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WELL-POSEDNESS FOR MUTATIONAL EQUATIONS UNDER A
GENERAL TYPE OF DISSIPATIVITY CONDITIONS

YOSHIKAZU KOBAYASHI AND NAOKI TANAKA

ABSTRACT. This paper is concerned with mutational analysis found by Aubin
and developed by Lorenz. To extend their results so that they can be ap-
plied to quasi-linear evolution equations initiated by Kato, we focus on a
mutational framework where for each » > 0 there exists M > 1 such that
d(9(t,x),9(t,y)) < Md(z,y) for t € [0,1] and z,y € D, (¢), where 9 is a tran-
sition and Dy (¢) is the revel set of a proper lower semicontinuous functional ¢.
The setting that the constant M may be larger than 1 plays an important role
in applying to quasi-linear evolution equations. In that case, it is difficult to
estimate the distance between two approximate solutions to mutational equa-
tions. Our strategy is to construct a family of metrics depending on both time
and state, with respect to which transitions are contractive in some sense.

1. INTRODUCTION

This paper is concerned with mutational analysis initiated by Aubin [3, 2]. He
introduced a set of transitions and studied the so-called mutational equations in
a metric space. His result extends classical results such as the existence theorems
of Cauchy-Lipschitz and Nagumo concerning ordinary differential equations in the
Euclidean spaces and is applied to morphological equations.

Recently, Lorenz [11] has introduced a new functional and generalized Aubin’s
mutational framework in that Lipschitz conditions on transitions do not always have
globally bounded Lipschitz constants. His modified mutational analysis ([11, 4])
makes it possible to deal with nonlinear transport equations for finite real-valued
Radon measures on the Euclidean spaces. Their results are based on Euler method
combined with appropriate compactness assumptions.

We are interested in extending their results so that they can be applied to quasi-
linear evolution equations developed by Hughes et. al. [5]. Our mutational frame-
work is stated as follows: Let E be a complete metric space with metric d and let ¢
be a proper lower semicontinuous functional from E into [0, c0] such that D(¢) is
dense in E, where D(¢) is the effective domain of ¢. Let D,.(¢) = {z € E;¢(z) <r}
for r > 0. A continuous mapping ¥ : [0,1] x D(¢) — D(¢) is called a transition on
(E,d, ¢) if the following conditions are satisfied:

(t1) 9(0,2) = x for x € D(9).

(t2) It + h,z) = 9(h,d(t,x)) for z € D(¢) and ¢, h € [0,1] with ¢t + h € [0, 1].
(t3) For each r > 0 there exists M > 1 such that

d(¥(t, z),9(t,y)) < Md(z,y) forte[0,1] and z,y € D,(¢).
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(t4) For each r > 0 there exists § > 0 such that
limsup h~td(9(h,z),z) < B for x € D,(¢).
hl0

(t5) For each r > 0 there exists K > 0 such that
d(V(t,z)) < K forte|0,1] and x € D,(¢).

The setting that the constant M appearing condition (t3) is possibly larger than
1 plays an important role in applying to quasi-linear evolution equations. In other
words, it is hard to estimate the distance between two approximate solutions to
mutational equations. Our strategy is to construct a family of metrics on E de-
pending on both time and state, with respect to which transitions are contractive
in some sense (see Lemmas 2.5 and 2.6). This together with techniques developed
in [8] enables us to prove the well-posedness for mutational equations. We also em-
phasize that no compactness assumption is imposed but a dissipativity condition
with respect to a metric-like functional is used in our formulation.

2. MAIN THEOREM

Given a set ©(F,d, ¢) of transitions, the pair (F,0(E,d, ¢)) is called a muta-
tional space. For r > 0 we define 8, : ©(E,d, ¢) — [0,00) by

Br(¥) = sup <limsup h_ld(ﬁ(h,x),x)>
2€D. () \  hl0
for ¥ € O(E,d, ¢) and define D, : O(E,d, ¢) x O(E,d, ) — [0,00) by
DT(19,1§) = sup (lim sup h™*d(9(h, x),ﬁ(h,x)))
€D, (¢) hl0

for 9,9 € ©(E, d, $). Bach function D,.(-,-) is symmetric and satisfies the triangle
inequality, although it is not always a metric on ©(FE,d, ¢). Note that

(2.1) 18-(9) = B-(9)| < Dy(8,8) < Br(9) + Br(9)
for 9,0 € O(E, d, $). To specify the stability of transitions we introduce the map-
ping M, : ©(E,d, ¢) — [0,00) defined by

for r > 0. Note that M, () > 1 for r > 0 and ¥ € O(E,d,$). Moreover, we
introduce the mapping K, : ©(FE, d, ¢) — [0,00) defined by
K, (9) = sup{o(d(t,z));t € [0,1],z € D, ()}

for r > 0.
Let (E,O(E,d, ¢)) be a mutational space and let u be a function on [0, 7) such
that u(t) € D(¢) for ¢ € [0,7) where 7 € (0, 00]. For each t € [0,7) the set

i (t) = {19 € O(2.d,6): limh™"d(u(t + h), d(h, u(t))) = 0}

is called the mutation of u at t. Let D be a subset of E and let f be a mapping
from D into ©(E,d,¢). A function u € C([0,7); E) where 7 € (0,00] is called a
solution to the mutational equation

u(t) 3 flu(t)) forte|0,7)



MUTATIONAL EQUATIONS 3

if u(t) e DN D(¢) for t € [0,7) and
1}5% R td(u(t + h), f(u(t))(h,u(t))) =0 for t € [0,7).

To develop the theory of mutational equations so that it can be applied to quasi-
linear evolution equations initiated by Kato [7], we consider a mapping f on D to
O(E,d, ¢) such that there exists a proper lower semicontinuous functional ¢ from
E into [0, 00] with D(¢) = D satisfying the following conditions:

(S1) For each v >0 and r > 0, sup,ep, () Mr(f(w)) < oo.

(S2) For each v > 0 and r > 0, sup,ep, () Kr(f(w)) < oo.

These are stability conditions of considerably general type and this setting is moti-
vated by the following example of a mutational space associated with the abstract
quasilinear evolution equation

(QE) W (t) = A(u(t))u(t) for t € [0,7)

in a Banach space X, where Y is a reflexive Banach space such that Y is densely
and continuously embedded in X and {A(w);w € Y} is a family of closed linear
operators in X. Let Y, = {y € Y;|ly|ly < r} for r > 0, and assume that for each
r > 0 there exist Ay (r) > 1, un(r) > 0, Ba(r) > 0, Aa(r) > 0, pa(r) > 0 and
Ap(r) > 0 such that the following conditions are satisfied:

(N) There exists a family {N,,;w € Y} of norms in X such that
(2.2) lz||lx < Nw(x) < An(r)||z]|lx for we Y, and z € X,
(2.3) Ny () < Ngp(z)(1 4+ pn(r)||lw —@||x) for w,w € Y, and x € X.

(Al) For each w € Y, the operator A(w) generates a semigroup {T,,(t);t > 0}
on X of class (Cp) such that N, (T, (t)z) < eP4EN, (z) for t >0, z € X
and w € Y.

(A2) There exist an isomorphism S of Y onto X and a family {B(w);w € Y} in
B(X) such that

SA(w)S™! = A(w) + B(w) forweY,
|1B(w)|x,x < Ag(r) forweY,.
(A3) For each w € Y, D(A(w)) DY and A(w) € B(Y, X), and
|A(w)|ly,x < Aa(r) forweY,,
|A(w) — A(W)|ly,x < pa(r)||lw—w|x for w,w €Y.

Without loss of generality, we may assume that |y||lx < |ly|lly for y € ¥ and
lylly = |Syllx for y € Y and that An, pn, Ba, Aa, 4 and Ap are defined on
[0,00), and they are nondecreasing and continuous on [0, 00). This corresponds to
the case where X = Z = Z’ in the setting considered by Hughes et. al. [5] and
localizes their conditions to handle the global well-posedness for (QE).

