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GEOMETRIC ASPECTS OF LUCAS SEQUENCES, II

NORIYUKI SUWA*

ABSTRACT. This article is a sequel of {(Geometric aspects of Lucas sequences, I), which presents
a way of viewing Lucas sequences in the framework of group scheme theory. This enables us
to treat the Lucas sequences from a geometric and functorial viewpoint, which was suggested
by Laxton (On groups of linear recurrences, I) and by Aoki-Sakai (Mod p equivalence classes of

linear recurrence sequences of degree 2).

Introduction

This article is a sequel of [14], which treats of the divisibility problem for Lucas sequences
from a geometirc viewpoint, more precisely, in framework of the group scheme theory.

First we explain the divisibility problem for Lucas sequences. Let P and () be non-zero
integers, and let (wg)r>o be the sequence defined by the linear recurrence relation wgio =
Pwyy1 — Quy, with the intial terms wg,w; € Z. If wg = 0 and wy = 1, then (wy)g>0 is nothing
but the Lucas sequence (Ly)i>0 associated to (P, Q). The divisibility problem asks to describe
the set {k € N; w; =0 mod m} for a positive integer m. Edouard Lucas [7] formulated results
on the divisibility problem as the laws of apparition and repetition in the case where m is a
prime number and (wg)g>o is the Lucas sequence (Lg)k>o. There have been piled up various
kinds of results since then.

In this article we study the divisibility problem in the case where m is a power of 2, while in
[14] we deal with the case where m is an odd prime power. The following fact is a key to our
study:

Key Proposition(=Proposition 3.5) Let m be an integer with m > 2 and (m,Q) = 1. Then:
(1) the period of the Lucas sequence (Ly)k>0 mod m is equal to the order of 0 in Gpg(Z/mZ);
(2) the rank of the Lucas sequence (Ly)r>0 mod m is equal to the order of B(0) in G (p,q)(Z/mZ).

Recall that the rank (resp. the period) of the Lucas sequence (Lj)r>¢0 mod m is defined as
the least positive integer k such that Ly = 0 mod m (resp. Ly = 0 mod m and Ly = 1
mod m), if exists. Moreover, Gpg = HA/Z Gm,a and G(pg) = (HA/Z Gm,4)/Gp,z, where
A =TZ[t]/(t* — Pt+ Q) and 6 stands for the image of ¢ in A. (I14/7 denotes the Weil restriction
functor associated to the ring extension A/Z. A detailed accout is given concerning Gp g, G(p)

and the homomorphism 8 : Gpg — G(p) in Section 1.)
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2 N. SUWA

The assertion above mentioned is an analogue of the Fermat-Euler theorem, which is nowa-
days understood as a consequece of Lagrange’s theorem applied to the multiplicative group
Gm(Z/mZ) = (Z/mZ)*. The assertion (1) is first verified in [13, Lemma 2.7] and the assertion
(2) is added in [14, Corollary 3.13], both under the assumption (m,2) = 1.

Here is an example of reformulation in our context of the laws of apparition and repetition:
Theorem(=Proposition 3.264+Theorem 3.27) Let P and Q) be non-zero integers, and let wy, w1 €
Z with (wo,w1) = 1. Define the sequence (wg)i>0 by the recurrence relation wiio = Pwyi1 —
Quwy, with wnitial terms wy and w1, and put p = ordp(w% — Pwow; + Qw%). Let p be a prime

with (p,Q) =1 and n a positive integer. Then we have
the length of the orbit (wq : wy)© in PY(Z/p"Z) =

Furthermore, there exists k > 0 such that wy, =0 mod p™ if and only if (wo : wy) € (0:1).0 in
PY(Z/p"Z). Here © denotes the subgroup of Gpq)(Zy)) generated by 5(0), and r(p”) denotes
the rank mod p¥ of the Lucas sequence associated to (P, Q).

The assertions above are verified by Aoki-Sakai [1, Theorem 1] under the assumption p > 2,
n = 1 and Q = +1, and in [14, Proposition 3.23 and Theorem 3.25] under the assumption
p > 2. It should be mentioned that we have to employ the group schemes Gpg and G(pg) in
this article instead of G'p and G py employed in [14]. It is the reason that we need deal with the
residue ring Z[t]/(t> — Pt + Q), not Z[t]/(t* — D). We may recall that Z[D] does not coincide
with the ring of integers in the quadratic extension Q(v/D) when D =1 mod 4.

Now we explain the organization of the article. There are some descriptions overlapping [14],
which we repeat with a slight modification for the reader’s convenience. The Sections 1 and 2
are devoted to the construction of infrastructure. In the Section 1, we introduce the affine group

schemes denoted by Gpq, Upg and G(pq) as examples of the affine group schemes

Gan= 1] Cmis

R/R
UR/R = Ker[Nr : H G,z Gum.rl,
R/R
Giaymy = (11 Cr) /G
R/R

where R/ R is a quadratic extension of rings. We conclude the section by recalling the action by
the group scheme G (R/R) O the projective line IP)}%.
It should be mentioned that Lemmermeyer [11] sketches out a plan to study the group scheme

Up, called the Pell conics there. It would be intereseting to relate his study with ours.
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In the Section 2, we give precise description on Gp(Z/2"Z) and G (pg)(Z/2"Z) for n > 1,
which requires much more efforts than describing Gp(Z/p"Z) and G pg)(Z/p"Z) for a prime
> 2. In fact, we have to examine G'p(Z/2"Z) and G (p)(Z/2"Z) in case by case as follows:

