z(fN(k) - fN(kfl)) n Ll(Q)a
k=1

which imply that
qvu(fn—f)—0 as N —oo for M =1,2,---.
Thus we conclude that Zy(€2) is complete. The proof of Lemma 4.2 is finished. [
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The third lemma is useful in proving Lemma 4.5.

Lemma 4.3. Assume that the measurable potential V' satisfies (1.1). Then the fol-
lowing assertions hold:

(i) For any f € X{ (), there exist a number My € N and a constant Cy > 0
such that

a0 (9 | < Crpvag(g)  for any g € ().

(ii) In addition to the assumption (1.1), if V satisfies (2.3), then for any f €
Z{,(2), there exist a number M; € N and a constant Cy > 0 such that

2(f,9)z, | < Cravanlg) for any g € Zv(Q).

Proof. Suppose that (i) is not true. Then for any m € N there exists g,, € Xy (Q)
such that

|, (Fs )y | > mpvn (gim). (4.11)
Put
~ o Ym
I mpV,m<gm>.
Noting that py (g, ) is monotonically increasing in k € {1,2,...,m}, we have

~ ~ 1
Pvk(Gm) S pvm(Gm) = —  fork=1,2,---,m.
Hence it follows that for any fixed k£ € N

Pvik(gm) — 0 as m — oo;

thus we find that
gm — 0 in Xy (Q) as m — oo.

The above convergence yields that

x (fy Gmbay | = 0 asm — oc. (4.12)

However, the assumption (4.11) implies that

X{,(fﬁm))(v‘ >1 forallmeN;

therefore this inequality contradicts (4.12). Thus the assertion (i) holds. The asser-
tion (ii) follows analogously. This ends the proof of Lemma 4.3. O

The following lemma states that the mapping ¢(Ay ) is well-defined on Xy (),
Zy(22) and their duals.

Lemma 4.4. Assume that the measurable potential V' satisfies (1.1). Then the fol-
lowing assertions hold:

(i) For any ¢ € C§°(R), ¢(Ay) maps continuously from Xy (Q) into itself, and
maps continuously from Xy, (Q) into itself.

(ii) In addition to the assumption (1.1), if V satisfies (2.3), then for any ¢ €
Ce((0,00)), ¢(Av) maps continuously from Zy(2) into itself, and maps con-
tinuously from Z{,(Q) into itself.
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Proof. First we prove the assertion (i). Let f € Ay (2). It follows from (4.1) in
Lemma 4.1 that
AVo(Av)f € D(Av), pvam(d(Av)f) < Cpva(f) (4.13)
form=0,1,2,...; M =1,2,.... This proves that ¢(Ay) is continuous from Xy (2)
into itself. The continuity of ¢(Ay ) from A7, (€2) into itself follows from the definition
(2.5).
As to the assertion (ii), since V satisfies (1.1), ¢(Ay) enjoys the assertion (i), and
hence, we conclude that
P(Av)f € Xv(Q) for any f € Zy(Q).
We show that
av.a(9(Av)f) < Cavu(f) (4.14)
for M =1,2,.... Indeed, recalling the definition (2.4) of ¢y, a/(f) and noting that

qvnr(0(Av) ) <pvu(o(Av) f) + sup 2MUl)| ¢ (\/AV)S(Av) f 1

we apply (4.13) to the first term to obtain

pv(9(Av) f) < Cpvu(f) < Cavu(f)-
For the second term in gy (¢(Ay)f), again applying (4.1) for m = 0, we estimate

sup 2190, (/A )0 (Av) L <Csup 29 6,/ A

<Cqvm(f)

for M = 1,2,.... Therefore, the above two estimates imply (4.14), which concludes
the continuity of ¢(Ay) from Zy(Q) into itself. Finally, the continuity of ¢(Ay)
from Z{,(Q) into itself follows from the definition (2.6). The proof of Lemma 4.4 is
finished. 0

The approximation of identity is established by the following lemma.

Lemma 4.5. Assume that the measurable potential V' satisfies (1.1). Then the fol-
lowing assertions hold:

(i) For any f € Xy (Q), we have
F=vANF+) 0 (VA in X (9). (4.15)

jEN
Furthermore, for any f € X{,(Q), we have also the identity (4.15) in X}, (),
and Y(Ay)f and ¢;(\/Ay)f are regarded as elements in L>=().
(ii) In addition to the assumption (1.1), if V satisfies (2.3), then for any f €
Zy (), we have

F=Y_¢;(VANf in Zy(Q). (4.16)
jez
Furthermore, for f € Z{,(Q), we have also the identity (4.16) in Z{,(X2), and
o;(VAv)f are regarded as elements in L>((2).
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Proof. First we prove the assertion (i). Let f € X(Q). Then we have f € L*(Q),
and f is written as

F=vA)f+> ¢(VAVf in L*(Q).
jEN
It is sufficient to verify that the series in the right member is absolutely convergent

in Xy (). Let M € N be arbitrarily fixed. Applying (4.2) for a = 0,1 from Lemma
4.1, we have

v (V(Av) f) < Cpvu(f),
pvar (6;(VAv) ) <C27%pyar (Avei (v Av)f)

<C2™¥pyarya(f),
which imply that
> pvar(6:(VAV)f) < Cpvnsa(f) DY 27 < 0. (4.17)
jEN jEN
Hence (4.15) holds for f € Ay (). As to the expansion (4.15) for f € A&} (Q),
applying the identity (4.15) for g € &}/ (£2), we have formally the following identity:

(D xy = x, (L Y(Av)g) ay, + ZX"/<.]C7 ¢j(\/A7V)9>Xv

et (4.18)
= x, (V(AV)f, 9y + foij(\/fv)f, 9) x5

where the second equality is valid due to the definition (2.5). We must prove the
absolute convergence of the series in (4.18). By Lemma 4.3 (i), there exist M, € N
and C > 0 such that

X’V<¢j(\/ AV)fv 9)2(‘/‘ = X"/<f7 ¢j(\/ AV)Q)XV‘
<Cypv,m, (0;(V Av)g).
Then, the above estimate and (4.17) yield the absolute convergence of the series in
(4.18).
For the proof of ¢(Ay)f € L>®(2), we begin by proving that
x, (Y(Av) f, Nay| < Cllgllr for all g € Xy (Q). (4.19)

By the definition (2.5), Lemma 4.3 (i) and (4.1) for m = 0, there exist My € N and
Of, C’f’,ﬁ > 0 such that

X{,W(Av)f; 9>Xv’ = X{,<fu¢(AV)9>Xv|
<Cipv,m,(V(Ay)g)
<Cruyllgllcr,

which proves (4.19). Thanks to (4.19), the Hahn-Banach theorem allows us to deduce
that the mapping

x, (W(AV)f, )y - Ay () — C
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is extended as a mapping from L'(Q) to C. Since L'(Q)* = L*>°(Q), there exists a
function F' € L*(Q2) such that

o (B(Av) o)y = / F(a)g@)da for all g € Xy(Q).