Let E = X and D =Y, and consider the metric d on E defined by d(z,y) =
|z —yl|/x for z,y € E and the functional ¢ on E defined by ¢(x) = ||Sz||x (= |z]ly)
if z € D, and ¢(x) = oo otherwise. By the completeness of X and the reflexivity
of Y, the lower semicontinuity of ¢ is verified. From condition (A2) we see that for
eachweY, T,,(t)(Y) CY for t >0, and

(2.4) STy (t)y = Tw(t)Sy + /0 Tw(t — s)B(w)ST,(s)yds
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fort > 0and y € Y. For w € D, define 9, (¢, z) = T, (¢)x for (t,z) € [0,1] x D(¢).
Then we observe that 9, is a continuous mapping from [0, 1] x D(¢) into D(¢) and
have the following proposition:

Proposition 2.1. Define O(E,d,¢) = {V,;w € D}. Then (E,0(E,d,¢)) is a
mutational space, and the mapping f from D into O(E,d, ¢) defined by f(w) = Uy,
for w € D satisfies the following two conditions:

(i) For each v > 0 there exists M > 1 such that

d(f(w)(t,z), f(w)(t,y)) < Md(z,y)
forte€|0,1], z,y € D(¢) and w € D with Ny, (Sw) < v.
(ii) Forr >0 and v > 0 there exists K > 0 such that
o(f(w)(t,z)) < K

fort e [0,1], z € D,(¢) and w € D with N,,(Sw) < v.
Proof. Since A(w) is the infinitesimal generator of the semigroup {T,,(t);t > 0}
on X, we infer from condition (A3) that condition (t4) is satisfied and 3,(d,) =
|A(w)|ly,xr for r > 0 and w € D. To verify conditions (t3) and (t5), it suffices to

prove that the mapping f satisfies conditions (i) and (ii). By (2.2) and (A1) we
have

d(f(w)(t,z), f(w)(t,y)) < Nu(Tuw(t)(@ —y)) < "Ny (2 —y)
< A (r)ePad(z, y)
forw e Y,, x,y € D(¢) and t € [0, 1]. Since ||w|y < Ny (Sw) for w € Y, condition

(i) is satisfied with M = Ay (v)eP4®) for each v > 0. To verify condition (ii), let
z €Y and w € Y with N, (Sw) < v. By (2.4) we have

Ny (ST (1)) < e*4(V'N,, (Sz)
t
+/ P\ (V) A (V) Ny (ST (5)) ds
0

for t > 0. Application of Gronwall’s inequality yields N, (ST (t)z) < e N, (Sx)
for t > 0, where a(v) = Sa(v) + An(¥)Ap(v). This implies that ¢(f(w)(t,z)) <
Ay (v)e®tg(x) for t € [0,1]. O

Let (E,O(F,d, ¢)) be a mutational space and consider the mutational equation

u (t) > f(u(t))
for a mapping f on D to O(F,d, ¢) satisfying conditions (S1) and (S2). Instead of
the compactness assumption imposed in [11], we discuss the mutational equation
under a general type of dissipativity condition on f. To define a general type of
dissipativity condition on f, we make the hypothesis

(H) for each v > 0 there exists r > 0 such that D, (¢) C D,(¢),

and use a nonnegative functional ® on D(¢) x D(¢) satisfying the following condi-
tions:

(®1) For each r > 0 there exists L, > 0 such that
for (z,y), (£,9) € Dr(¢) X Dr(¢).
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(®2) For each v > 0 there exist M,, > m, > 0 such that
de(myy) S @(Jj, y) S MVd('ra y)

for (z,y) € Dy(¢) x Dy ().
Assume that f satisfies the following three conditions:
(f1) For each v > 0, 7 > 0, € > 0, x € D,(¢) there exists 6 > 0 such that
y € D, () and d(y, z) < 6 imply D, (f(y), /(x)) < .
(f2) There exists g € C([0,00); R) with g(0) > 0 such that to each € > 0 and
x € D there correspond h € (0, €] and z;, € D such that

d(f(z)(h,x),2p) < eh and A7 (d(xn) = P(x)) < g(v (@) + €.
(f3) There exists a nonnegative functional ® on D(¢) x D(¢) satisfying con-
ditions (®1) and (®2) such that to each v > 0 there corresponds w, > 0
satisfying

hr}rllﬁonf hil(q)(f(x)(ha (E), f(y)(hay)) - (I)(.T, y)) S wl/q)(x7y)
for any x,y € D, (v).

Remark 2.2. (i) Condition (f2) is regarded as the so-called subtangential condition
combined with a growth condition. A subtangential condition was used by Nagumo
[13] to study a viability theorem (see [1]). (ii) Condition (f3) is a general type
of dissipativity condition proposed in this paper. A dissipativity condition with
respect to a metric-like functional was considered by Okamura [14] to characterize
the uniqueness of solutions of ordinary differential equations (see also [15, 10]). The
functional ¢ is a Liapunov functional and used to localize the dissipativity.

For each v > 0 we denote by 7(v) the maximal existence time of the noncon-
tinuable maximal solution m(t; ) of the Cauchy problem
(2.5) p'(t) =g(p(t)) for t >0, and p(0)=vr.

We are now in a position to state the main theorem.

Theorem 2.3. Under assumptions (S1), (S2), (H) and (f1) through ({3), the fol-
lowing assertions hold:

(i) For any x € D, there exists a unique solution u € C([0,7(¢(x))); E) to
u(t) > f(u(t)) fort >0 and w(0) ==z

such that Y(u(t)) is locally bounded on [0,7(¢(x))). Moreover, the unique
solution u satisfies Y(u(t)) < m(t;¢(x)) fort € [0,7((x))).

(ii) Assume that 7(v) = oo forv > 0. If {S(t);t > 0} is defined by S(t)x = u(t)
fort >0 andx € D, then {S(t);t > 0} is a semigroup of Lipschitz operators
on D such that

Y(S(t)x) < m(t;(x)) fort >0 and x € D.
Remark 2.4. Theorem 2.3 generalizes the main results in [12] and [8].

The proof Theorem 2.3 will be given in Section 5. From the rest of this section
to Section 5 we make the assumptions of Theorem 2.3. The setting that M may be
larger than 1 in condition (t3) makes it difficult to estimate the distance between
two approximate solutions to mutational equations. To overcome such a difficulty,
we construct a family of metrics depending on both time and state, with respect
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to which transitions are contractive in some sense, and eliminate an additional
structural inequality imposed by Lorenz [11, Section 3.4] in order that contractivity
can become dispensable. We conclude this section with the following fundamental
estimates.

Lemma 2.5. There exists a family {d.; (t,w) € [0,1] x D} of metrics on E
satisfying the following conditions:
(i) For x,y € E and w € D, the function t — d . (w,y) is continuous on
[0,1].
(ii) For0<s<t<1,z,y € D(¢) and w € D,

(2.6) e ) (f(w)(E = s,2), f(w)(E = 5,9)) < d(s,w) (2, Y)-
(iii) For (t,w) € [0,1] x D and z,y € E,

(27) d(l‘, y) < d(t,w) ('Ta y)
(iv) For (t,w) € [0,1] x D and =,y € D,(¢),

(2.8) d(t,w) (2, y) < My (f(w))d(z, y).

Proof. For (t,w) € [0,1] x D we define a metric py .,y on D(¢) by pe.w)(2,y) =
sup{d(f(w)(c — t,x), f(w)(c — t,y));t < o < 1} for (x,y) € D(¢) x D(¢). This
definition makes sense and the function ¢t — p(; . (2,y) is continuous on [0, 1] for
z,y € D(¢) and w € D, since f(w)(t,z) is continuous in ¢t € [0, 1]. Since D(¢) is
dense in E and |p(t,w)(m7 y) - p(t,w)(:i'a Q)‘ < p(t,w)(xv :i') + p(t,w)(y7 g) for z,2,y,9 €
D(¢) and (t,w) € [0,1] x D, the metric p ) on D(¢) has the unique extension
d(t,w) on E for each (t,w) € [0,1] x D, and condition (i) is satisfied. The semigroup
property proves assertions (ii). Since d(z,y) < p(,w)(z,y) for (t,w) € [0,1] x D and
x,y € D(¢), a density argument yields (2.7). Assertion (iv) is verified by condition
(S1). O

To compare the evolution of two arbitrary data along two different transitions,
we use the quantity
K(rv)= sup K (f(w))
weD, (¢)
for > 0 and v > 0. By condition (S2) we have K(r,v) < oo for each r > 0 and
v>0. For r >0 and v > 0, set

Yrop =  SUP MK(’I”,V) (f(w))
weD,, (V)

Then we note that ~,, > 1 for » > 0 and v > 0.

Lemma 2.6. The following assertions hold:
(i) For0<s<t<1,we D,(¢) and x € D.(¢),

(2.9) d(f (w)(t, ), f(w)(s,2)) <Y Br(f(w))(E = 5).