Proposition 2.9:  Gp(Z/2"7Z) when D =0 mod 2

Proposition 2.10: Gp(Z/2"Z) when D =1 mod 8

Proposition 2.11: Gp(Z/2"Z) when D = —1 mod 8

Proposition 2.12: Gp(Z/2"Z) when D =5 mod 8

Proposition 2.13: Gp(Z/2"7Z) when D = —5 mod 8

Proposition 2.15:  G(py(Z/2"Z) when D =0 mod 2

Proposition 2.16:  G(py(Z/2"Z) when D =1 mod 2

Proposition 2.21: Gpg(Z/2"7Z) when P =1 mod 2 and Q@ =1 mod 2

Corollary 2.22: G(p)(Z/2"Z) when P =1 mod 2 and @ =1 mod 2

In the first half of Section 3, after relating Lucas sequences with the group schems Gp g and

G(p,g), we present an interpretation on the notion of rank and period for Lucas sequences in
our context. Moreover, we give new proofs for more or less known facts, some of which go back
to Lucas [7], Carmichael [2] and Lehmer [10], for example. Here we have to describe r(2") and
k(2™) in case by case as follows:

Theorem 3.7:  r(2") when P=0 mod 2 and Q =1 mod 2

Theorem 3.8:  k(2") when P=0 mod 2 and @ =1 mod 2

Theorem 3.12: r(2") when P =1 mod 2 and Q@ =1 mod 4

Theorem 3.13: 7(2") when P =1 mod 2 and Q@ = —1 mod 4

Theorem 3.14: £(2") when P =1 mod 2 and Q = —1 mod 4

Theorem 3.15: k(2") when P =5 mod 8 and @ =1 mod 4

Theorem 3.16: £(2") when P = —5 mod 8 and @ =1 mod 4

Theorem 3.17:  k(2") when P =1 mod 8 and Q@ =1 mod 4

Theorem 3.18: k£(2") when P = —1 mod 8 and Q@ =1 mod 4

In the latter half of Section 3, we add the case of p = 2 to the main results in [14] concerning
the action by © C G(pg)(Z/p"Z) on P*(Z/p"Z). Here © denotes the subgroup of G(p o (Z/p"Z)
generated by 3(#).This is a reformulation and generalization of remarkable notices of Aoki-Sakai
[1] from a geometric viewpoint, as is mentioned before.

In the Section 4, we reconstruct the theory developed in [8] and [9] by Laxton, eliminating
the assumptions on P and @ imposed in [8], except @ # 0, but respecting Laxton’s original

idea. The main result on explicit description of the group G(f) is stated as follows:

Theorem(=Theorem 4.2) Let P and Q be integers with Q # 0, and put f(t) = t> — Pt + Q.
Let p be a prime, and let © denote the subgroup of G(pq)(Q) generated by B(6). Then the
isomorphism w : G(pq)(Q) = L(f,Q)*/Q* induces an isomorphism w : G(p)(Q)/© = G(f).
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The assertions mentiond above are verified in [14, Theorem 4.2] under the assumption p > 2.
(The map w : G(p)(Q) — L(f,Q)*/Q* is defined in 4.1.)
Here we have to describe the descending chain of subgroups of G(f)

G(f) D H(f,2) D K(f,2)DG(f,2)D---DG(f,2")D---

in case by case as follows:

Corollary 4.3: Q=1 mod 2, D #0

Corollary 4.3.1: P=1 mod2, Q=1 mod2, D #0

Corollary 4.3.2: P=0 mod2, Q=1 mod2,or P=2 mod4, Q= -1 mod 4

Corollary 4.3.4: P =2 mod 4, @ =1 mod 4

Corollary 4.5: P =1 mod 2, Q =0 mod 2

Corollary 4.6: P =2 mod4, Q=2 mod4, D+#0

Corollary 4.7 P=0 mod4, @ =2 mod 4, P#0

The section 5 is a complement to the previous article [14], where we assume after Laxton [8]

that P and Q are relatively prime and D = P? — 4Q # 0. From 5.1 to 5.3, we discuss the case
where both P and Q are divisible by a prime p. In 5.4, we deal with case where D = P2—4Q = 0.
We conclude the article by giving an interpretation of a result due to Ward [14] and Hall [5] in

our context. We would look for an essence behind their skillful calculation.

The author would like to express his hearty thanks to Masato Kurihara for his advise and
encouragement. He is very grateful to Akira Masuoka, who reveal his interest from a point view

of Hopf algebra thoery.

Notation

For a ring R, R* denotes the multiplicative group of invertible elements of R.

For a scheme X and a commutative group scheme G over X, H*(X, G) denotes the cohomology
group with respect to the fppf-topology. It is known that, if G is smooth over X, the fppf-
cohomology group coincides with the étale cohomology group (Grothendieck [4, II1.11.7]).

List of sets and rings

L(f,R): defined in 3.1
R(f,Z): defined in 3.25

List of groups and group schemes

Gg,r: the additive group scheme over R

Gy, r: the multiplicative group scheme over R

Ky gt Ker[n : Gy,r = G R

GR/R = HR/R Gm,ﬁz‘ the Weil restriction of G,, with respect to R/R, recalled in 1.1
UR/R = Ker|[Nr: HR/R G Gm,Rr): recalled in 1.2

Ga/m) = [1#/r G, 2/ Gm g recalled in 1.3
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Gp,q: defined in 1.5

Upg: defined in 1.5

G(p): defined in 1.5

Gp: recalled in 1.5

Up: recalled in 1.5

G(p): recalled in 1.5

© C Gpg(Z[1/Q)]): defined in 3.21
O C G(pp)(Z[1/Q]): defined in 3.21
© C PGL(2,Z[1/Q)]): defined in 3.22