Then we conclude that ¥(Ay)f € L*>*(£2). In a similar way, it is possible to prove
that ¢;(v/Av)f € L>(§2). The proof of (i) is now complete.
As to the assertion (ii), noting that any f € Z(Q2) is in L*(Q), we first prove that

f= Z@(M)f in L*(Q) (4.20)

for any f € L*(Q). Put

mi= [ (1= o/0) B 5, (4.21)

j>L
It is readily checked that {g;} is a Cauchy sequence in L*(f2), so we put
g = Llim gr in L*(Q).

Noting that Ay is non-negative on L?*(2) and that the support of 1 — > isL qu(\/X)
is contained in the interval (—oo, 22|, we find that

Avoul: = [ (- )z 2
e J>L

<C2*||f|I3, = 0 as L — —oo.
Hence we deduce that
g € D(Av), Avg =0 in Lz(Q)

by the fact that g;, € D(Ay), the definition of g, and the closeness of Ay on L?(€2).
Since zero is not an eigenvalue of Ay by Lemma B.1, we conclude that g = 0, which
proves (4.20) for any f € L*().

Now, as in the previous argument, it is sufficient to show that the series in the
right member of (4.20) is absolutely convergent in 2y (£2). For the series (4.20) with
j > 1, the absolute convergence is obtained by the same argument as (4.17). For the
case j < 0, it follows from (4.3) for « = £1 that

qv,m (¢j(\/E)f) < C2%qy (Ax_/l%‘(\/E)f) < C2%qypya(f),

which imply that
ZQVM o;i( )f) < Cqvra( )ZQQj <0

<0 §<0
for all M € N. Therefore, (4.16) is verified for f € Z(Q).

Finally, as to the identity (4.16) for f € Z{,(£2), we proceed the analogous argument
to that with replacing the assertion (i) for py s and Lemma 4.3 (i) by gy and
Lemma 4.3 (ii), respectively. The proof of ¢;(v/Ay)f € L*>°(Q) also follows from the
analogous argument to that of the assertion (i) as above. So we may omit the details.
The proof of Lemma 4.5 is complete. 0
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As a consequence of Lemmas 4.1 and 4.5, we have:
Lemma 4.6. The following inclusion relations hold:
Xy (Q) € LNQ) N L>=(9), (4.22)
LP(Q) C X, (Q)  for any 1 < p < occ.
As a consequence, we have
Zy () C LY Q) N L™(Q), (4.24)
LP(Q) C Z{,(Q) for any 1 <p < oo.
Proof. Once (4.22) and (4.23) are proved, (4.24) and (4.25) hold, since
Zy() C Xp(Q2) and X (Q) C Z((Q).
We show the inclusion relation (4.22). Put
Q=1+ ¢ + Pjy1-
Let f € Xy (). Then it follows from the definition of semi-norms py s/ (-) that
1l < prol).

As to the L*-norm, we deduce from the identities (4.15), ¢; = ®;¢; and the estimate
(4.2) for a = 0 that

1l <I9(AV) fllz + Y 195(v/Av)d;(v/Av) fll =

jEN
<O|fllp +C 3277 - 20276, (\/Av) fll 0
JEN
<Cpvo(f)+CY 27 3up 2 V¥ e (v/Av) 1o
jEN €

SCpV,n+1 (f) :

Summarizing the above estimates now, we conclude the inclusion relation (4.22).
Finally, we prove the inclusion relation (4.23). Let f € LP(2) and g € Xy (Q).
Then it follows from Holder’s inequality and the above two estimates that

/Qlf(x)g(@ldw <[ Fllzellgll o

< fllzellgllLrnpes
<C| fllzrpvins1(9),

where p/ is the conjugate exponent of p. This estimate means that f € LP(§2) belongs
to A7, (€2). Hence we conclude (4.23). The proof of Lemma 4.6 is complete. O

5. PROOF OF THEOREM 2.5

In this section we prove Theorem 2.5.
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Proof of independence of the choice of ¢ and {¢;}. The proof of the indepen-
dence in (i-a) and (ii-a) is similar to that of Triebel [37]. As to (i-a), let us take

P =9p® ¢ = qbgk) (k = 1,2) satisfying (2.1), (2.2) and (2.9). Since ¢! and gbg-l)
satisfy

P =90 + 7)o =0 (W + o + 0f?),
¢§1) = ¢§1) (¢§2_)1 + ¢§2) + ¢§?1) for j=2,3,---, (5.1)
it follows from (4.1) and (4.2) in Lemma 4.1 that

(A f e + 168 (VA Fller < CLI® (Av)fllr + 3 197 (VA flles |
k=1

1
16 (VA fle < C N6 (VA flle for j=2,3,---

k=—1

which imply that

16D (A) fll + {2165 VAN 15}l
<O (40l + {2162 ANl )

This proves the independence in (i-1) for the inhomogeneous Besov spaces.
As to (ii-a), we use the identity (5.1) for all j € Z and apply (4.3) for a = 0 in
Lemma 4.1 to get

H{28j||¢§‘1)( v AV)fHL”}jeZqu(Z) = C{H{2Sj|’¢§‘2)( v AV)fHLp}jeZHeq(Z)}'
This ends the proof of the required independence of the choice of ¢ and {¢;}. O

Proof of inclusion relations (2.10) and (2.11). Let p’ and ¢’ be such that 1/p +
1/p =1and 1/q+ 1/¢' = 1. First we prove the embedding (2.10), namely,

Xy (Q) — B; (Ay) — X ().
Take ¥ and ®; such that
\I/::1b+¢1, @1::¢+¢1+¢2, q)j::¢j_1+¢j+¢j+1fOl"j:2,3,'~~.

Let M € N be such that M > s+ n(1 —1/p). Then, for any f € Xy (Q2), we deduce
from the identities ¢; = ®,¢; and the estimate (4.2) for « = 0 in Lemma 4.1 that

B = 1A fls + {3 (25j||q>j(M)¢j(\/fv)f‘|Lp)q}%

JEN

/]

1

< Clflp +C{ 3 (29220799272 296, (VA flla )}

JjEN
< Covn(h+ {3 (28j2n(1_11_’)j2Mj)q}%p\/,M(f>
jeN

< Cpvu(f)
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for any f € Ay (Q2). Thus we get the first embedding:
To prove the second embedding
By (Av) <= Xy(92), (5.3)

we take M’ € N such that M’ > —s + n(1 —1/p'). Applying Lemma 4.5 (i), the
identities ¢ = W), ¢; = ®,¢;, Holder’s inequality and the embedding (5.2) for s,p,q
replaced by —s,p', ¢, i.e.,

Xy (Q) — B, (Av),
we have, for f € By (Ay) and g € Xy (Q2)

2 (BANL A+ D g (63(VAN L, 25(VAV)g) |

j>1
< [W(Av) fll e 1V (Av)gl| Lo

+ H{28j||¢j(\/E)fHL”}jENHZq(N)H{2_Sj||¢)j(\/f47‘/)g||1:p’}jeNqu’(N)
< |/l

< C|lfl
Therefore, (5.3) is proved, and as a result, we get the embedding (2.10).

|X{,<f7 g>Xv| =

B ,(Av) ||9||Bp—,fq,(,4v)

Bs ,(Av)PM (9)-

Next we show the embedding (2.11), namely,
Zy(Q) < B: (Av) — Z,,(9).
Put
CI)j = gZ5j_1 + (253' + (bj_H for all j € Z.