(ii) For0<s <1, w,w € D,(¢) and z,y € E such that
(2.10) S ¢(f(w)(t —s,2)) <r and S O(f(@)(t = s,y)) <,
(2.11) ey (f(W)(E = s,2), f(0)(t = 5,9))

< dsw)(@,y) + rw(t = 8)Dr(f(w), f())
fort € [s,1].
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Proof. To prove (i), let 0 < s < 1, w € D,(¢) and = € D,(¢), and define g;(t) =
d(f(w)(t, x), f(w)(s,z)) for ¢ € [s,1]. Since ¢(f(w)(d,z)) < K,(f(w)) < K(r,v)
for 6 € [0, 1], we have
0 (g1t +0) — g1(1)) < 67 d(f(w)(t, f(w)(8,2)), f(w)(t, @)
< Mic(r) (f (w))6 ™ d(f (w) (6, 2), )
for t € [s,1) and 6 > 0 with ¢ + § < 1. It follows that
lin sup 0 g1(t +0) = g1(1) < Y Br(f ()

for t € [s,1). This implies (2.9). To prove (ii), let 0 < s < 1, w,w € D,(¢)
and x,y € F satisfy (2.10). Define ga(t) = ds,w)(f(w)(t — s,2), f(W)(t — s,y)) for

€ [s,1]. Then we observe from Lemma 2.5 (i) and (iv) that go is continuous on
[s,1]. By (2.6) we have

5 (g2(t +0) = g2(1))
< 07 d(p45,0) (F(w)(8, F(@)(¢ = s,9)), F(@)(8, f(@)(t — 5,7)))
< Y0 d(f(w)(8, f(@)(t = 5,9)), F(@) (S, f(@)(t — 5,9)))
for t € [s,1) and § > 0 with ¢ + 6 < 1, where we have used (2.8) and the fact
that ¢(f(w)(d, f(0)(t —s,y))) < K.(f(w)) < K(r,v) for t € [s,1) and 6 > 0 with
t+ 6 < 1. Hence

lir?f;)up(gg(t +0) = 92(1))/6 < v Dr(f(w), f(w))

for t € [s,1). The desired inequality (2.11) is obtained. O

3. CONSTRUCTION OF APPROXIMATE SOLUTIONS

To construct approximate solutions we use the well-known fact ([9]) that for each
e > 0 and v > 0, there exists the noncontinuable maximal solution m®(¢; v) of the
Cauchy problem

p'(t)=g(p(t)) +efort >0, and p(0)=v

and 7¢(v) — 7(v) and mc(t;v) converges to m(t;v) uniformly on any compact
subinterval of [0,7(v)) as ¢ | 0, where 7¢(v) is the maximal existence time of
me(t;v). We denote by B[z,r] the closed ball in E of radius » > 0 and center
zc E.

Lemma 3.1. Let xg € D. Then there exist g > 0, v >0, 19 >0, 7 > 0, p > 0,
M > 0 and o € (0,1] such that D, () C Dy, (¢), 7(¢(x0)) > o, me(t;¢¥(xg)) < v
fort €0,0] and € € (0, €], (1 + 7. M) < p, K(ro,v) <7 and 5,(f(z)) < M for
any x € D, () N Blxo, p).

Proof. Let g € D. Take gy € (0,7(¢(x0))) and set v = sup{m(t;¢(xo));t €
[0,00]}+1. Then there exists ¢y > 0 such that 7¢(¢)(xg)) > g and m*(¢; (x0)) < v
for t € [0,00] and € € (0,e0]. By condition (H) there exists ro > 0 such that
D,(¢) C Dy (¢). Set r = K(ro,v). Since zg € D,(¢), we see from (fl) that
there exists p > 0 satistfying D, (f(x), f(xo)) < 1 for & € D,(3p) N Blzo,p]. Set
M = 5,.(f(x0)) + 1. Then we have
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for x € D, (¥)NBlzo, p]. If we choose o € (0,1] so that o < g¢ and o(1+~,,, M) < p,
then the conclusion follows. O

Lemma 3.2. Let 29 € D, andlete >0, v > 0,179 >0, r>0,p >0, M >0
and o € (0,1] be such that D,(v) C Dy (6), T¢(¢¥(x0)) > o, m(t;¢(x0)) < v
for t € 10,0], 0(1 —|—'yr7,,M) < p, K(ro,v) < r and B.(f(x)) < M for
D,(¢) N Blzg, p]. Let A € (0,1]. Let {(Sj,a:j)}évzo be a sequence in [0,0] X D such
that
(1) O=s9<s1< - <spg<---<sy<o,
(ii) d(f(.%‘jfl)(sj‘ — Sj-1, Qij,l)“’l?j) < )\(Sj — ijl) forj = 1, 2, ey N,
(i) P(x;) <me(sj — sj—1;9(xj-1)) for j =1,2,...,N.
Then, for all j =0,1,..., N,
(a‘) d(thj)g(SJ_Sl)(A—i_’YT,VM) fOT’lZO,l,...,j,
(b)  Y(x;) <m(sj —su(z)) forl=0,1,...,7,
(¢) xj € Blzo,p] N Du(v¥) N Dr(9),
(d)  Br(f(x;)) < M.
Proof. Assertion (Pg) clearly holds. Let j > 1 and assume that (P;_;) holds. Since
Br(f(xj—1)) < M, we apply (2.9) to find
d(@j—1, f(j—1)(s; — 8j-1,2j-1)) < VM (sj — s-1).
It follows that
d(zi, zj) < d(z, xj-1) + d(@j-1, f(zj-1) (85 — sj-1,25-1))
+d(f(zj-1)(sj — 8j-1,2-1), 75)
< (Sj = s1) (A + v M)
for i =0,1,...,j — 1. In particular, we have z; € Blxg, p]. Assertion (b) is shown

inductively from condition (iii), and so z; € D,(¢) and B,(f(x;)) < M. Since

Dy () C Dry(¢), we have ¢(z;) = ¢(f(2;)(0,25)) < Ky (f(x;)) < K(ro,v). This
proves that x; € D,(¢), since K(rg,v) <. O

(P;)

Proposition 3.3. Let 29 € D. Lete € (0,1], v >0,r0>0,7r>0,p>0, M >0
and T € (0,1] be such that D, (¢) C Dy (p), 7¢(¥(x0)) > 7, mc(t;¢(x0)) < v for
te0,7], 7(L+ M) < p, K(ro,v) <7 and B,(f(x)) < M for any x € Dy (¢) N
Blzo, p]. Then there exists a sequence {(t;,z;)}32q in [0, 7] x (Dy (1)) N Dy(¢)) such
that

) 0=to<ti < - <t <<,
(i) t; —t;— 1<ef0r]—1 2,...,
(111) d(f(.’L'] 1)(t J 1, Tj— 1)7 ) ( j—l) fO’f’j = 1a2a B
(iv) Y(x;) <mc(t; —ti;9(z)) forl—(),l,...,j and j=0,1,...,
(v) if £ € Do) N Blag 1, (t; — t; 1)1+ 7 M), then

D, (f(z), f(xj—1)) <€ forj=1,2,...,
(Vl) hmj_mo tj =T.
Proof. Let ¢ > 1 and assume that a sequence {(t;, xj)}j bin [0, 7] % (D, (¥)ND,.(¢))
is defined so that (i) through (v) hold for j = 0,1,...,i — 1. Then we define h;

by the supremum of h € (0,€] such that ¢;—1 + h < 7, D.(f(z), f(zi—1)) < €
for any z € D, () N B[mi,l,h(l + %WM)] and there exists u, € D satisfying
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d(f(zi—1)(h,zi—1), un) < eh and Y(up) < m(h;P(w;-1)). By (f1) and (£2), we see
that h; > 0 and there exist h; € (0,€] and x; € D such that t,_1+h; < T, }_Li/2 < h;,
d(f(zi1)(hi, i), i) < ehg, Y(ws) < mc(hi;Y(zi-1)) and Dy(f(), f(wi-1)) <€
for any « € D, (¢) N Blx;—1, hi(l +'ym,M)]. Set ¢; = t;_1 + h;—1. Then we deduce
from Lemma 3.2 that z; € D,(v) N D,(¢) and condition (iv) is satisfied. The
sequence {(t;,z;)}52, in [0, 7] x (Dy(¥) N D;(¢)) obtained inductively satisfies (i)
through (v). To verify condition (vi), we assume that ¢ = lim; oo ¢; < 7. By
Lemma 3.2 we have 8, (f(z;)) < M for i = 0,1,... and d(z;, ;) < (& — t;)(e +
’ym,M) for{=0,1,...,iand ¢ = 0,1,.... Hence {z;} is a Cauchy sequence in F,
and the limit z = lim; o x; exists in £ and is in D, (¢) N D, (¢). By the lower
semicontinuity of v, we infer from condition (iv) that ¥(z) < m¢(t — t;;¢(z;)) for
[1=0,1,.... By (f1) and (f2) there exist h € (0,€¢] and 2z, € D such that t + h < T,
d(f(Z)(h,Z),zn) < €h/2, ¥(zn) < mc(h;¥(Z)) and D, (f(x), f(Z)) < ¢/2 for any
xz € D,(¢) N B[Z,3h(1 + v, M)]. Set 6; =t+ h —t;—1 for ¢ > 1. Then we have
tic1+0; <7 and Y(z) < me(d;;¢(zi—1)) for i > 1. By (2.9) we have

(3.1) d(f(@i-1) (05, @i-1), f(@iz1)(h, wio1)) < Y M(E = tio1)

for ¢ > 1. Since xz;,_1 € D, (¢) C Dy, (¢) for i > 1, we have

sup ¢(f(zi—1)(t,xi-1)) < Ky (f(2i-1)) <7
t€(0,1]

for i > 1. Similarly, we have sup,¢(o 1) #(f(Z)(t,7)) < r. By (2.11) we have
dihz) (f(xiz1)(h,zi-1), f(Z)(h, T))
< d(O,i)(zi—lv T) + 'Yr,thr(f(xi—l)a f(@))

for i > 1. This combined with (3.1) implies that lim; . d(f(2;-1)(;, xi-1), 2n) =
d(f(Z)(h,Z), zp), since d(x;—1,%) — 0 and D, (f(x;—1), f(Z)) — 0as i — oco. There-
fore, there exists an integer 71 > 1 such that

d(f(xi—1)(04,7i-1), 2n) < €h

for 4 > 4;. Choose iy > iy so that ¢; < min{e, 2h} and d(x;—1,%) < h(1 + v, M)
for i > ds. Let i > ip and x € D, (¢) N Blx;—1,0;(1 + v, M)]. Then

d(.’E, Cf) < d((E,‘CIJi,l) + d(.’Ei,hf)
< 0i(L+ 9 M) + h(1+ 7p, M) < 3h(1 + 77, M),

and hence D, (f(z), f(Z)) < €/2 for x € D, () N Blzi—1,0;(1 + 7, M)] and i > 5.
This implies