List of maps and morphisms

Nr: GR/R — Gy, r: recalled in 1.1
i:Gmpr— GR/R: recalled in 1.1

& GR/R ® R — Gzn,R: defined in 1.1

&: UR/R QR — Gm,R: defined in 1.2
B GR/R — G(R/R): recalled in 1.3

Qa: G(R/R) — UR/R: recalled in 1.3
y=aopf: GR/R — UR/R’ recalled in 1.3
& G(R/R) QR — Gm,R: defined in 1.3.1
n: G(R/R) — Gy, gt defined in 1.4.1

w: R — L(f,R): defined in 3.7

wr: Gp(R) — L(f, R): defined in 3.7
wr : G(p)(R) = P'(R): defined in 3.26

List of sequences and invariants

L = (Lg)k>0: the Lucas sequence assocaited to (P, @), recalled in 3.1
r(m): the rank mod m of the Lucas sequence (Ly)i>0, recalled in 3.4
k(m): the period mod m of the Lucas sequence (Lg),>0, recalled in 3.4

A(w) = w} — Pwow; + Quj: the invariant of w = (wg)g>0 € L(f, R), recalled in 3.1

1. Group schemes Gpg, Upq and G(pq)

In this section, we fix a ring R and P,Q € R, putting R = R[t]/(t* — Pt + Q). We refer
to [3] or [17] on formalisms of affine group schemes, Hopf algebras and the cohomology with

coefficients in group schemes.

Definition 1.1. Let R be a ring and P,Q € A. Put D = P? —4Q and R = RJt]/(t> — Pt + Q).
Let 6 denote the image of ¢t in R. Then {1,0} is an R-basis of R, and the multiplication of R is
given by

(a+00)(a' +b'0) = (aad' — QbY) + (abl + a’'b+ PbY') (a,b,d',b' € R).
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Then we can describe explicitly the Weil restriction J]z /R G,, g of the multiplicative group

scheme G, 7 with respect to the ring extension ]:2/ R in terms of Hopf algebras as follows:

1

11 G =Svec RIUY. 0 ov!
R/R

with

(a) the multiplication
U—UU-QVeV, VeUV4+VRU+PVRV;

(b) the unit
U—1, V=0

(c) the inverse

U+ PV v

U Vi — .
T r POV Ve T U2 PUV 1 QV2

Moreover, the canonical injection R* — R* is represented by the homomorphism of group

schemes
. 1 1
i:Gmpr= SpecR[T, T] — H Gm,é = SpecR[U,V, UV + sz],
R/R
defined by
U—T, V—D0.

On the other hand, the norm map Nr : R* — R* is represented by the homomorphism of group
schemes
1

1
Nr: Ig{Gm’R = SPGCR[U, V7 U2 +PUV + QV2] — Gm,R = SpeCR[T7 T],

defined by
T — U?+ PUV +QV?2.
It is readily seen that
(1) i:Gpr— H G, iz is a closed immersion;
R/R
(2) Nr: H G,, i = Gm,r is faithfully flat;
R/R
(3) Nroi: Gy r — Gy, g is the square map.
If D is not nilpotent in R, then (HR/R Gm,R) ®pr R[1/D] is a torus over R[1/D], splitting
over R[1/D]. Indeed,
Ty —»U+0V, o~ U+ (P-0)V
defines a homomorphism
1

¢ (g(}mﬁ) @r R = Spec R[U,V, +PUV+QV2] — G2, , = Spec R[T1, T,

1 i]
T, Ty
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inducing an isomorphism over R[1/D]. The inverse of £ ® R[1/D] is given by

1

U 52

{(P_Q)T1—0T2}7 Vi (—T1+T2).

P —20

Definition 1.2. Put
Up/r = Ker|Nr : H G, = Gm,gl
R/R
Then
Up/r = Spec R[U,V]/(U* + PUV + QV* — 1)
with
(a) the multiplication

U UU-QVeV,V—=UV+VeU+PVeV;

(b) the unit
U—1, V=0
(c) the inverse

U—U+PV,V— -V

If D is not nilpotent in R, then Ug,p @R R[1/D] is a torus over R[1/D], splitting over R[1/D].
Indeed, T'+— U + 0V defines a homomorphism

£:Upp ®r R=Spec R[U,V]/(U? + PUV +QV* - 1) = G, 1

I
92
i)
8
=
=

inducing an isomorphism over R[1/D]. Moreover, we obtain a commutative diagram with exact

TOWS
~ ~ N
0 —— Upp®@r R —— ([IgrGpni) &R R —— G, 5 —— 0
e | |
0 —— G,z —— G? & — Gnp——0
Here
t:G_5=8S ecR[T i] —~G? =8 ecR[T T: * i]
YR T p s mR p 1, 25T17T2

is defined by (73, T%) — (T, T~1), and p : an,R — G,, j denotes the multiplication.

Definition 1.3. We put

Giamy = |1 Gui/Cmrr
R/R
More explicitly,
G r) = Spec RIX, Y]/(X? + PXY +QY? —Y)

with
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(a) the multiplication

X—=X@I+1X-PXRX-20XQ®Y -2QY ® X — PQY ®Y,

VoY el+10Y +(PP-2Q)Y @V +PX®Y + PY ® X +2X ® X;

(b) the unit
X—0,Y 0

as is described by Waterhouse-Weisfeiler [18]. It should be mentioned that G 5 /R 18 smooth over
R.
Furthermore, a homomorphism of group schemes

1
U2+ PUV + QV2]

B: ][ G,z =Spec R[U,V,
R/R

— G p = Spec RIX, Y]/(X? + PXY +QY? —Y)

is defined by
uv V2

Y — .
U2+ PUV +QV? U2+ PUV +QV?
It is readily seen that the sequence

X —

R/R
is exact.