Let L € N be such that L > |s| +n(1 —1/p). For any f € Z(2), we deduce from the
identity ¢; = ®;¢; and the estimate (4.3) for o = 0 that

1

700 = { 32 (2200 A00, /Ao )'
< C{(;O+;) (2920 oy A )}
< 0(31;10:2Lj!|_¢j(\/7v>f|!m) { ;0 (253‘2”“‘%”2“)q}%
+0(sup27 0, (/A0 1 ) { > CEEERIRY
< Cqv.(f),

which implies that _
To prove the second embedding
B: (Ay) — Z{(Q),
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we take L' € N such that L' > [s[+n(1—1/p'). For any f € B, (Ay)and g € Zv(9),
using the identities ¢; = ®;¢;, Holder’s inequality and the embeddlng (5.4) for s,p, q
replaced by —s,p’, ¢, i.e

Zv(Q) = B, (Av),

we estimate

|z, {f,9)z| = ‘Z 2, (65 (V AV, (I)J'(\/ILTV)@ZV‘

JEL
< H{25j||¢j(\/E)fHLP}jEZHeq(Z)H{2_5j||@j(m>gl|LP'}jGZ””/(Z)
<C|f] Bg,q(Av)”g“Bp_/fq/(AV)

< Ol s, a0)92:(9)-
Thus we conclude (2.11). O

It remains to show that Bj (Ay) and B;q(AV) are Banach spaces. It is easy
to check that they are normed vector spaces, and hence, it suffices to prove the
completeness.

Proof of the completeness of B (Ay) and B;q(AV). We have only to prove

the completeness of the homogeneous Besov spaces B;’q(AV), since the inhomoge-
neous case is similar. The proof is done by the analogous argument to that by Triebel
[37]. Indeed, let {fx}%¥-; be a Cauchy sequence in By (Ay). We may assume that

| fne — Sl Bs (Ay) = 27N (5.5)

without loss of generality. Then {fy}%_; is also a Cauchy sequence in Z{,(§2) by
the inclusion relation (2.11), and hence, there exists an element f € Z{,(2) with the
property that

v — f inZ{(Q) as N — oo,
since Zi,(§2) is complete. This together with the boundedness of ¢;(1/Ay) on Z{,(2)

imply that
¢ (VAV)fn — ¢;(VAv)f  in Z(Q) as N — oo, (5.6)
and we have ¢;(vAy)f € L>(Q) by Lemma 4.5 (ii). Furthermore, fixing j € Z,
we see that {¢;(v/Ay )fn}F-; is also a Cauchy sequence in LP(2), and there exists
F; € LP(Q) such that
o;(V Ay ) fx — F; in LP(Q) as N — o0,
which implies that

Fi(z) = ¢j(V/Av)f(xz) almost every x € €,
and the convergence (5.6) also holds in the topology of LP(Q)..
It remains to show that f € B; (Ay) and fy tends to f in By (Ay) for the above
f € Z{,(Q). Since {{29]|¢;(v/A )fN||Lp}J€Z}N:1 is a Cauchy sequence in (4(7Z) and

29| s (/A ) vl e — 29116, (VAV) flle  as N — oo,

we get
HfHB;,q(AV) < o0,
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and hence,
oL
feB, (Av).
For the convergence of fy to f, writing

f=> (fi—fim) = lim fy in Z(Q),

k=1

where fo = 0, we conclude from (5.5) that the above series converges absolutely in
the topology of By (Ay). Thus the completeness of B (Ay) is proved. The proof
of Theorem 2.5 is now finished. O]

6. PROOF OF PROPOSITION 3.1

In this section we prove Proposition 3.1. We treat only the homogeneous Besov
spaces B, (Ay), since the inhomogeneous case follows analogously. We prove that

Bs(Av) = B,5 (Ay) (6.1)
for any s € R and 1 < p,q < 0o. Let us first show that
B* (Ay) < B (Ay)*. (6.2)
Let {¢;};ez be as in (2.2) and put
(I)] = (bj*l -+ (bj -+ (ijrl for j €.

For any f € Bl;sq,(Av), we define an operator T as

Tygi= 3 [ (6(/A0F) B(VAgde for g € B (Av)

Then
Trgl < {27115 (V AV) Fll o ez | o iy {27125 (W AV) gl 2o} sez || o

< C||f||B;,fq,(Av)||9||B;7q(AV)a

which implies that the operator norm [|T¢|[ s (4, is bounded by C||/f|lz-5 (a,)-
P.q p’d’

This proves the inclusion (6.2).
We prove the converse inclusion:

By (Av)" = B (Av). (6.3)
Let F € B;q(AV)*. We define an operator
T:(NZ;LP(Q) —C
as follows. For G = {G,};ez € (1(Z; L*(12)), we put

T(G) = F( Y 2796,(V/An)G;).

JEZ
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Here we estimate
|2 vang,
- B; ,(Av)
JEZ
k+1 P
={ X @4etvan) 3 2evane|, )}
kEZ j=k—1
1 1
N e
={2 (2 eetvAn) 3o 276, (VAN G| )}
keEZ r=-—1
1 1
<c Yy 2> les, )
r=—1 keZ
<C|G]lear,
where we used the estimate (4.3) for @ = 0 in Lemma 4.1. Hence we deduce that
<||F|| 5s =5
(@) <Fll5y 00 VA,
<CIF gy ar .
Since ((9LP)* = (9 L¥| there exists {F}},ez € (9 L such that
=Y [ F@G@ s ad [ hezls < CIFly o (64)

JEZ

Then for any g € B;’q(AV), let us take G' = {G,}jez as

G;=290;(\/Ay)g.

It follows from g € Z{,(€2), Lemma 4.5 (ii) and the identities ¢; = ¢;®; that

= (A 290,/

JEZ

(@)
/ Fi(z)G;(z) dx

I
~

x)250,( Av)g dx

> [
/ 28@ VAV (x ))gdx

I
NM NM M

Taking f as

f= Z 2SJA(I)J'(\/AiV)FJ

JEZ



24 T. IWABUCHI, T. MATSUYAMA, K. TANIGUCHI

we deduce from (6.4) that
HfHBpij,(Av) SCH{FJ}J'GZHM’LP’
<CIF g5y

which implies that f € B;fq,(AV). Hence F is regarded as an element in Bl;fq,(AV),
and we get the inclusion (6.3); thus we conclude the isomorphism (6.1). This ends
the proof of Proposition 3.1.

7. PROOF OF PROPOSITION 3.2

In this section we prove Proposition 3.2. The embedding relations are immediate
consequences of Lemma 4.1. The main point is to prove the lifting properties.