Dy (f(@), f(wi-1)) < Dr(f(2), f(Z)) + Dr(f(Z), f(zi-1)) < €/2+€/2 =€
for x € D, () N Blxi—1,6;(1 + 7., M)] and i > i3. Thus we have hi > 6; for i > i,
which contradicts the fact that §; — h and h; — 0 as i — oo. O

Lemma 3.4. Let g € D. Then, there exists g > 0 satisfying the following
condition: For any € € (0, €] there exists he > 0 such that to each h € (0, h.] there
corresponds xp, € D satisfying

d(f(zo)(h, o), xn) < he and  Y(xn) < m(h;h(xo)).
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Proof. Let g € D. By Lemma 3.1, there exist ¢g € (0,1], v > 0, 79 > 0, 7 >
0, p >0, M >0 and 79 € (0,1] such that D,(¢) C D, (¢), T (1/1(x0)) > 7,
me(t;¢¥(xo)) < v for t € [0,70] and € € (0,e0], 70(1 + VM) < p, K(ro,v) <7
and B,(f(z)) < M for any € D,(v) N Blzg,p]. Let € € (0,¢0], and then set
1 =¢€/(27,,). By (f1) there exists h. € (0, 7] such that

(3.2) Dy(f(x), f(x0)) <n
for any € D, (¢¥) N Blzg, he(1+ -, M)]. Let h € (0, he]. Note that h < 7¢(¢(x0)).
From Proposition 3.3 with p = h(1++,, M) and 7 = h we deduce that there exists
a sequence {(t;,7;)}32, in [0, ] x (D, (¢)) N D,(¢)) such that

) 0=tg<ti <---<t; <- <h,

(ii) t; —t;— 1<77f01"]f1 2,.

(i) d(f(xj—1)(t; —tj—1, 25— 1) ) <nt;—tj—1) for j=1,2,..,

(iv) (z;) < m"(t;;1(x0)) for j =0,1,...,

(V) if x G D, (’(/J) n B[l‘j_l, (tj — tj_l)(l + 'Yr,yM)], then

Dr(f($)7f(x]—l)) <n fOT]:1,2,7

By Lemma 3.2 (c), we have z; € D, (1)) N Blzo, h(1 + 4, M)] for j > 0. It follows
from (3.2) that D,(f(z;), f(xo)) <n for j > 0. We need to prove that

(33) d(tj,zo)(f(mo)(t]’a -Z‘O)a J?j) < Etj
for j > 0. The inequality (3.3) holds for j = 0. Let ¢ > 1 and assume (3.3) holds
for j =14 —1. Since z; € D, (¢) C Dy, (¢) for j > 0, we have
O(f (o) (t = tiz1, f(wo)(ti-1,20))) = ¢(f (o) (£, 20)) < Kpy (f(20)) <7

for t € [t;—1,1]. Moreover, we have ¢(f(zi—1)(t —ti—1,zi—1)) < Ky (f(ziz1)) <7
for t € [t;—1,1]. Since f(zo)(t;,x0) = f(xo)(t; — tiz1, f(x0)(ti—1,20)), we see from
(2.11) with t = ¢;, w = g, s = t;—1, = f(x0)(ti—1,20) and y = W = x;_; that
(3.4)  dt; 20)(f(m0)(tis o), fwiz1)(ts — tiz1,2i-1))

< dt,_y,20) (f(0)(tim1,T0), Tio1) + Yo (ti — tio1) Dr(f(w0), f(@i-1))

<e€ti—1+ E(ti - ti_l)/Q.
Since z; = f(2;)(0,z;) we have ¢(x;) < K,(f(z;)) < K(r,v). Similarly, we have
O(f(xim1)(ti — tic1,2i-1)) < K(r,v). By (2.8) and condition (iii) we have
(3.5) Aits o) (f(@im1)(ts — tic1, Tim1), i) < Mgy (f(w0))0(ti — tiz1)
< e(t; —tiq)/2.
It follows that d(, 2,y (f(20)(ti, 20), 2:) < et;. The inequality (3.3) is proved induc-
tively. By Lemma 3.2 we have

d(zy,x;) < (ti—tl)(n+'yr7VM) forl=0,1,...,7and i =0,1,2,....

The completeness of E assures the existence of x € D, (¢) N D,(¢) such that
x; - zin F as j — oo. Since n < ¢, we have 77(¢(x0)) > 7¢(¢(z0)) and
m7(t;(zo)) < me(t;9(xo)) for t € [0, 7°(¢(x0))). Since t; < h < 7¢(¢(x0)) for
j =0,1,..., we have ¢(z;) < mc(t;;¢(x0)) for j = 0,1,.... Taking the limits
in (3.3) and the above inequality as j — oo, we get d(f(zo)(h,zo),x) < €h and
() < me(h; (o). 0
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4. DISTANCE BETWEEN APPROXIMATE SOLUTIONS

Proposition 4.1. Let xg,29 € D. Let e,é >0, v > 0,179 >0, r >0, p,p > 0,
M, M >0 and 7 € (0,1] satisfy the following conditions:

Dy (1)) C Dy ().
3vrv€ <1 and 3y, € < 1.

T(WY(x0)) > 7 and m(t;¢(xg)) < v fort € [0,7].
7€((20)) > T and m*(t;¢(%0)) < v fort € [0,7].
7(1 47 M) < p and 7(1+7,, M) < p.
K(ro,v) <r.

Br(f(x)) < M for x € Dy, () N Blzo, p].
Br(f(x)) < M forz € D,(¥) N Blio, pl-

Let {(t;,27)}52, be a sequence in [0,7] x (D, () N D,(¢)) satisfying the following
conditions:

i) 0=to<ti <---<t; <---<T.

(i) t; —tj—1 <€/vpp forj=1,2,....

(ili) d(f(zj—1)(t; —tj—1,@j-1),2;) < ety — tj—1)/ Y for j=1,2,.. ..

(iv) ¥(x;) <mc(t; —t;;9(x)) forl=0,1,...,5 and 5 =0,1,....

(V) IfZL' S DV('I/J) n B[.’Ejfl, (tj — tjfl)(l + ’)/T,DM)], then

Dy(f(@), f(@51) < e/ forj=1,2,....

(Vl) llm]_ﬂ)o tj =T.
Let {(t;,2;)}32¢ be a sequence in [0, 7] x (D, ()N Dy(¢)) satisfying the counterparts
to the conditions described above. Let {s;}32 be the sequence such that 0 = sg <
81 < 89 < -+ and

{5537 =0,1,..} ={t;;5=0,1,.. }U{t;;5 =0,1,...}.
Then there exists a sequence {(zj,2;)}3q in (Dy (1) N Dy(9)) x (Dy(¥) N Dy ()
satisfying the following conditions for each j =0,1,2,...:
(a-1) If s; =t, for some nonnegative integer p, then z; = xp; otherwise
d(f(zj—1)(sj — Sj—1,2j-1), %) < 3e(s; — 8j-1),
P(z) <m(s; = sj-1;9(2-1))-
(a-2) If s; = t}; for some nonnegative integer p, then Z; = Tp; otherwise
d(f(2-1)(s5 — sj—1,2j-1), 25) < 3€(s; — 8j-1),
V(%) < m(s; — sj-139(%-1)).
(b-1) For k=0,1,---,3,

d(zi,25) < (L 4+ M)(s; — k) + 57 € Z (t; —ti—1).

(b-2) Fork=0,1,---,4,

d(i’k, 2’j) < (1 + ’y,.J,M)(Sj — Sk) + 57,€ Z (I?l — El—l)-

L€ {skt1,e185}
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(c) ®(zj,%5) < €% (®(xo,To) + Ly(e+ €)s; + (e, €)), where

Iy (e,6) = SLyr (6 Z (t1—ti—1) + € Z (tAl — El—l)) .

ti€{s1,...,5; } t1€{s1,...,8;}

Proof. Set (z0,20) = (%0, Z0). Let i > 1 and assume that a sequence {(z;, éj)}j;%) in
(D, ()N Dy () x (Dy ()N Dy (¢)) is chosen so that conditions (a) through (¢) hold
for j =0,1,...,i—1. We want to construct an element (z;, ;) € (D, (¥)ND,(4)) x
(D, () N D,(¢)) satistying conditions (a) through (c). Since s;—1 € [0,7), there
exist two integers p > 1 and p > 1 such that tp,—1 < 5,21 < ¢p andt 1<s.1< f
By the definition of {s;} we have t,_1 < s;_1 < s5; < tp, tp 1 <821 <8 < tp,
tp1 = s, and {51 = s for some ¢ < i—1and § < i — 1. By (a), we have
zg = Tp—1 and Z; = &—1. The construction of the desired element (z;,2;) in
(D, (¥) N Dy (¢)) x (D, (1) N D, (¢)) will be divided into three steps.