The two group schemes Up /R and G'p /R are related by a homomorphism
a: Gy p = Spec RIX,Y]/(X?*+PXY+QY?-Y) = Ug,p = Spec R[U, V]/(U*+PUV+QV?>~1)
defined by
U—1-PX -2QY, V—2X+ PY.

If D is not nilpotent in R, then « is isomorphic over R[1/D]. Indeed, the inverse of a @ R[1/D]

is given by

P—-PU -2 —242 P
¥ PIPUS2QV oy

We define also a homomorphism

1
U2+ PUV +QV?

v:[] G,, i = Spec R[U,V,
R/R

] = Ugyr = Spec R[U, V]/(U*+PUV+QV>-1)

as the composite
B @
H Gm,R — GR/R — UR/R'
R/R
Then ~ is given by
U? - Qv? 2UV + PV?

U .
T iUV Qve T P PUV 1 QV2
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Remark 1.3.1. Assume that D is not nilpotent in R. A homomorphism of group schemes over

R
€: G jp) ®r R =Spec RIX,Y]/(X? + PXY +QY? ~Y) = G, = Spec R[T,
is defined by
T—1-(P-20)(X+6Y):R[T, %] — R[X,Y]/(X?+ PXY +QY?-Y),
and we obtain a commutative diagram with exact rows

%

H Js 5

. 2 .
0O — Gm,R T> Gm,R T> Gm,R — 0
Here
- 1 9 ~ 1 1
A:Gm’é:SpecR[T, f] —>Gm7R:SpeCR[T1,T2,?,E:|
is defined by (T1,7T5) — (T, T), and
~ 1 1 ~ 1
2 _ JUp— _
§:G ,R = R[Tl,TQ, T ,E] — Gm,R = R[T, T]

is defined by T — Ty Ty *.
Moreover, the diagram of group schemes over R

is commutative.

Remark 1.4.1. Let a € R, and put P = 2a and Q = a®>. Then we have D = 0 and
U? + PUV + QV? = (U + aV)?. Moreover, Gr/p = Spec R[U,V,1/(U? + PUV + QY?) is
isomorphic to Gy, r X Gor = Spec R[U,1/U, T]. Indeed,

v ovs)
U2+ PUV +QV?2

(U T) > (U +aV, ) :R[U%,T] ~ R[U,V,

vV
U+aV
gives an isomorphism 7 : Gz /R = Gum.r X Gq r. The inverse of 7 is given by
el
U?+ PUV +QV?
Therefore, we obtain commutative diagram with exact rows

0 —— Gprp — GR/R SCEN G(R/R) — 0

H Jor Jos

0 —— Gur — GurXxGyr —— Ggr —— 0

1
—>R[U,E,T].

(U, V)~ (U1 —aT),UT) : R[U,V,

More precisely, the isomorphism

£:Gjp) = Spec RIX,Y]/(X? + PXY + QY? —Y) = Gg,r = Spec R[T]
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is given by
T+ X +aY : R[T] = R[X,Y]/(X?+ PXY +QY?-Y),
and the inverse of 7 is given by
(X,Y) = (T —aT? T? : R[X,Y]/(X? + PXY + QY? —-Y) — R[T].

On the other hand, G, r = G, ,r X G4 r denotes the canonical injection, and G, r X G4 g —

Gq,r denotes the canonical projection.

Furthermore, we have a commutative diagram with exact rows and columns

0 0

0 —— pop — Upjp — Gor —— 0O

0 —— Gpp — GR/R Lﬁ> G — 0 -
square Nr
Gm,R Gm7R
0 0

More precisely, the homomorphism

Up/r = Spec R[U,V]/(U? + PUV + QY? — 1) = G, g = Spec R[T]

is given by

T R[T] — R[U,V]/(U* + PUV +QV? —1).

U+aV -’
We have also a commutative diagram with exact rows

Claym ¢ Gar

L J2

0 —— Hop — Uf%/R Ga.r 0

)

Recall that the homomorphism
a: G g = Spec RIX,Y]/(X? + PXY +QY? —Y)
— Up/p = Spec R[U, V]/(U? + PUV + QY? — 1)
is given by
U—1-PX -2QY =1—-2a(X +aY), V—2X+PY =2(X +aY).

Remark 1.4.2. Assume that D is not invertible in R, and put Ry = R/(D). If D is a non-
zero divisor of R, then a : Gp p(R) — UR/R(R) is injective and Im[Gz p(R) = Up p(R)] C
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Ker[UR/R(R) — Ué/R(RO)]v as is shown in [12]. Here UR/R(R) — Ué/R(RO) denotes the reduc-

tion map.

Notation 1.5. We shall often denote Gpg = HR/R G,, 7 Uprq = UR/R and G(pg) = GR/R’
specifying the elements P,QQ € R. When P = 0 and Q = D, we shall denote also Gp = Gp,
Up =Upg and G(D) = G(P,Q) as in [14].

Remark 1.6.1. Let P,Q € Z, and put D = P? — 4(). First assume P = 0 mod 2. Then we
have D =0 mod 4. Let § and & denote the image of ¢ in the residue rings Z[t]/(T? — Pt + Q)
and Z[t]/(t* — D/4), respectively. Then 6 +— P/2 + § gives rise to an isomorphism of rings
Z[t)/(T? — Pt + Q) = Z[t]/(t> — D/4), and therefore isomorphisms of group schemes Gp o
Gps, Upg = Up;s and G(p ) = G(p/a)-

Now assume P = 1 mod 2, and let # and 6 denote the image of ¢ in the residue rings
Z[t]/(T? — 2Pt +4Q) and Z[t]/(t* — D), respectively. Then 6 +—+ P +§ gives rise to isomorphisms

of group schemes Gap 4 S Gp, Uapag 5 Up and G(2P,4Q) 5 G(D).