First we prove the homogeneous case, namely,
AR f e BS0(Ay) for any f € B3 (Ay).
To begin with, we show that
Af})/ ? is a continuous operator from Z,(2) to itself. (7.1)

By the definition (2.6), it is sufficient to verify that Af/o/ ? is the continuous operator
from 2y () to itself. Let us take My € N such that My > |so|. It follows from (4.3)
for a = s9/2 and (4.16) that

qv,m (Af}’/Qg) < Cqvrsan(9)

for any g € Zy/(£2), which implies that Af/o/Qg € Zy(Q2). This proves (7.1). Hence, all
we have to do is to prove that f € B (Ay) satisfies

1A f]

L <l

By (A Bj (Av)- (7.2)

In fact, let
;= i1+ &5+ P
We note that ®;(A)A* € C§°((0,00)). Writing
B, (N = 297 (1) - (2700 \),
we get
16:(VAV) AR Flle =207 | {@5(v/Av) 270 AP },(VAV) £,

<C2°9|;(v/Av) f| v

Hence, multiplying 2(°=0)7 to the above inequality and taking the ¢¢(Z)-norm, we
obtain the required inequality (7.2).
As to inhomogeneous case, we have to consider the operators

(A2 + 1+ Ay)*2¢;(v/Ay).

The only different point from the homogeneous case is to show the following estimates:

O3+ 1+ A" 20, (VAD S| <2 |os(vAn| (73)
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for any j € N. We write
()\(2) + 1 + AV)50/2 :[2503‘{2—2]'()\3 + 1) + 2—2jAV}so/2 _ 250j (2—2jAv)so/2:|

+ 29 (272 4,)
=T +T5.
As to Tep;(v/Av)f, it follows from (4.2) for @ = s9/2 in Lemma 4.1 that
1 T20;(\/Av) fller < C2°7| b5 (\/Av) £ -

Writing

' 2729 (A2 +1) ' s
Ty =2°07 / (0 +272Ay)> db
0

: 272j(>\(2)+1) So . 50
—950J / 5(9 + 275 Ay) 2t d,
0
we estimate T1¢; (v Av)f as

o], s e [ oz an o m], a

When p = 2, we use the spectral theorem on the Hilbert space L?(€2) to obtain
22(i+1)

= L e d|Ea o (VA
22(5-1)

2

H(9 + 279 Ay) T (VA f

.2
22(5+1)

<c [ @] B (VAN
<Z5j(\/f‘Tv)f‘

since j € Nand 0 < 6 <27%(A\2 4 1). When p # 2, we have to obtain the following

estimate:
|O+22an (/A0 <clletvans] - (7.4)

Since 6 is small compared with the spectrum of 27% Ay ¢;(v/Ay), 0 is able to be
neglected. Hence, the proof of estimate (7.4) is done by the argument of our paper
[19]. So, we may omit the details. Summarizing the estimates obtained now, we
conclude the estimate (7.3). The proof of Proposition 3.2 is finished.

2
L2

<c|

2
2’

8. PROOFS OF PROPOSITIONS 3.3 AND 3.4

In this section we prove Propositions 3.3 and 3.4. Let us start by preparing two
lemmas.

Lemma 8.1. Let 1 < p < 2. Then there exists a constant C' > 0 such that
_9—2j
11580400 < ClAles + ClLE 4 Flliod gy (8.1)

115 ey < O fllo} ol (8.2)
for any f € C5°().
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Proof. Since e ¥ ¢,(\) is in C5°((0, 00)), it follows from (4.2) for a = 0 that
16;(V/Av) fllze =] (¢4 65(V/Av)) e 47 f| o (8.3)

<Ol 4 fl o
for any j € N. Then, taking the ¢*(N)-norm, we obtain (8.1). As to the homogeneous

case, thanks to (4.3) for @ = 0, inequality (8.3) is also valid for any j € Z, and hence,
taking the ¢*(Z)-norm, we conclude (8.2). O

Lemma 8.2 (The Khinchine inequality). Let {r;(t)}32, be a sequence of Rademacher
functions, that is,

27

ri(t) == Z(—l)k_IX[(kq)z—j,kz—j)(t) fort €[0,1],

k=1

where x; denotes the characteristic function on the interval I. Then for any p with
1 < p < o0, there exists a constant C > 0 such that

C*luaqu(N) S H Zajrj
jEN

<C 8.4
o < Clalla (4)

for all a = {a;}jez € *(N).

Proof of Proposition 3.3 (i): The embedding
LP(Q)) — B,(,),Q(Av) for 1 <p<2. (8.5)

It is sufficient to show that
£l 0 4y < Cllfllzr for any f e C(Q) (8.6)

due to the fact that C§°(Q) is dense in LP(€2). Let {r;(¢)} be the sequence of
Rademacher functions as in Lemma 8.2. If we show that there exists a constant
C' > 0 such that

H jilrj (t)e 2 7Av f LT H j:_ZjN r_i(t)e 2 P Avy

for all t € [0,1] and N € N, then (8.6) is verified. Indeed, by using the Minkowski
inequality, we have

ey 1/2
(3 1 4 i)

l7I<N

A }N: 2727 A 2 1/2 21: 2727 A 2 172
—Aav - 1% - %
SHe fHLp + H( - ’6 f‘ ) P * H( \e f’ >

J=1 ==

| <Clfle 87

73

Since [[e=V f||z» < C||f||z» by (A.8), and since the third term in the right member
of the above estimate is treated analogously to the second one, we may consider only
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the second term. By using (8.4) and (8.7), we estimate

H<é‘6_2%f )7L fc”</;‘éw>e-2”AVf’”dt)w -
1 N . y
:C</ S e vyl ar)
0 —1 »

=
! 1/p
<c( [ s )
0
=C||f|z»,
which implies that

oy 1/2
(X I fI5) " < Cliflls forany N €N,

lil<N

Taking the limit as N — oo in the above inequality, and combining the resultant with
the inequality (8.2) in Lemma 8.1, we obtain the required inequality (8.6). Thus, we
get the embedding (8.5).

We must show (8.7). Let fbe the zero extension of f to the outside of (2. Recall
that Gy(z) is the function of Gaussian type in the right member of (A.8). Noting
that

Iri(t) <1 foralltel0,1],
we deduce from (A.8) that

N -1
St | 3 et s
j=1 j=—N

for all ¢ € [0,1]. Here, it is certain to check that for each o € (NU {0})"
’x‘n+|a| |8?G272j (x)| < C’ij|n+\a| }a;lGl (ij) |’

<c[ 3 Grat-plfwly 65)

and hence,

sup |x|“+|a‘

te[0,1],NeN,zeR"

N
3 9G (x)‘ < O3 Pa ) orcy (20a)
j=—N JEZ
< CZ o(ntlal)jg=c2™ o
JEL
Then, applying the LP-boundedness of the singular integral operators (see e.g. p.29
in [35]), we get

N
| [ Grsto-wifwds], . <CIFlian = Clflos
j=—N

Hence the required inequality (8.7) is a consequence of (8.8) and the above estimate.
Therefore, the proof of the embedding (8.5) is completed. O



28 T. IWABUCHI, T. MATSUYAMA, K. TANIGUCHI
Proof of Proposition 3.3 (ii): The embedding
BS’Q(AV) — LP(Q2) for 2 <p < 0. (8.9)

Let p’ be such that 1/p 4+ 1/p" = 1. Then the embedding (8.9) is an immediate
consequence of 1 < p’ < 2, L¥(Q) — B) 5 (Ay), LY (Q)* = LP(Q) and B ,(Av)* =
BY,(Ay). O

Proofs of Proposition 3.3 (i) and (ii) for the inhomogeneous Besov spaces.
Let 1 < p < 2. Then all we have to do is to show that

1150, cav) < Cllfller for any f e C5o(S2).