Step 1: We construct a sequence { (0, u;, ;) 520 in [si—1, 8:] X (D, ()N Dy (¢)) X
(D, () N D,(¢)) satisfying the following conditions:

(D) ssc1=00<01 < <0; <--- <8

(II-1) d(f(uj—1)(oj —0j-1,u5-1), u]) <e€loj —0j-1)/vr for j =1,2,..., where
(%) Zi—1-

(11-2) d(f(Ajfl)(O'j — Uj,hﬁj,l),ﬁj) S g(O’j — Ojfl)/’yr’l, for ] = 1,2, caay where
Up = Zi—1.

(HI—l) uj) <m ( 05 — O'jfl;w(uj',l)) for ] = 1,2,....

U
(II1-2) (a;) < m(o; — 0j—1;9(4;-1)) for j=1,2,....
(IV) (O’j — O'j_l)il (@(Uj, ﬁ]) — (I)(Uj_h ﬁj—l)) S wuq)(uj_l, ﬂj—l) +LT(€+€) fOI‘
j=1,2,....
(V) ].lmj*)OO 05 = Si.
For this purpose, let £ > 1 and assume that a sequence {(o;, u;, ﬁj)}?;é in [s;_1, 8]
(Dy () N Dr(¢)) x (D (¥) N Dy(¢)) is chosen so that (I) through (IV) hold for j =
1,2,...,k—1. Let hy be the supremum of i € (0, 1] such that o_1+h < s; and there
exist u, 4 € D satistying d(f(ug—1)(h,ur—1),w) < eh/vrp, d(f(Ur—1)(h, tk—1),0) <
h/vrw, Y(u) < m(h;h(up—1)), Y(@) < m*(h;p(dg-1)) and
BN f (wh—1) (hy ug—1), f(lg—1) (R Q1)) — D(up—1, tp—1))
< w,,q)(uk,l, ’llkfl) + Lr(e + é)/?.
By Lemma 3.4 and (f3), we have hy > 0. This enables us to choose hy, € (0,1], u
D and 4y, € D such that hy/2 < hy, ox—1 + hi < s;, d(f(ug—1)(hi, ugp—1), uk)
el /Yo, d(f (k1) (i, k1), i) < €hg/ Ve, P(uk) < me(his ¥ (ur—1)), ¥ (i)
m(hy; ¢ (ik-1)) and
hy (R f (wr—1) (hiy wg—1), f (=) (i, ig—1)) — @ (up—1, ik—1))
< qu)(uk,l, ’llkfl) + L(e+ é)/2.

Ea
INIA M

Set o, = 0k—1 + hi. Then we apply Lemma 3.2 to the sequence {xo,...,zp_1 =
Zgy Zq41s - -5 Zim1 = UQ, ..., Uk}, so that ux € D,(¥) N D,(¢) and 4, € D,(3p) N
D,(¢). The sequence {(0j,u;,;)}52 in [si-1,si] X (Du(¢) N Dyr(¢)) x (Dy(1) N
D,.(¢)) is thus constructed so that it satisfies conditions (I) through (IV) for j =
1,2,.... Applying Lemma 3.2 to the sequence {zg,...,Zp—1 = 2q, Zg41, ..., 2i—1 =
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Ug, - .., U; }, we have

(4.1) d(uj, ) < (05— 01)(3€ + M),

(4.2) V(uj) <m(oj —o(w))

for ! = 0,1,...,7 and j = 0,1,..., where we have used condition (a) with j =
g+1,...,i—1. To show that (V) is satisfied, we assume lim;_,o, 0; = & < s;. Since

Sq =1tp—1 < si—1 < 8; < t,, wehave {sg41,...,8-1}N{t;;5 =0,1,...} = 0. By the
completeness of E we see from (4.1) that there exists uo, € D, (¢)ND,.(¢) such that
d(uj,us0) = 0 as j — oo. The lower semi-continuity of ¢ implies that 1 (us) <
m(& — og—1;¥(ug—1)) for k > 1. Similarly, there exists tioo € D, () N D,-(¢) such
that d(ii;, 7o) — 0 as j — oo and such that (i) < mé(G — ok_1; 9 (tk—1))
for k > 1. Since (Ueo,Uoo) € Dy (¥) x D, (¢), we deduce from Lemma 3.4 and
condition (f3) that there exist h € (0,1/2], v, € D and vy, € D satisfying 5 + h <
Sty d(f (100) (s ioe),U) < €/ (2700, A(F (o) (s o), 1) < R/ (), (0n) <
me(h; ¥(uso)), (0n) < m(h; ¥ (lie)) and
h

(4'3) 71(@(](-(“00)(}5’ u00)7 f(ﬂoo)(ha aoo)) - q)(uooﬂloo))
< Wy P (Uoo, loo) + L (€ + €)/3.
Set 6y =  + h —or—1 for k > 1. Then we have op—1 + 0 < s; and ¥(vp,) <

m(0g; Y(ug—1)) for k > 1. We apply Lemma 3.2 to get S,(f(ux—1)) < M for
k> 1. By (2.9) with w = ug_1, t = dk, s = h and = = ug_1, we have

(4.4) d(f(ur—1) 0k, up—1), f(up—1)(h,ur—1)) < Vr M (G — 0k—1)

for k > 1, where we have used the fact that 6y —h = 6 —oi_1. Since us, € D, (¢) C
D, (¢), we have ¢(f(too)(t, Uoo)) < Kpo(f(uso)) < r for t € [0,1]. Similarly, we
have ¢(f(ur—1)(t,ux—1)) < r for t € [0,1]. By (2.11) we have
d(h,um)(f(ukfl)(hvukflx f(uoo)(hvuoo))
S d(O,uoc)(ukflauOO) + rYr,l/hDr(f(ukfl)z f(uoo))

This combined with (4.4) yields
(4.5) lim d(f (uk—1) (ks uk—1), f(too) (b uso)) = 0,

k—o0

and so there exists an integer k1 > 1 such that d(f(uk—1)(0k, uk—1),vn) < €h/Yr.
for k > kq. Similarly, we find an integer ko > 1 such that d(f(tx—1)(k, tr—1),0n) <
€h/vr, for k > ky. By (4.5) we apply condition (®1) to prove

i B (1) (O, 1), f (1) By 1)) = B () (B ) f (o) (s )

Since §, — h as k — oo, we see from (4.3) that there exists an integer k3 > 1
satisfying & € (0,1] and
61 (@ (f (wk—1) (Oks wp—1), f(Gp—1) Ok, tig—1)) — P(up—1,0k—1))
< wuq)(ukfla ﬁkfl) + Lr(e + €)/2
for k > k3. By the definition of hy we have hy, > 6 for k > max{ki, ko, k3}. This

contradicts the fact that hy — 0 and &, — h as k — oo. The verification of (V) is
thus completed.
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Step 2: We prove that there exists (w;, w;) € (D, (¥)ND,.(¢)) x (D, (¢¥)ND,.(¢))
satisfying the following five conditions:

(4.6) Y(wi) <m(s; — si—1;9(2i-1)).

(4.7) () < m(si — si—130(%i—1))-

(4.8) sy zi)(f(Zic1) (86 = 8i-1, 2i-1), wi) < 3e(8; — s5i-1).

(4.9) dis; 2o ) (f(Zic1) (86 = 8i-1, 2im1), ;) < 3€(8; — si-1).

(4.10) D (w;, ;) < ST (B (2 y, 2 1) + Lo(e + €)(si — si-1)).