Remark 1.6.2. Let P,Q € Z. If D # 0 and D is a square in Z, then we obtain a commutative

diagram with exact rows

0 — UP7Q(Z(p)) — Up@(@) s 7 0
lzs llﬁ |
X X

0— Z¥, —— Q L 0

for each prime p with (p, D) = 1. Here the map £ : Upo(Q) — Q* is given by (u,v) — u + v
(a € Z is a root of the quadratic equation t? — Pt + Q = 0), as is remarked in 1.2.

Remark 1.6.3. Let P,Q € Z. If D = 0, then we obtain a commutative diagram with exact

TOWS
0 G(P,Q)(Z(P)) } G(P,Q)(Q> — Qp/Zp — 0

I b

0 —— Z(p) — Q B QP/ZP — 0
for each prime p. Here the map 7 : G(p)(Q) — Q* is given by (a,b) = a + ba (« € Z is the
root of the quadratic equation t2 — Pt + @Q = 0), as is remarked in 1.4.1.

Definition 1.7. Let ¢ € R. We define homomorphisms of group schemes

1
U? +cPUV+cQQV2}
Vrov)
U2+ PUV + Q2

c:Gepe2g = SpeCR[U, V,

— Gpg = Spec R[U, V,
and
c: Uepig = Spec RIU, V] /(U? + cPUV + *QV? — 1)

— Upg = Spec R[U,V]/(U? + PUV + QV? — 1)
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by
(U, V) = (U, V).

Moreover, we define a homomorphism of group schemes

c: Geperg) = Spec R[X,Y]/(X? + cPXY + PQY? - Y)

— G(pg) = Spec R[X,Y]/(X? + PXY + QY? - Y)
by
(X,Y) = (X, %Y.
If c is not a zero-divisor of R, the map c: G.p2¢(R) — Gpg(R) is nothing but the inclusion
map R[ch]* — R* = R[f]*.

We have commutative diagrams with exact rows

0 —— Usporg —— Geporg —2 G — 0

[
0 —— Upg —— Gpo TGm,R—>O

and
0 —— Gmr —— Gepe2g SN Gepegp — 0

H e e
0 —— Gm,R —_— GP,Q T G(RQ) — 0

The diagram
Gleraq) —— Ueraq

lg lg
Gro — Urq

is also commutative.

Lemma 1.8. Let ¢ € R, and put Ry = R/cR. Assume that c is neither a unit nor a zero divisor

of R. Then the sequence
0 — Gpeq)(R) — Gpg)(R) — G(pg)(Ro)

is exact. Here G(pg)(R) — Gpg)(Ro) denotes the reduction map.

Proof. The map c: (u,v) + (cu,c?v) is injective since ¢ is a non-zero divisor of R.

Now let (u,v) € G(pg)(R), and assume that v = 0 mod ¢ and v = 0 mod c¢. Then we
obtain v = 0 mod ¢? by the equality v = u? + Puv + Qu?. Hence there exist v/,v' € R
such that v = cu’ and v = ¢®'. These imply ¢2v'* = A(u'* + cPuv' 4+ 2Qv'?) and therefore

2 2 2 . . o :
V' = /" + cPu'v' + 2Qu'* since ¢ is a non-zero divisor of R. Therefore we obtain (u/,v’) €

G(CP,C2Q) (R) :

Remark 1.9. Let R be a ring and P, @), c € R. Then the following conditions are equivalent.
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a) c is invertible;
) ¢: Gepe2g — Gpg is isomorphic;

c) c:U.pe2g — Upg is isomorphic;

—~ T~~~
=3

d) c: Gepe2g) — G(pg) is isomorphic.
The implications (a)=-(b),(c),(d) are trivial. We obtain the implications (b)<(c) and (b)<(d),

applying the snake lemma to the commutative diagrams with exact rows

0 —— Ucpe2g — Gepe2g ELEN Gmpr —— 0

E le H
0 —— Upg —— Gpg T) Gmpr —— 0

and
0 —— Gmpr — Gepe2g SN Gepezg) — 0

[ E E
0 —— Gmﬂ —_— GP,Q T) G(RQ) — 0
Finally we verify the implications (d)=-(a). Assume that ¢ is not invertible, and put Ry =
R/cR. Then the homomorphism a : G(.p2q)(Ro) — G(pq)(Ro) is trivial, and G .p2¢)(Ro) is
isomorphic to the addtive group Ry, as is remarked in 1.4.1. It follows that ¢ : G(.p2q) = G(p)

is not isomorphic.

We conclude the section, by recalling the action of G(p ) on IP’}%. We refer to [12, Section 2]
concerning detailed accounts.
1.10. Let R be a ring. Then the group Gpg(R) = R* acts R-linearly on the R-algebra R by
the multiplication. Hence the regular represention pr : Gpg(R) — GL(2, R) with respect to

the R-basis {1,0} is given by
u  —Qu
pr N = (u,0) = -
v u-+ Pv

The homomorphism pr : Gpgo(R) — GL(2,R) is represented by a homomorphism of group
schemes p : Gpg — GLa g. It is readily seen that p: Gpg — GLo R is a closed immersion.