Referring to the estimate (8.1), we have only to show the corresponding estimate to

(8.7), that is,

<Ol

’ L

N .
|3
j=1

which is proved in the same way as in the proof of (8.7) by using the pointwise
estimate (A.7) for the kernel of e=*V. Hence we have the embedding

LP(Q) — B),(Ay) forl<p<2. (8.10)
Finally, referring to the proof of (8.9), we obtain the embedding
B, (Ay) — LP(Q) for 2 < p < oo

by taking the duality of L (Q) — B ,(Av). The proof of Proposition 3.3 is now
finished. O

We now turn to the proof of Proposition 3.4.

Proof of Proposition 3.4. Putting

Xa(Av) = { £ € X0 [If 1y a0 < 00 £ = D2 05(VAV)S in K() ],

JEZ
we see that
X;,(Av) C B; (Ay).
Hence it is sufficient to prove that
B: (Ay) — X3 (Ay). (8.11)

Let f € B;q(AV). Then f € Z{,(2), and thanks to Lemma 4.5 (ii), f is written as

F=Y_6;(VANf +D¢;(VAV)f i Z,(Q)

§<0 i1 (8.12)
=T+ 11
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For the low frequency part, it follows from (4.3) for a = 0 that

Iz <Y I165(V/Av) fllim

7<0
<C> 207 (v Av) £ 1.
7<0

where the right member is finite when (s,q) = (n/p,1). In the case when s < n/p,
we estimate

]| <C 26 sup 2% || (v Av) f || o

7<0
<C|f]
<C| f|

B;),OO(AV)

B (Ay)

where we used the embedding in Proposition 3.2 (ii) in the last step. Hence the
above two estimates and Lemma 4.6 imply that I belongs to A7, (£2). As to 11, since
the high frequency part of qya(-) is equivalent to that of py(-), it follows that
IT € X[,(2). Hence the identity (8.12) holds in the topology of A7, (€2). Therefore,
we get [ € X;Q(AV). Thus we conclude the embedding (8.11). This completes the
proof of Proposition 3.4. (Il

9. PROOF OF PROPOSITION 3.5

In this section we prove Proposition 3.5. We utilize the theory of Lorentz spaces
and introduce the following notations (see e.g. [15,42]). Let f be a measurable
function on 2. We define the non-increasing rearrangement of f as

fr(t) =inf{ 0 >0 | mp(o) <t },

where my (o) is the distribution function of f which is defined by the Lebesgue mea-
sure of the set {z € R™||f(z)| > o }. We define a function f**(¢) on (0,00) as

1 t
=g [ e
t Jo
Lorentz spaces LP9({2) are defined by letting

LP(Q) :={ f : measurable on Q | || f||zre < o0 },

where

supte f**(t). if 1 <p<oo,q=oc0.
In what follows, we denote by | - || zr.a@rn) the norm of LP4(R") only when € = R™.
Note that
LPHQ) — LP(Q) if 1 <p,q < oo, (9.1)
LP(Q) = LP>(QQ) if p=1, 00,
LPHQ) — LP(Q) = LPP(Q) — LP™(Q) if 1 < p < oo,
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Let 1 < p < co. We have the Holder inequality and Young inequality in the Lorentz
spaces:

1 1 1 1

L1 1
[fgllea < [ flleeval|gllppze  if —= —+ —, —=—+ —, (9.2)
p p1 D2 q q1 q2
. 1 1 1 1
[follzr < fllzrrallgllpree  fl=—+—=—+4— (9.3)
pP1 P2 q1 Q2
1f * gllzpagny < | fllzevar oyl gllLpz oo e (9.4)
1 1 1 1 1 1
if -=—+—=——-1, —==4 =,
P  P1 D2 q q1 q2

where 1 < p1,p2,q,q1,q2 < 00. We often use the estimates in the Lorentz spaces on
R"™ for functions on €2 extending them by zero extension to the outside of €2 when the
necessity arises.

We prove Proposition 3.5 only for the homogeneous Besov spaces B;’q(AV), since
the inhomogeneous case is proved in an analogous way.

We prepare the following four lemmas.

Lemma 9.1. Let 1 < py <p < oo and 1 < q < oo. Assume that V' satisfies (1.1)
and (2.3). Then there ezists a constant C' > 0 such that

16;(v/AV) fll o + 165(v/A0) fll s < C2" 7557 £]] o (9.5)
forall j € Z and f € LP(X).

Proof. It is sufficient to consider the case ¢ = 1 due to the embedding (9.1). Let p;
be such that 1/p = 1/po + 1/p; — 1. Then it follows from the Young inequality (9.4)
and the same argument as Lemma 4.1 that

165 (VAV) fllpor = [le™> 7 {2V 6, (VAV) | 0
< HG2*2J'HLP1 1R H{€2_2jAV¢j(\/A_V)}fHLpo,oo
< C(p)2" 5 {2 0,(V AV} | 1o
< C(p1)2" 55| £l o,

where G is the function of Gaussian type appearing in the right member of (A.8),
and we used the fact that

n(L—1);
G2 || g = C(p1)2" 50 #7  for py > 1.

Here we note that the above constant C' = C(p) is finite if and only if p; > 1, and
hence, we have to assume that p; > 1, namely, py < p. The estimate for ¢;(1/Ao) [ is
obtained in the same way. Thus the proof of of Lemma 9.1 is completed. 0

Lemma 9.2. Let {¢;};ez be defined by (2.2). Assume that V satisfies (1.1), (2.3)
and (3.1). Let 1 < p < oo. Then

AVO (VA S € Zp(Q) and  ADG;(VAV)f € Z(Q)
for any j,m € Z and f € LP(Q).

(9.6)
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Proof. Let j € Z be fixed. Since ¢;(v/Ag)f € LP(Q) for any f € LP(Q) by (4.3) for
a = 0 in Lemma 4.1, it follows from (4.25) in Lemma 4.6 that ¢;(v/Ao)f € Z{,().
We proved the assertion (7.1) in the proof of Proposition 3.2; Ay} is the mapping
from Z{,(2) to itself. This proves the first assertion. In the same way, the second
assertion holds. The proof of Lemma 9.2 is complete. 0

Lemma 9.3. Let {¢;}jez be defined by (2.2), and take ®; := ¢;_1+¢;+Pjr1. Assume
that V' satisfies (1.1), (2.3) and (3.1). Then the following assertions hold:

(i) Let p =1 forn =2 and 1 < p < n/2 for n > 3. Then we have, for any

fe L)
165 (v/Av)®i(v/Ag) fll e < C272079|| £l 1, (9.7)
16k(v/A0) @5 (v/Av) flle < C2725 | f]| o (9.8)

(ii) Let p =00 forn =2 and n/(n —2) < p < oo forn > 3. Then we have, for
any f € LP(Q)

16 (v Av)@r(v/Ao) fllze < C272ED| £ s, (9.9)
or(v/A0) (v Av) fll 1o < C272579) f]| . (9.10)

Proof. We prove only (i), since the estimates (9.9) and (9.10) are obtained by the
duality argument for (9.8) and (9.7), respectively.
We first consider the case n = 2 and p = 1. We note from Lemma 9.2 that

O (v Ao) f = Ayt Ay, (VA f in Z(Q).