Let {(0j,u;j, ﬁj)};";o be the sequence in [s;—1, ;] X (D, (¢¥)ND,.(¢)) x (D, (¥)ND,.(¢))
constructed in Step 1. Since {u;} is a Cauchy sequence in E (see (4.1)), there
exists w; € D, (v) N Dy(¢) such that lim;_,o d(u;,w;) = 0. Similarly, there exists
w; € D, (¢) N D,(¢) such that lim;_, d(@;,%;) = 0. The inequality (4.6) follows
from (4.2). Similarly, the inequality (4.7) is obtained. The inequality (4.10) follows
by a passage to the limit in the inequality

D(uy,i;) < el7770 (D(ug, o) + Ly (e + €)(0; — 00))

for j = 0,1,..., which is obtained inductively by (IV). To prove (4.8) it suffices to
demonstrate that

(4.11) Ao,z 1) (f(zim1) (0] = si-1,2i-1), u5) < 3€(oj — si—1)

for j =0,1,.... The case where j = 0 is trivial, since 09 = s;_1 and ug = z;_1. Let
k > 1 and assume that (4.11) with j = k£ — 1 holds. Applying Lemma 3.2 to the
sequence {Zo,...,Tp_1 = Zg, Zg41,s- -+ 2Zi—1 = U, - - ., U }, we find that

d(ur, wp—1) < (01 = tp—1)(Be + 7 M) < (tp = tp—1) (1 + 770 M)
for 1 =0,1,...., where we have used conditions (iii) and (iv) with j =1,...,p—1,
condition (a-1) with j = ¢+ 1,...,7 — 1 and conditions (II-1) and (III-1) with
Jj =1,...,1. This implies w; € Blzp_1,(t, — tp,—1)(1 + v, M)] and we see from
condition (v) that D, (f(w), f(xp-1)) < €/7r for I > 0. Since z;_1 = uyo, it follows
that

(412) DT(f(“l)7 f(zifl)) S Dr(f(’“fl)a f(xpfl)) + Dr(f(xp71)7 f(zifl)) S 26/’77“,1/
for I > 0. Similarly to the derivation of (3.4), we apply Lemma 2.6 (ii) to obtain

dioyzi)(f(zic1)(ok — 81, 2i-1), f(ur—1)(0k — Ok—1,u—1))
S oy y,z ) (f(Zic1)(Oh—1 — Si-1,2i-1), U—1)
+ V(0 — 0k—1)Dr(f(2iz1), fur—1))-

Just as in the proof of (3.5), we have d(,, ., ,)(f(ur—1)(or — Op—1,up—1),ux) <

€(or — ok—1) by condition (II-1) with j = k. It follows from (4.12) with l = k — 1
and (4.11) with j = k — 1 that

d(ak,zi,l)(f(zi—l)((?k — 81, %i—1), Uk)
< 3€(ok—1 — Si—1) + 2€(0 — 0—1) + €(0k — 0k—1) < 3e(ok — Si—1).

The verification of (4.11) is thus completed. Similarly, the desired inequality (4.9)
is obtained.
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Step 3: We define (2, 2;) € (Dy(¥) N Dy(9)) X (Dy(¥) N Dr(9)) by

oz ifsi =1, L Jap it s =ty
R = . Zi =19 . .
w; otherwise, w; otherwise.

We want to show that the element (z;, 2;) satisfies conditions (a) through (c) with
j =4. From (4.6) through (4.9) we see that (a) is satisfied for j = i. To show that
(b) is satisfied for j = i, consider the case where s; = t,, and then s, = t,_1 <
si—1 < s; = t,. Note that zg = xp—1 and s; # t for ¢ +1 < j < i —1 and
k=0,1,.... Then we see from condition (a) that
(4.13) d(f(zj-1)(sj = sj-1,2j-1), %) < 3€(s; — s55-1),

P(z5) <mS(sj — sj-1;9(2j-1))

for ¢ +1 < j <1i—1 To attain our objective, we first prove that

(4.14) d(Si,zq)(f(Zq)(Si — 8¢, %q), Wi) < Ay e(si — 8q)-
Obviously, (4.8) implies (4.14) with ¢ =i — 1. Let ¢ < ¢ — 1. Applying Lemma 3.2
to the sequence {xo,x1,...,Tp—1 = Z¢, Zg4+1,- .-, %i—1}, we see that 3,(f(z;)) < M

and that d(z;,zp—1) < (55 — tp,l)(Se +fyr7VM) < (tp — tp,l)(l +’yr7,,M) for j =
q¢,q+1,...,i—1. By (v), we have

(4.15) Dr(f(z)), f(29)) = Dy (f (%), f(xp-1)) < €/7r

for j=¢q,q+1,...,i— 1. By Lemma 2.6 (ii) we find that

(4~16) d(s,;,zq)(f(zq)(si - Sz‘fl,Ziq), f(Zi71)(Sz' — Si—1, Zifl)) < G(Si - 3i71)~

Since w; = f(w;)(0,w;), we have ¢(w;) < K, (f(w;)) < K(r,v). Similarly, we
have ¢(f(zi—1)(8i — Si—1,2i—1)) < K(r,v). Applying (2.7) and (2.8), we infer from
(4.8) that ds, ..\ (f(zi—1)(si = 8i—1,2i-1), wi) < 37 ,€(si — s5i-1). Addition of this
inequality and (4.16) gives

(4.17) sz (f(2g) (86 = 8021, 2i1), wi) < dyppe(si — 5i-1)-
To prove (4.14) we need to show that
(4.18) d(Sj,zq)(f(Zq)<5j — Sq Zq)’ Zj) < 4’%!/6(3]’ — 8q)

for j = q,q+ 1,...,i — 1. The inequality (4.18) holds trivially for j = ¢. Let
g+ 1<k <i—1 and assume that (4.18) with j = k — 1 holds. Similarly to the
derivation of (3.4), we deduce from Lemma 2.6 (ii) that
(s ) (f(2g) (Sk = 8¢5 2)s f(2K—1)(Sk — Sk—1, 2k—1))
< dsye,20) ([ (Zg) (Sk—1 = 8¢5 Z¢), 2k-1)) + Ve (sk = 5k-1) Dr(f (2¢), f (28-1))-
It follows from (4.18) and (4.15) with j = k — 1 and (4.13) with j = k that

d(Sk,zq)(f(Zq)(Sk — Sq Zq)v zp) < 4'Yr,u€(3k - Sq)-

The inequality (4.18) is inductively proved for j = ¢,¢+1,...,7 — 1. By (2.6) and
(4.18) with j =i — 1, we have

d(Si:Zq)(f(Zq)(Si — 8¢, 2q)s f(2¢) (85 — 5i-1,2i-1))
= d(s; ) (f(29) (50 = si-1, f(2¢)(Si-1 — Sq; 2¢)) f(24) (80 — 8i-1,2i-1))
< d(si,l,zq)(f(zq)(siﬂ — Sq» Zq), Zi—1) < 4’77“,1/6(31'71 - 8q)~
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Combining this inequality and (4.17), we get the desired inequality (4.14). Since
tp—1 = Sq, tp = s; and z; = xp_1, it follows from condition (iii) with j = p and
(4.14) combined with (2.7) that
d(@p, wi) < d(zp, f(@p-1)(tp — tp—1,2p-1)) + d(f(2q)(si — 8¢, 2¢), Wi)
<€ty —tp—1)/Vrp + 4yrue(si — 8q)
S 57r,u6(tp - tp71)7
hence

(4.19) d(zi,w;) < 5yre Y (b —tia).

t1=s;
By (2.7), (2.9) and (4.8) we have
d(zi—1,w;) < d(zi1, f(zim1)(si = sim1,2i-1)) +d(f(zi1)(5i — 8i-1, 2i-1), wi)
< Y Br(f(2io1))(5i — 8i-1) + 3e(si — si-1)
< (VoM +3€) (s — 5i-1) < (147 M) (si — si-1),
and hence
d(zi, zi-1) < 5yru€ Z (t; —tj—1) + (L+ v M)(si — si-1).
tj=s;
From this and (b-1) with j =i —1 we see that (b-1) is satisfied for j = 4. Similarly,
(b-2) is proved to be satisfied for j = ¢, and
(4.20) d(2i,0;) < 5y Y (B —tia).
El:Si

By (4.10), (4.19) and (4.20), we have

(D(Zi, 21) S e(Si*Si—l)wu { (@(Zi_l, 2i—1) + LT(G + g)(S»L - 37;_1))

+ 5L Yr, (6 Z (th—ti—1) + € Z (t — fl—l)) }7

ti=s; t1=s;

where we have used condition (®1). From this and (c) with j =i — 1 we see that
(c) is satisfied for j = i. O

5. PROOF OF THE MAIN THEOREM

Proposition 5.1. For any xo € D, there exist T > 0 and a solution u € C([0,7); X)
to the mutational equation

(ME) u(t) 3 f(u(t)) fort €[0,7) and u(0) = g
satisfying ¥(u(t)) < m(t;(xg)) fort € [0, 7).

Proof. Let xg € D. Then, by Lemma 3.1 there exist ¢¢ > 0, v > 0, 1o > 0,
r>0,p>0 M>0and 7 € (0,1] such that D,(¢) C D, (¢), 7¢(¢0(x9)) > T,
m(t;¢(zo)) < v fort € [0,7] and € € (0,€], 7(1 + v, M) < p, K(rg,v) <7
and B,-(f(z)) < M for any x € D,(¢) N Blxg, p]. Take a smaller ¢y > 0 so that
37vrv€0 < 1. Proposition 3.3 asserts that for any e € (0, ¢g] there exists a sequence
{(t5,25)}320 in [0,7] x (D (¥) N D,(¢)) satisfying the following conditions:

) 0=t <t] < - <t; < <7,
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(ii) 5 —t5_ 1<e/’waorj—1,2,....

(i) d(f(z5_1)(#5 —t5_1,25_1),25) < e(t; —t5_1)/ v for j = 1,2,..., where
TH = Tp.

(iv) ¥(x§) < me(t§ — tf;z/)(mﬁ)) fori=0,1,...,7and j=1,2,....

(v) IfxeDl,(w)ﬂB[ w5y, (5 — t5_1)(1 + v, M)], then

Dr(f($)7f($],1)) S6/’%“,1/ fOI'j: 1725""
(vi) limjo0t§ = 7.