By the definition, we have a commutative diagram with exact rows

0 Gm GP,Q L) G(P7Q) — 0
H l K
1 > Gm GLQ,R —_— PGLQVR — 1

The induced homomorphism p : G(p gy — PGLa g is a closed immersion, and G (p q) acts on IP’}DL

through p: G(pg) — PGL2R.
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2. GRQ(Z/27LZ)7 UP7Q(Z/2nZ) and G(RQ) (Z/2nZ)

2.1. Let P,Q € Z, and let p be a prime and n a positive integer. Then we can verify (1) and
(2), tracing the proofs of [14, Lemma 1.10 and Corollary 1.11].

(1) The exact sequence of group schemes
0 — Gz —= Gpo 2 Gpg) — 0
yields a commutative diagram with exact rows
0 —— Q< — Gpel@ — Gprpe(@Q —— 0

I I I

i 8
0 r o L, — GplZy) —— GerelZy) —— 0

! ! l

0 —— (Z/p"2)* —— Gpq(Z/p"Z) —2= G(po)(Z/p"Z) — 0
(2) The reduction maps GRQ(Z(I,)) — GP,Q(Z/an) and G(P,Q)(Z(p)) — G(RQ)(Z/an) are
surjective.

Furthermore, Coker[p" : Gpupong(Zyp) — Gpq(Zy))] is isomorphic to Gpg)(Z/p"Z).

Therefore, we obtain an isomorphism
Coker[ﬁ : Gpnp7p2nQ(Z(p)) — GP7Q(Z(p))] L) G(P,Q) (Z/an),

applying the snake lemma to the commutative diagram with exact rows

B
o " GpppnZ) —— Gunppng) (L) — 0

u ! !

w — Grelly) —— Geoly) —0

0 —— Z

0 — Z

Proposition 2.2. Let P,Q € Z, and put D = P? — 4Q. Then:

(1) If D=1 mod 8, then Upq(Q)/Upq(Z)) is isomorphic to Z.

(2) If D=5 mod 8, then the canonical homomorphism Upq(Z2)) — Upq(Q) is bijective.

= 2,3 mod 4, then the canonical homomorphism Up ) = Up 18 byjective.
3)IfD/4=2,3 d 4, th h Lh h Upq(Z) Upg(Q b

Proof. We can verify the assertions, tracing the proof of [14, Proposition 1.5]. For the reader’s
convenience, we repeat the argument in the case where D is not a square. Let Op denote the

ring of integers in Q(v/D). By definition, we have
Upo(Q) = {a € Q(VD) ; Nra =1},
and, under the assumption D =1 mod 4 or D/4 = 2,3 mod 4,

UP,Q(Z(2)) ={acOp® Z(g) ; Nra =1},
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1) Let p be a prime ideal of Q VD) over 2. Then a — ordya defines a homomorphism
( p p p p
Up,o(Q) — Z. Furthermore, the sequence

ord

0 — Up(Z(z)) — Up(Q) — Z — 0

is exact.
Indeed, let @ € Q(v/D) with Nra = 1 and ordyar = 0. Then we obtain ordpa = 0, and
therefore, ordpar = 0. Here & denotes the conjugate of o, and p denotes the conjugate of p. This

implies € Op ® Z(y). Hence we obtain
Up(Z)) = Kerlordy, : Up(Q) — Z].

Now take m € Q(v/D) such that ordy,m = 1 and ordgm = 0, and put a = 7/7. Then we obtain
Nra =1 and ordyar = 1. It follows that ordy : Up(Q) — Z is surjective.

(2)(3) Note first that 2 remains prime in Q(v/D)/Q if D = 5 mod 8 and that 2 inerts in
Q(vVD)/Q if D/4 = 2,3 mod 4. Let p be the prime ideal of Q(v/D) over 2. Then, for any
o € Q(v/D) with Nra = 1, we have ordpa = 0. This implies a € Op ®yz Z(y). Hence we obtain

Upq(Z)) = Upq(Q).

We fix D € Z. We denote by § the image of ¢ in the residue ring Z[t]/(t? — D).

Proposition 2.3. If D = 2,3 mod 4, then Coker|a : G(p)(Z2)) — Up(Zy))] is isomorphic to
7.)27.

Proof. By definition, we have
Up(Z)) = {a € Z)[VD]; Nra =1} = {(u,v) € Z ; u* — Dv* =1}
and
Im[o: Gpy(Z2)) = Up(Zz)] = {(1+2Db,2a) ; (a,b) € Ziy), a® — Db* —b =0},

Assume first D = 2 mod 4. Then the condition «? — Dv? = 1 implies u = 1 mod 2 since

D =0 mod 2. On the other hand, we have
Im[a : G(D)(Z(Q)) — UD(Z(Q))] = {(u,v) S Z?Q) ; u? — Dv? = 1, u=1 mod 4}

Indeed, it is readily seen that 1+2Db =1 mod 4 since D =0 mod 2. Conversely, let u,v € Zy)
with 4?2 — Dv? = 1 and u = 1 mod 4, and put a = v/2 and b = (u — 1)/2D. Then we obtain
a,b € Zy and u? — Dv? = 1 since orda(u — 1) > 2, ordyD = 1 and ordgv > 1.

Furthermore, we obtain a splitting exact sequence
00— G(D)(Z(z)) i) UD(Z(Q)) — {:l:l} — 0,

noting (—1,0) € UD(Z(Q)).
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2

Assume now D = 3 mod 4. Then the condition u? — Dv? = 1 implies u =1 mod 2, v =0

mod 2, or u =0 mod 2, v =1 mod 2, since D =1 mod 2. On the other hand, we have
Im[a: G(p)(Z2)) = Up(Z))] = {(u,v) € Z?Q) su—Dv? =1, u=1 mod 2}.