Thanks to the estimate (4.3) for & = 1 and the assumption (3.1) on V, a formal
calculation implies that

65 (VA B/ A0) fllx =165V A) AT Ay iy Ao)
<O | A0i(V/A0) 1+ IV E(V/A0) 11

<C2 22 a4 |V o4+ Ao) = }
<CTBPN |

(9.11)

which proves (9.7). As to the estimate (9.8), again by using (4.3) and the assumption
(3.1) on V, we estimate

64(+/A0)®5(+/Av) [l
=[l6¢(v/A0) A5 (A = V)@;(v/A) fl| s
<02 {Av®; (VA fllp + IVE,(VA) 11} (0.12)
<C2 )| f iy + IV I [ 05(VAV) 1 |
<C2 224 f| 1.
This proves (9.8). Thus the estimate (i) for n = 2 and p = 1 is obtained.
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In the case when n > 3, we estimate by the use of the Lorentz spaces. As to the
estimate (9.7), by using the same argument as in (9.11), we get

165 (v/Av)Pr(v/Ao) fl 1w < C275L2%|| f|| 1o + ||V Ox(V/Ao) fl 2 }- (9.13)

Here, the Holder inequalities (9.3) and (9.2) together with the estimate (9.5) in
Lemma 9.1 imply that for p = 1,

1V @u(v Ao) fllr VI g ec [PV A0) fIl 52g (9.14)
<C2%| fll1,
and for p > 1,
IV Or(v Ao) flle <NVl g 0o [|Pr (v Ao) f| Lrow (9.15)
<C2%| |1,

where py is a real number with 1/p = 2/n+1/py. Then (9.7) is obtained by estimates
(9.13)-(9.15). It remains to prove the estimate (9.8). By the same argument as in
(9.12) we estimate

I6x(V/A0)@5 (VA fll o < C2 2| fll o + IV, (v/AV) |10 }

Here, it follows from the same argument as (9.14) and (9.15) that
IV®; (v Av) flle < C2%| fl| -

Then, (9.8) is a consequence of the above two estimates. The proof of Lemma 9.3 is

complete. 0
Lemma 9.4. Under the same assumptions as Lemma 9.3, the following assertions
hold:
(i) Let 1 <p < oo and 0 < a < min{2,n/p}. Then we have
16, (v/ Av)®r(v/Ao) fllw < C27207| £ 1, (9.16)
168(v/A0)®; (v Av) flle < C2* | f]] 1o (9.17)

for any j,k € Z and f € LP(2).
(ii)) Let 1 <p < o0 and 0 < o < min{2,n(1 —1/p)}. Then we have

16 (v/ Av)r(v/Ao) fll v < C27FD)| f s, (9.18)
16 (v/Ao)®; (V/Av) fllze < C2707P)|| £ o (9.19)

for any j,k € Z and f € LP(X2).

Proof. The strategy of the proof is to apply the Riesz-Thorin interpolation theorem
to the estimates in Lemma 9.3 and the following uniform estimates:

16;(v/Av)@x(v/Ao) fllza < CI|f|1a, (9.20)
16 (v/A0) @5 (v/Av) f | pa < CI|f| s, (9.21)

for all j, k € Z, which are proved by (4.3) for o = 0.
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Let 0 < a < min{2,n/p}. Then the proof of (9.16) for 1 < p < n/2 is performed
by combining (9.7) and (9.20) with ¢ = p. In fact, we estimate

16;(v/Av)@i(v/Ag) f | v (9.22)
=16, (/A ) Br(v/A0) 1|2, 16 (v/Av ) i (/A f I 1 2
<C{27 20" )| f | 1o
—C27 0P| £ 1.

This proves (9.16). In a similar way, by using (9.8) and (9.21), we get the estimate
(9.17). When n/2 < p < oo, we apply the Riesz-Thorin interpolation theorem to
(9.20) with ¢ = oo and the estimate (9.7) together with the argument (9.22).
Finally, estimates (9.18) and (9.19) are proved in analogous way as in (9.16) and
(9.17), if we divide the cases into n/(n —2) < p < oo and 1 < p < n/(n —2). The
proof of Lemma 9.4 is complete. U

Remark. When (2.3) is not imposed on V', which is the assumption on the inhomo-
geneous Besov spaces, the same estimates in Lemmas 9.1-9.4 also hold for j, k € N,
since the proof is done analogously by applying (4.2), (A.7) instead of (4.3), (A.8),
respectively.

In what follows, we prove the equivalence relation between B;’q(Ao) and B;  (Av)
under the assumption on V' in Proposition 3.5.

Proof of the isomorphism:

B: (Ao) = B3 (Ay). (9.23)

The case: s > 0. First we prove that
B: (Ay) — B: (Av) (9.24)
for any s > 0. To begin with, for any f € B;yq(AO), we show that
F=Y_¢;(VAv)f in Z,(9Q). (9.25)
jEL

To see (9.25), we consider the formal identity
29z = 2 (f 0 (VA z, =D 2 (0;(VAV)f 9z, | (9.26)

JEZ JEZ

where the first identity is deduced from Lemma 4.5 (ii). Note that

F=> "o/ A))f in Z)(Q) (9.27)

by Lemma 4.5 (ii). Plugging (9.27) into (9.26), we can write formally

29z =YY 2 (VA 6(VAV)g) 2, -

JET kel
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Then it is sufficient to show that for any g € Zy ()

SN s (VAN 65 (VAV)g) 2| < CIS

JET kez

B g llglle e avy (9:28)

since
Zy(Q) = B,* (Ay).
Let ®; := ¢;_1 + ¢; + ¢;j41. By using ¢; = ¢;®; and Holder’s inequality we estimate

ZZ‘Z/ or(vV/Ao) 1, 65(VAV)g) 2, | (9.29)

_ZZ‘Z’ (05(V/AV)ou(v/A0) ], 25(v/Av)9) 2 |
SOMCI EtvE AVMVEMAWQHMYP
{2 (29, v/Ag )"}

=:(s, f) x II(s,g).