For each € € (0, €g], we define u® : [0,7) — (D, (v) N D.(¢)) by

u(t) =54 fort€t;_4,t5) and j=1,2,.
By Lemma 3.2 (a) we have
(5.1) d(uc(t),u(s)) < (e + v, M)(Jt —s| +2¢) fort,sel0,7).
Let A u € (0,60] and let {s;}52, be the sequence such that {s;;j = 0,1,...} =
{t}:j= yU{tsi=0,1,. }and0—30<31<52<.... Then Proposition

4.1 asserts that there exists a sequence {(27, 2/)}52 in (D, ()N D, (¢)) x (D, ()N
D,.(¢)) satistying the following conditions for each j =0,1,2,...:

(a-1) If 55 = t;‘ for some nonnegative integer p, then z)»‘ = ac>" otherwise

d(f(zg)‘\—l)(sj Sj— 172])\ 1), 2 _]) < 3A(sj — s5-1),
P(2) <mP(s; — s5-139(271))-
(a-2) If s; = t4 for some nonnegative integer g, then z’»L = zf; otherwise
d(f(z;-tl)(sj Sj—1,%5— 1)z ]) < 3u(sj — sj-1),
7/’(2]) < mf(s; — sj—159( j—l))'
(b-1) Fori=0,1,---,,
d(zf‘, Zj ) (1+ Yr, VM)( —8;) + 5V A Z (t;\ - t;—1)~
tée{si+1,..‘,8j}
(b-2) Fori=0,1,-- 7,
d(zf, Z;L) (L + v M) (s — i) + 57ropt Z (tZ - t5_1)~
th €{sit1,85}

(¢) B(=),2) < e (Lo (A+ p)s; +8;(A, ), where

SRS OO SR E IRV SRR R )
tre{s1,...,55} t’;e{sl,...,sj}
Let t € [0,7). Then there exist positive integers i, p, ¢, (< i—1) and k(< i —1)
such that t) | < s; 1 <t <s <ty th | < s <t <s <th, ty | =s and

th = sg. Since {t};5 =0,1,...} N {sl+1, ..y 8i—1} =0, we see from (b-1) that
d(z 1, 2) < (L7 M) (531 = 57) < AL+ 750 M).
Similarly, we have d(z!" ,,z}) < u(1 + ., M). By condition (1) we have
(21", 21,) = @21, 2100)| < Lo(d(zt g, 2) + d(2]y, 21)).
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Since uM(t) = xp_; = 2" and uk(t) = x| = 2}, it follows from (c) that

O (ur(t), (1) < Lr(A + p) (1 + v M)
+ €™ (Ly(X + )T + 5Ly (A + p)7).
By condition (®2) we have limy , 0 sup{d(u*(t),u"(t));t € [0,7)} = 0. By the
completeness of E, there exists a measurable function w on [0,7) to E such that
u(t) € D,(¢¥) N D,(¢) for t € [0,7) and the family {u} converges to u uniformly
on [0,7) as € ] 0. Moreover, we have ¥(u(t)) < m(t;4(zg)) for t € [0,7). By (5.1)
we have d(u(t),u(s)) < v, M|t — s| for t,s € [0,7), and hence v € C([0,7); E).

To show that v is a solution to (ME), let ¢ € [0, 7) be fixed. Choose hg € (0,7—t)
and let h € (0,hg]. Take € € (0,¢] so that ¢t + h + € < 7, and assume that
i <t <tj, and t, <t+h < (SRR Obviously, we have { < k and 0 < ¢}, — ] <
(t+h)—(t—¢€) =h+e By Lemma 3.2 (a) we have

d(u(t), z5) < d(u(t), u(t)) + (1 + yrp M)(t5 — 17) < 0(€) + h(1 + 77, M)
for j =1,...,k, where
6(€) = d(u(t), u(t)) + e(1 +vr, M).
It follows that
(5.2) Dr(f(=f), f(z5)) < 2A(8(€) + h(1 + 7., M))
for j =1,...,k, where
A(6) = sup{D,(f(u(t)), f(w)); w € Dy(¥),d(u(t),w) < 5}
for § > 0. Note that lims g A(6) = 0. We shall prove that
(5.3) e o) (f(2]) (85 — 1, 27), 25)
<Y (5 —17) {e+2A(8(e) + h(1 + 7 M)) }

for j =1,1+1,...,k. The inequality (5.3) with 5 = holds obviously. Let [ + 1 <
j < k and assume that (5.3) with j replaced by 7 — 1 holds. Similarly to the
derivation of (3.4), we apply (2.11) to get

d(t;,z;)(f(xzﬁ)(%_tiﬁ) f(x; 1)@6 t; 17$§ 1))
< d(t;fl,zf)(f(xls)(t =1, 27),25_1) + Yo (t; —t5_1)Dr(f(2]), f(25_1))
< w5y — 1) (e + 2A(5(€) + h(L + 7, M)))
+ 2950 (t5 — 15 1)A(3(€) + h(1 + Y M),

where we have used (5.2) and (5.3) with j replaced by j — 1. Combining this
inequality and the inequality that d(t§7zle)(f(x§71)(t§ o, w§y),x5) < e(ti—t5_y),
we obtain (5.3), and so the desired inequality (5.3) is inductively proved. By (2.7)
and (5.3) with j = k, we have

(5.4) d(f (ue (@) (), — 1, us(t), u(t + h))
< Yty — t5){e+2A0(8(€) + h(1 + v, M)) }.
Since ¢(f (u(t))(ts, — t5,u(t))) < Ko (f(u(t))) <r, we apply (2.11) to obtain
d(f (u(t))(ty — 17, u(t)), f(us(£)) (), — 7, us(t)))
< Yo (d(u(t), u(t)) + (= 1) Dr (f(us(1)), f(u(?))))-
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A passage to the limit in this inequality combined with (5.4) as € | 0 yields
d(f(“(t))(ha u(t)), u(t + h)) < 2'7r,uhA(h(1 + 'YnVM))-
This proves limsupy, o h~td(f (u(t))(h, u(t)),u(t + h)) = 0. O

Proposition 5.2. Fori=1,2, letu; € C([0,7); X) be a solution to the mutational
equation u; (t) 3 f(ui(t)) fort € [0,7) such that u;(t) € D, (¢) fort € [0,7). Then,

O (uy (t), uz(t)) < "' ®(uy(0),u2(0)) fort€[0,7).

Proof. Let t € [0, 7) and choose hg € (0, 7—t). Take r¢g > 0 so that D, () C Dy, (¢)
by condition (H), and set r = K (rg, v). Since u;(s) € D, (¢) C D,,(¢) for s € [0,7),
we observe that ¢(f(u;(s))(h,ui(s))) <rfor s €[0,7), h €[0,ho] and i = 1,2. By
condition (®1) we have

h=H @ (ur(t + h), ua(t + h)) — S(ua(t), ua(t)))
< Le{h™ d(ur(t+ R), fua(t) (b, ur () + b~ d(ua(t + h), f(ua(t)) (b, ua(t))) }
+RTH@(f (ua () (hyur (1)), £ (ua(t)) (h, uz(t))) — B(ur(t), ua(t)))
for h € (0, ho]. It follows from condition (f3) that
h%ionf RH(@(uy (t+ h), ua(t + h)) — @(ur(t), ua(t))) < w, ®(us(t), uz(t)).

The desired inequality is obtained. ]

Proof of Theorem 2.3. Assertion (ii) follows from assertion (i) and Proposition
5.2. To verify assertion (i), let x € D and set 7o« = 7(¢(z)). By 7 we denote
the supremum of 7 € (0, 7] such that there exists a solution v € C([0,7); E)
to the mutational equation @ (£) 3 f(u(t)) for ¢ € [0,7) and u(0) = = satisfying
P(u(t)) < m(t;9(x)) for t € [0,7). The existence of such a solution is ensured by
Proposition 5.1, and so the definition of 7 makes sense and 7 € (0, 7oo]. Assume
to the contrary that 7 < 7.,. Then there exists a unique solution u on [0,7) to
the mutational equation u (t) 3 f(u(t)) for t € [0,7) and u(0) = z satisfying
Y(u(t)) < m(t;(x)) for t € [0,7). Set v = sup{m(t;¢(z));t € [0,7]}. Then we
have v < oo and u(t) € D,(¢) for ¢t € [0,7). By condition (H) there exists r > 0
such that D, (¢)) C D,(¢). Let h € (0,7) and v(t) = u(t + h) for ¢ € [0,7 — h).
Since v is a solution to v (t) 3 f(v(t)) on t € [0,7 — h) and v(0) = u(h), we apply
Proposition 5.2 with u1 = v and ug = u to get ®(u(t+h),u(t)) < e“*'®(u(h),u(0))
for ¢ € [0,7 — h). Since ®(u(h),u(0)) — 0 as h | 0, we observe from condition ($2)
that the limit Z = limyq7 u(t) exists in E and is in D, (¢) N D,(¢). By Proposition
5.1 there exist o > 0 and a solution w to w (t) 3 f(w(t)) for t € [0,0) and w(0) = z
satisfying ¥(w(t)) < m(t;¢(Z)) for t € [0,0). This means that u can be extended
beyond 7, which contradicts the definition of 7. O

6. RELATION WITH KATO’S QUASILINEAR THEORY

This section is devoted to the study of the abstract quasilinear evolution equation
described in Section 2. We use the same notations as in Section 2. The purpose is
to derive the following theorem from the main theorem (Theorem 2.3).
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Theorem 6.1. Let ug € Y and set 79 = 7(Ny, (Sug)). Then there exists a unique
solution u € C([0,70); X) to (QE;ug) in the sense that u(0) = ug, u(t) € Y for
t €[0,70), [[u(®)|ly is locally bounded on [0,79) and (d/dt)tu(t) = A(u(t))u(t) for
t €10,70). Moreover, the unique solution u satisfies

Ny (Su(t)) < m(t; Ny, (Sug)) fort € [0,7),
where m is the mazimal solution to the initial value problem (2.5) with

(6.1) g(p) = (Ba(p) + An(p)AB(P) + un(P)Aa(p)p)p  for p > 0.