Indeed, it is readily seen that 1+2Db=1 mod 2. Conversely, let u,v € Z ) with u?>—Dv? =1
and v = 1 mod 2, and put @ = v/2 and b = (u — 1)/2D. Then we obtain a,b € Z) and
u? — Dv? =1 since ordg(u — 1) > 1, ordeD = 0 and ordgv > 1.

Furthermore, ((1+ D)/(1 — D),2/(1 — D)) € Up(Zy)) and ((1+ D)/(1 - D),2/(1 - D)) ¢
Im[a © G(py(Z2) — Up(Z))] since orde(l — D) = 1 and orda(1 + D) > 2. These imply
#Coker|a : G(py(Z2)) = Up(Z))] = 2.

2.4. Hereafter we invetigate the group structure of Gp(Z/2"Z) and G(py(Z/2"Z). By def-
inition, we have Gp(Z/2"Z) = {(u,v) € (Z/2"Z)? ; u? — Dv® = 1 mod 2} and therefore
#Gp(Z)2"Z) = 22"~ In particular, Gp(Z/27Z) is isomorphic to Z/27Z.

Lemma 2.5. Leta € Z. If D=0 mod 2 and a =1 mod 2, then the order of a +¢§ mod 2"
1s equal to 2" forn > 1.

Proof. Since a =1 mod 2 and D =0 mod 2, we have
a+d=14+6 mod?2

and therefore

(a4+6)?=(1+06)>%=%+1+20 mod 4.

Hence, for n > 3, we obtain inductively

2n—1

(a+96) =1+2""1% mod2", (a+0)* =1 mod 2"

Hence the result.

Corollary 2.6. Leta € Z. If D =0 mod 2 and a =1 mod 2, then the order of B(a + 0) =

1
( 3 a D o2 D) in Gpy(Z/2"Z) is equal to 2" for n > 1.
a2 — D’ a? —

Proof. The homomorphism 3 : Gp(Z/2"Z) — G (p)(Z/2"Z) sends (a + 5 =1+42716 to
(27=1,0) # 0. Hence the result.

Lemma 2.7. Leta € Z. If a =1 mod 2, then the order of a +25 mod 2") is equal to 2" !
forn >1.

Proof. Since a =1 mod 2, we have
a+20=+x1+25 mod 4.
Hence, for n > 3, we obtain inductively
(@+25)% " =142" %6 or 142" Y1 +6) mod 2", (a+25)% =1 mod 2",

Hence the result.
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Corollary 2.8. Leta € Z. If D=1 mod 2 and a =1 mod 2, then the order of f(a + 26) =

2 4
<a2 _a4D, e 4D> in Gpy(Z/2"Z) is equal to 2"~ for n > 2.

Proof. If n > 3, then the homomorphism 8 : Gp(Z/2"Z) — G p)(Z/2"Z) sends (a + 26)2" 7 =
1+2"1(1+6) to (2"71,0) # 0. On the other hand, 8 : Gp(Z/4Z) — Gp)(Z/AZ) sends
a+25 ==+1+ 26 to (2,0) # 0. Hence the result.

Proposition 2.9. Assume that D =0 mod 2. Then:
(1) Gp(Z/AZ) is isomorphic to Z/27 x 7./AZ.
(2) Gp(Z/2"Z) is isomorphic to /27 x 7./2" 27 x 7./2"7 for n > 3.
Proof. First note that Gp(Z/2Z) = {1,1+ 6} and
O p(2/42) = {£1} x {1,1+4,1+ 20,1436} if D=0 mod4
(£1} x {1,14+6,-1+20,~1+6} D=2 mod 4.
Assume now n > 3. Then:
(a) the order of 5 in (Z/2"Z)* C Gp(Z/2"Z) = 2"~2;
(b) the order of 1 + 0 in Gp(Z/2"Z) = 2™ by Lemma 2.1.
Moreover, we have (1 +6)¥" = 1+ 27715 # 52" in Gp(Z/2"Z). Hence we obtain a

decomposition

Gp(Z/2"Z) = {1} x (the subgroup generated by 5) x (the subgroup generated by 1+ 9).

Proposition 2.10. Assume that D =1 mod 8. Then:

(1) Gp(Z/AZ) is isomorphic to Z/27 X 727 X 7./ 27.

(2) Gp(Z/2"Z) is isomorphic to 7./27 x 7./27 x 7.]2" 27 x 7./2" " Z for n > 3.

Proof. First note that Gp(Z/2Z) = {1,6} and Gp(Z/4Z) = {£1} x {1,0} x {1,1+ 26}.
Assume now n > 3. There exists r € Zy such that 7> = D since D =1 mod 8. Then:

(a) §/r is of the order 2 in Gp(Z/2"Z);

(b) 5 is of the order 2”2 in (Z/2"Z)* C Gp(Z/2"Z);

(c) 1+ 2§ is of the order 27! in Gp(Z/2"Z) by Lemma 2.4.
Moreover, we have (1+26)2"" =1+ 2""1(1+6) # 52" " in Gp(Z/2"Z). Hence we obtain a

decomposition

Gp(Z/2"Z) =

{£1} x {1,6/r} x (the subgroup generated by 5) x (the subgroup generated by 1 + 20).

Proposition 2.11. Assume that D = —1 mod 8. Then:

(1) Gp(Z/AZ) is isomorphic to Z/AZ x 7] 27.

(2) Gp(Z/2"Z) is isomorphic to ZJAZ x 7.)2" 27 x Z./2" Y7 for n > 3.