The estimate of the second factor I1(s, g) is an immediate consequence of the defini-
tion of norm of Besov spaces B,,% (Av), that is, we have

11(5.9) < Clglli (a0 (9:30)

As to the first factor I(s, f), applying (9.16), we have, for any j € Z

27U Mo (VA flle iR <,
65/ AR A A0 < € {umw—o)fnm k>

where « is a fixed constant such that s < @ < min{2,n/p}. For the sake of simplicity,
we put

= ll6r(v/Ao) Il o (9.31)

When k < j, by using the above estimate, we estimate the first factor I(s, f) in (9.29)
as

1) <o{ S (7 32 69,)"}"

k<j

i 9 g
:C{ Z ( Z 9—(a=s)K 9s(j—k )aj—k’> }q
JEL K>0 (9.32)

1

<C Z 27(0173)19/{ Z <2S(jik/)aj,k/)q}a

k>0 JET

<Clflls,
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and when k > j, we have

1

165, f) <c{ 3 (273 )"}

€T k>j

:C’{ Z < Z st’2s(j—k’)aj_k,>q}%

JEL k<0 (9.33)

<cy o3 (20 k’>aj_k/)q}

k’'<0 JEZ

<C|f]

Q=

hs .
Bqu

Summarizing (9.30)—(9.33), we conclude that the series (9.26) is absolutely conver-
gent, and hence, the identity (9.25) is justified. Also, as a consequence of (9.32) and
(9.33), we obtain

1

||f|BSq(Av —{Z<28]ZH¢J Ay ) o ( M)f“Lp>q}E
JEZL k€EZ
§C||f| Bg ,(Ao)’

Therefore, the embedding (9.24) holds.
It is also possible to show the embedding

B;’q(Av) — B;’Q(AQ)

by the same argument as above, if we apply (9.17) instead of (9.16). The proof of
isomorphism (9.23) for s > 0 is complete.

The case: s < 0. In this case, the argument for s > 0 works well. The only differ-

ence is to obtain estimates corresponding to (9.32) and (9.33), so that we concentrate
on proving that

{Z (28]2 65 (v/Ay) \/A_O)¢k<\/A—O)fHLp>q}é <ONfllgs (e (934)

jez keZ

It follows from (9.16) that for any j € Z

[61(vAo) fl s if & <7,
AR A < € {2‘a‘k—j>u¢k<m>fum ith> )
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where « is a fixed constant such that |s| < a < min{2,n(1 — 1/p)}. Then, by using
the above estimate and recalling the definition (9.31) of ay, we have for k < j,

(3 (27 Sl VAne/aa/af,)

JEZ k<j

<o{L (@ Ta)}

JEL kE<j

Y (Y a)'}

jez k>0

oS ()

JjETZ k>0

<o 2 Y (20, 0) )

k'>0 JEZ

<C||f|

Q=

sta,q(AO) !

and in the case when k£ > 7, we estimate

{Z (283 Z 16, (v/Av) @i ( \/Aio)ébk(\/AiO)fHLp)q}%

JEZ k>3

:(J{ S (251‘ 3 2&"?’%_,€,)q}a

jEz k'<0

:C{ Z ( Z 2(a+s)k’25(jfk’)ajik/> KI}%

JEZ k<0

<C Z 2(a+s)k'{ Z (25(j—k’)aj_k/>Q}

k'<0 JEZ

<C|f|

Q-

Bqu(Ao) .

Therefore, the estimate (9.34) is verified, and the proof of the isomorphism (9.23) for
s < 0 is finished.

The case: s = 0. In this case we have only to show the corresponding estimates
0 (9.34). Since 1 < p < oo, Lemma 9.4 implies that

16 (v Av)i(v/Ao) fll 2w < C270H) || o,

168(v/A0)®; (V/Av) f 2w < C27 0 H|| £ 1,
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where 0 < a < min{2,n/p,n(1 —1/p)}. Then it follows from Young’s inequality that

[ (S lot/Ane/Apat/ar,) )

JEZ k€
<o{¥ (Zz—alj—’“Hm(@)f\@?é
SC(Z}“’"){; (AN fHLp}

<C|[f1 sy, (a0)-

Therefore, the case s = 0 also holds. Thus the proof of isomorphism (9.23) for
homogeneous case is finished. 0

Let us now prove the inhomogeneous case.

Proof of the isomorphism:
By (Ao) = B (Av). (9.35)

The proof of (9.35) is similar to the homogeneous case. Indeed, as to the proof of
the embedding
B, (Ao) — B, (Av),
the main point is to show that for any f € B, (Ao),
F=0AnF+) 6 (VA S in X(Q).
jEN
This identity is obtained by using the following estimate:

}X{,( (Ao)fs¥(Av))g XV|+ZZ{X' (ox(v/Ao)f, 925](\/7) >XV‘

j€N keN
+ 3 ag (Wn(A0) £, 05 (VA9 e | + D |y (0e(V/ Ao) [, 0 (AV))9) x|
jEN keN

<C|f]

Brq(a 19052 (av)

for any g € Xy (€2). The proof of the above estimate is analogous to those of (9.32)
and (9.33) by taking the sum over j,k € N. So we may omit the details. Thus we
conclude (9.35). O

APPENDIX A. (LP-BOUNDEDNESS, SELF-ADJOINTNESS AND POINTWISE
ESTIMATES FOR e '4V)

We discuss the uniform LP-boundedness of ¢p(#Ay ) in this appendix.

Proposition A.1. Let ¢ € S(R) and 1 < p < oc.
(i) Assume that V satisfies (1.1). Then

sup ||[¢(0AV)||Lr—rr < 0. (A.1)
0<6<1
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(ii) Assume that V satisfies (1.1) and (2.3). Then
sup ||¢(0Ay) || Lr—rr < 00. (A.2)

0<f<o0
Remark. We note that the potential like
V(z) ~ —clz|™® as|z]| - o0, ¢>0

is very interesting. However, it is excluded from assumption (2.3) on V. The reason
is that the uniform boundedness in Proposition A.1 would not be generally obtained,
since

lim [|e ™| 1r1r = 00

t—o0

for some p # 2 which was proved in [17,18].

The proof of Proposition A.1 is similar to that of our previous works [19,20] by
using Lemmas A.2-A.4 below and we may omit the complete proof of Proposition
A.1. So, we shall concentrate on the proof of the self-adjointness of Ay and the
pointwise estimate of integral kernel of e~4V | which need certain adjustment to the
method in [20].

Let us prove that Ay is self-adjoint on L?(Q). Following the argument in [30] (see
also [19]), we consider the quadratic form ¢ defined by letting

q(u,v) := /QVu(x) - Vo(x) dr +/§2V(x)u(x)@dx, u,v € 9Q(q),

where Q(q) := {u € H}(Q) | VViu € L*(Q)}.

Lemma A.2. Assume that the measurable potential V' satisfies (1.1). Then there
exists a self-adjoint operator Ay on L*()) such that

D(Ay) = {u € 9(q) lawu € L*(Q) s.t. /wu@dx = q(u,v) for allv € Q(q)} :
Ayu =w, foru e D(Ay). )
Moreover, Ay is semi-bounded, i.e., there exists a constant A\g > 0 such that
Ay > X2l
Remark. We define Ayu € L*(Q) for u € Q(q) if u € D(Ay). Then D(Ay) is

simply rewritten as
D(Ay) = {u € Q(q) | Avu € L*(Q)}
= {uc HYQ) | /Viu € L*(Q), Ayu € L*(Q)}.
This is nothing but the identity (1.2) given in §1.

To prove Lemma A.2, we need the following lemma.