Proof. Let E = X and D =Y, and consider the functional ¢ from E into [0, o0]
defined by t(x) = N,(Sz) if x € D, and ¢ (z) = oo otherwise. Then 1) is lower
semicontinuous on E. Since ¢(x) = ||Sz|x < N,(Sz) = ¢(z) for z € D, we
have D,(¢)) C D,(¢) = Y,, which implies that condition (H) is satisfied. From
Proposition 2.1 we observe that conditions (S1) and (S2) are satisfied. Define
®(z,y) = Ny(x —vy) for (x,y) € E x E. To verify condition (®1), let (z,y), (Z,9) €
D,.(¢) x D,(¢). By condition (N) we have
No(z —y) < Ne(z —y)(1+ py(r)llz — 2l x) < Na(x —y) + 2un (r) A (r)rd(z, 2),
where we have used the fact that Nz(z) < Ay (r)||z||lx < An(r)||z|y. Since
Ne(z —y) = Na(Z — 9) < Na(z — & = (y = 9)) + 2un (r)An (r)rd(z, &),

we have ®(x,y) — ®(2,9) < An(r)(1 + 2un(r)r)(d(x,Z) + d(y,9)). This means
that condition (®1) with L, = An(r)(1 + 2un(r)r) is satisfied. Since D, (v)) C Y,,
condition (®2) with m, =1 and M, = Ay (v) follows from condition (N).

We shall prove that the mapping f on D to ©(X) defined by f(w) =, for w €
D satisfies conditions (f1) through (£3). To prove condition (1), let wo, w € D, ().
Since D, (¢) C D, (¢) =Y, we see from condition (A3) that limp o h =Ty (h)z —
T,y (W)zllx = [A(w)z — A(wo)zlx < pa(v)lw — wollx|zlly for = € D; hence

D, (f(w), f(wo)) < pa(¥)r|lw — wpl|x. Condition (f1) is thus satisfied. To verify
(£3), let z,y € D,(¢). Then we have z,y € Y,. Take r > v arbitrarily. Since
limy, 1o Ty (h)x = z in Y, there exists ho € (0,1] such that ||f(z)(h,z) —z|y <r—v

for h € (0 ,lzo] Note that f(x)(h,z) € D,(¢) for h € (0, hg]. By condition (N) we
have
®(f(x)(ha$),f(y)(h7y)) No(To(h)x — Ty (R)y) (1 + pn (r) [ Te (h)2 — ]| x)
No(Te(h) (@ = y)) + AN (W) Tz (h)y — Ty (h)yl| x
+ un (1) N (To (h)x = Ty (M)y)|| T (h)2 — 2| x
for h € (0, hg]. By condition (A1) we have N, (T, (h)(xz —vy)) < ePAIEN, (z —y).
It follows that

limsup b= ((f (2)(h, z), f(y)(h, y)) — D(2,y))

h40

< Ba()B(z,3) + WA@Y — A)yllx + v (), )] Az x.
From condition (A3) we see that condition (f3) with w, = Ba(v) + AN (V) pa(v)v +
un(V)Aa(v)v is satisfied. Finally, to verify condition (£2), let © € D. Take r >

0 arbitrarily such that ||z|ly < r, and then there exists hy € (0,1] such that
f(x)(h,z) € D,(¢) for h € (0, hg]. Let h € (0, ho]. By (2.4) we have

h
N, (ST, (h)x) < ePAMMN, (Sz) + / Pa =) N (B(2)ST,(s)z) ds.
0



MUTATIONAL EQUATIONS 21

By condition (N) we have

N(@)(h,a) (Sf (@) (h, 2)) < No(Sf(2)(h, 2))(1 + pn (r)|| f(2)(h, ) — 2] x).
These inequalities together imply that

limsup ™" (y(f () (h, ) — ¥(z))
hl0

< Ba(r)(x) + No(B(z)Sz) + () un (r) | A(z) 2| x,

and the right-hand side is bounded by (Ba(r) + An(r)As(r) + pn(r)Aa(r)r)y(z).
Since r is arbitrarily given so that r > ||z||y, the continuous function g defined
by (6.1) satisfies condition (f2) with xz = f(x)(h,z), where we have used the
fact that ||z|ly < ¢(x) and functions Sa, An, Ap, un and A4 are nondecreasing.
Theorem 2.3 asserts that there exist 7 > 0 and a unique v € C([0,7); E) such
that u(t) € D for ¢t € [0,7), the function ¢t — ¢(u(t)) is locally bounded on [0, 7)
and limp o h = d(f(u(t))(h,u(t)),u(t + h)) = 0 for t € [0,7). Since D =Y, we
have u(t) € Y C D(A(u(t))) for ¢t € [0,7) and the function t — ||u(t)||y is locally
bounded on [0,7). By condition (A1) we have limpyo b~ (Tyq) (h)u(t) — u(t)) =
A(u(t))u(t) for t € [0,7). It follows that that u is right-differentiable on [0, 7) and
(d/dt)tu(t) = A(u(t))u(t) for t € [0,7). O

Remark 6.2. The main result in [5] has an advantage in that the regularity of
solutions obtained is better than ours. Applying Theorem 6.1 and the linear theory
developed by Kato [6], we can prove that for each uy € Y there exist 7 > 0
and a unique solution v € C([0,7);Y) N CL([0,7); X) to (QE;up), which is due
to Hughes et. al. [5]. Indeed, let u be a solution to (QE) on [0,7) in the sense
of Theorem 6.1 and let o € (0,7) be arbitrary. Since u is Lipschitz continuous
in X and bounded in Y on [0,0], we deduce from [5, Lemmas 2.1, 2.2 and 2.5]
that the family {A(u(¢));t € [0, 0]} of linear operators in X generates an evolution
operator {U%(t,s);0 < s <t < ¢} on X in the sense of [6, Theorem 1]. Since
(d/ds)TUY(t, s)u(s) = U%(t, s)((d/ds)Tu(s) — A(u(s))u(s)) = 0 for 0 < s <t and
t € [0,0], we have u(t) = U"(t,0)up for ¢ € [0,0], and the right-hand side is
continuous in Y on [0, 0], since ug € Y. This proves that v € C([0,7);Y). Since
(d/dt)Tu(t) = A(u(t))u(t) for t € [0,7) and the right-hand side is continuous in
X on [0,7), we conclude that u € C*([0,7); X) and (d/dt)u(t) = A(u(t))u(t) for
te0,7).

Finally, we give a sufficient condition for the global solvability in terms of 84
and Ap. If the function (4 is taken as a negative constant and lim, o Ag(p) = 0,
then the maximal solution for the function g defined by (6.1) exists globally in time
for sufficiently small p > 0, so that (QE) with small data is globally well-posed in
time. For example, consider an equation of the form

u"(t) + o (|AY 2u(t)[?) Au(t) + v/ (t) =0 for t >0

in a Hilbert space H, where A is a selfadjoint operator in H such that there exists
ca > 0 satisfying (Au,u) > calu|? for u € D(A), o is a positive function on [0, co)
of class C', and v > 0. The well-known global well-posedness for this equation
with small data is deduced from Theorem 6.1. Without loss of generality, we may
assume that 0 < m, < o(r) < M, for r > 0. Let X = D(AY?) x H and
Y = D(A) x D(AY?). We define a family {N(, .); (w,z) € Y} of norms in X by

New,2y(u,0) = {o(|AY2w[?) 7 H(|of? + |yu+v]?) + 2|AY2u?}/2 for (u,v) € X.
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This is important, and then the family {A(w,z);(w,z) € Y} of operators in X
defined by (A(w,2))(u,v) = (v, —o(JAY?w|?)Au — yv) for (u,v) € Y satisfies
condition (A1) with Sa(p) = —fp for p > 0, where 5y is a positive constant.
Condition (A2) is satisfied with S(u,v) = (A'/?u, AY?v) for (u,v) € Y and B = 0.
All the other conditions are verified without difficulty.
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