Lemma A.3. (]9,19,34]) Assume that V_ is in the Kato class K, (). Then for any
e > 0 there exists \g > 0 such that

/QV—(fﬂ)!f(:E)Izdﬂf < e VAL + N fI1Z (A.3)
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for any f € H}(Q).
Proof. By the density argument, we may take f € C5°(€2). Let f and V_ be the

zero extension of f and V_ to R”, respectively. Then (A.3) is equivalent to

Vo (@) f(2)? d < ellV T2 gn + Al Iz

RTL
Since this inequality is proved in [9,34], we may omit the details. The proof of
Lemma A.3 is finished. O

Proof of Lemma A.2. It suffices to show that the quadratic form ¢ is closed and
semi-bounded by Theorem VIII.15 in [30] (see also Lemma 2.3 in [19]). We first show
that ¢ is closed. Put

¢ (u,v) = / Vu(z) - Vu(x) dx —/QV_(x)u(aj)mdw, u,v € Q(q1) := H(Q),

¢ (u,v) = QVJF(:L')u(m)@dx, u,v € Qge) = {u € L*(Q) | V/Viu € LAH(Q)}.
Then we get
Q(u’ U) = Q1(uv U) + Q2(u’ U)? u,v € Q(Q) = Q(Q1) N Q((]g)-

Since ¢, is closed (see Proposition 2.1 in [19]) and the sum of two closed quadratic
forms is also closed, it is enough to show that ¢, is closed.
We show that ¢ is closed. Put go(u) = ga(u,w) for simplicity. Assume that

we LXQ), u; € Q) @(u;—w) =0, Ju;—ullz—0 asjk— oo,
and we prove that
ue Q(gz) and go(u; —u) — 0 asj — oo. (A.4)
Since {y/Viu;}32, is a Cauchy sequence in L*(£2), there exists v € L*(Q2) such that
VViu; — v in L(Q).

Hence the sequence {/V,u;}32, converges to v almost everywhere along a subse-
quence denoted by the same, namely,

VViu;(z) — v(x) for almost every z € Q as j — oo.

On the other hand, since any convergent sequence in L?(2) contains a subsequence
which converges almost everywhere in €, it follows that
VViu;(z) — /Viu(x) for almost every x € Q as j — oo.

Summarizing three convergences obtained now, we get /Viu = v € L*(Q). This
proves (A.4).

Finally we prove that ¢ is semi-bounded. Let u € D(Ay). By the estimate (A.3),
for any € > 0 there exists A\g > 0 such that

/(Avu)ﬂdxz/|Vu|2dx—/V_|u|2dm
Q Q Q (A.5)

> [Vul[Z2 — el Vull — AglullZ:.
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Taking ¢ = 1, we obtain

/Q (Avu)ide > —X[ull2a ). (A.6)

which implies that ¢ is semi-bounded. This ends the proof of Lemma A.2. O

As to the pointwise estimate on the kernel of e~*4V | we have the following.

Lemma A.4. The integral kernel e=*AV(z,y) of the semi-group {e~*4V}i50 enjoys
the following estimates:

(i) Assume that V satisfies (1.1). Then there exist constants w,C' > 0 such that

2
—tAy < C wttfg < o |x - yl )
e )] < O e (=

foranyt >0 and x,y € Q. In particular, we have

lz —yf
Ct

(ii) Assume that V' satisfies (1.1) and (2.3). Then there exists C' > 0 such that

e (a,y)| < Ot Fexp (- ) #o<t<t (A1)

2
n :I; -
614 ()| < Ot exp (— 2220 (A8)

foranyt >0 and z,y € Q.

Proof. Since the assertions (i) with n > 1 and (ii) with n = 1,2 were already proved
in [26], it is enough to show (ii) in the case when n > 3. We prove the lemma for

n > 3 in a formal way for the sake of simplicity. For more rigorous argument, see
[19,20].
Put

Vii=-V_.
It is proved in Proposition 3.1 from [19] that if V, satisfies assumption (2.3), then

|z —y|?

e~V (z,y)| < Ct 3¢ ot fort >0, z,y€.
Once the following inequality
™ (2, y)] < [e7 M (2, )| (A.9)
is proved, the proof of the lemma is complete. So, we prove (A.9). Let

uM (t) = e v f (1) = e AV f,
u(t) = uM () —u®(t), wu_(t) := —min{u(t),0},
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where f € C3°(f2) is non-negative. Note that u"(t) € D(Ay,) and u®(t) € D(Ay)
for any ¢ > 0. An explicit calculation and non-negativity of Ay, imply that

Ld “doe = — w)u_ dx
(u_)”dx = /Q(at Ju_d

24t Jq
—/(Av*u)u dx—/V+u(2)(t)u dx
0

Q

_ —/Q(|Vu_|2—V_(u_)2)dx—/V+u(2)(t)u_ da

Q
< —/V+u(2)(t)u dx.
Q

For the negative part of u?, i.e.,
u®(t) == — min{u®(t),0},

it follows from the analogous argument to the above that

1 i (u(_Q))2 dr = / (AVU(Q))U(_2) dx
Q

2dt Jq,
——/ (IVu® P = V_(u®)2) d:c—/v+(u§2))2da:
Q Q
< 0.

The above two inequalities imply that ||u_(¢)[|3, and ||u(,2) (t)]|3, do not increase.
Hence we conclude that

u_(t) =u? () =0 in L3(Q)
for all t > 0, since u_(0) =0, u(f)(O) = (0. Therefore, we get
0 S €_tAVf S e—tAV* f

For each point zy € Q, by taking f = fi (kK = 1,2,---) which tend to the delta
function supported at z;, we see that the kernel of e *4V is bounded by that of
e« Thus (A.9) is proved. This ends the proof of Lemma A.4. O

APPENDIX B

In this appendix we prove that zero is not an eigenvalue of Ay .

Lemma B.1. Assume that V satisfies (1.1) and

V. =0 ifn=1,2

V_(y)] 4r . (B.1)
su ——dy < —————— if n >3,
p/ ey Y Twpoy "2

where T'(+) is the Gamma function. Then Ay is non-negative on L*(Q), and zero is
not an eigenvalue of Ay .

For the difference between assumptions (2.3) and (B.1), we refer to Proposition A.1
and Lemma A.4 (ii) (cf. Proposition 3.1 in [19] and Proposition 5.1 in [9]).

To prove Lemma B.1, we need the following lemma, which is proved in [19].
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Lemma B.2. (]9,19]) Assume that n > 3. Suppose that V_ satisfies

V_
IVollkn(o) = sup/ 7‘ W)l 5 dy < oo.
v Jo T —y["™

Then
L(n/2 = D|IV_||k,@)
47I-n/2

/Q V(@) f(2) de < 17220 (B.2)
for any f € H}(Q).

Proof. Since the proof is similar to Lemma A.3, we may omit the details. The proof

of Lemma B.2 is finished. 0
Proof of Lemma B.1. We prove that if f satisfies
f€D(Ay) and Ayf=0in L*(Q), (B.3)

then f = 0. By Lemma B.2 and assumption (B.1) on V_ we have

/ VfFdr < V],
Q

where 7, is a constant such that 0 < v, < 1if n > 3 and v, = 0 if n = 1,2. Then we
find from assumption (B.3) that

_ o 2 2 2
0= [(AvnFde = [ (VSR = VoIS dot [ Vs ds

>(1 =) IVFIIZ2,

which implies that f = 0, since f € D(Ay) C H}(Q2). Finally, the above inequality
also implies that Ay is non-negative on L?(2). This ends the proof of Lemma B.1. [
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