Proof. First note that Gp(Z/2Z) = {1,0} and Gp(Z/4Z) = {£1,+6} x {1,1+ 26}.
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Assume now n > 3. There exits r € Zy such that 72 = —D since —D =1 mod 8. Then:
(a) 6/r is of the order 4 in Gp(Z/2"Z) = 4;
(b) 5 is of the order 2”2 in (Z/2"Z)* C Gp(Z/2"Z);
(c) 1+ 24 is of the order 2"~ in Gp(Z/2"Z) by Lemma 2.4.
Moreover, we have = 1+ 271 and (1 +26)2"" = 142" Y1+ 6) # 52" " in Gp(Z/2"Z).

Hence we obtain a decomposition
Gp(Z)2"Z) =

{£1,£5/r} x (the subgroup generated by 5) x (the subgroup generated by 1 + 24).

Proposition 2.12. Assume that D = 5 mod 8. Then Gp(Z/2"Z) is isomorphic to Z/27 x
72" Y7 x 2)2" 7 for n > 2.
Proof. First note that Gp(Z/2Z) = {1,0} and Gp(Z/4Z) = {£1} x {1,6} x {1,1 + 24}.
Assume now n > 3. Then:
(a) 4 is of the order 2"~ in Gp(Z/2"Z) since 62 =5 mod 8;
(b) 1+ 24 is of the order 2"~ in Gp(Z/2"Z) = 2"~ by Lemma 2.4.
Moreover, we have = 1 + 27! and (1 + 20)2"° = 1+ 27114+ 6) # 52"° = §2" " in

Gp(Z/2"Z). Hence we obtain a decomposition

Gp(Z/2"Z) = {£1} x (the subgroup generated by ) x (the subgroup generated by 1 + 24).

Proposition 2.13. Assume that D = —5 mod 8. Then:
(1) Gp(Z/AZ) is isomorphic to Z/AZ x 7] 27.
(2) Gp(Z/2"Z) is isomorphic to Z./27. x 7.)2" Y7 x 7./2" Y7 for n > 3.
Proof. First note that Gp(Z/2Z) = {1,0} and Gp(Z/4Z) = {£1,+6} x {1,1+ 26}.
Assume now n > 3. Then:
(a) 6 is of the order 2"~ ! in Gp(Z/2"7Z) = 2"~ ! since 6> = —5 mod 8;
(b) 1+ 24 is of the order 2"~ in Gp(Z/2"Z) = 2"~ by Lemma 2.4.
Moreover, we have (1 +28)2" " =1+ 27114 6) # (=5)2""" = 62" in Gp(Z/2"Z). Hence

we obtain a decomposition

Gp(Z/2"Z) = {£1} x (the subgroup generated by ) x (the subgroup generated by 1+ 24).

Remark 2.14. Contrary to the differences among Propositions 2.9~2.13, we obtain a common
result as follows, examining each case.

Let D € Z, and let n be an integer> 3. Then Ker[Gp(Z/2"Z) — Gp(Z/4Z)] is isomorphic
to Z/2" 27 x 7,/2"2Z. More precisely, we have a decomposition

Ker|Gp(Z/2"Z) — Gp(Z/AZ)] =

(the subgroup generated by 5) x (the subgroup generated by 1 + 40).
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Proposition 2.15. Assume that D = 0 mod 2. Then Gpy(Z/2"Z) is isomorphic to Z/2"Z
forn > 1.
Proof. Noting that 3(1 + ¢) is of the order 2" in G(p)(Z/2"Z) and #G p)(Z/2"Z) = 2", we
obtain the conclusion immediately.
Proposition 2.16. Assume that D =1 mod 2. Then:
(1) G(py(Z/2Z) is isomorphic to Z/27Z.
(2) G(p)(Z/2"Z) is isomorphic to Z/2Z x /2" 7 for n > 2.
Proof. Assume that n > 2. Then:
(a) the order of 3(d) = (0,~1/D) in G(py(Z/2"Z) = 2;
(b) the order of B(1 + 26) in G(p)(Z/2"Z) = 2" by Corollary 2.5.

Moreover, we have 8(1+26)2"* = B(1+2""1(1+6)) = (2»1,0) in G(p)(Z/2"Z). Hence we
obtain a decomposition

Gp)(Z/2"Z) =

(the subgroup generated by §(d) = (0,—1/D)) x (the subgroup generated by £(1 + 20)).

Remark 2.17. We obtain the following assertion similarly as Remark 2.14, basing the argument
on Propositions 2.15 and 2.16.

Let D € Z, and let n be an integer> 3. Then Ker|G p)(Z/2"Z) — G(py(Z/2Z)] is cyclic of
order 2"~ ! and generated by B(1 + 24).

Remark 2.18. Let D € Z with D = 2,3 mod 4, and let n be an integer > 2. We re-
gard Gnpy(Z)) as a subgroup of G(p)(Z(2)), and G (p)(Z)) as a subgroup of Up(Z)) by
the injective homomophisms 2" : G4np)(Z(2)) — Gp)(Z(2)) and a : G(py(Z(z)) — Up(Z(2)),
respectively. Then we have

|G ()(Z2))/ G anp)(Z2))| = |Gy (Z/2"Z)| = 2"

by Propositions 2.15 and 2.16, and

\Up(Z2))/G(py(Z2))| = 2

by Proposition 2.3. Therefore, we obtain

Up(Z2))/Ganpy(Zz))| = 2.

More precisely,

(a) f D=2 mod 4 or D = —5 mod 8, then Up(Zy))/G 4npy(Z(2)) is isomorphic to Z/27Z x
7.)2"7.

(b) If D = —1 mod 8, then Up(Zs))/Ganpy(Z(2)) is isomorphic to Z/4Z x 7./2" 7.

Indeed, assume D =2 mod 4. Then we obtain an exact sequence

0= Gpy(Z2))/Gp)(Z2)) = Up(Z2))/Ganp)(Z2)) = Up(Z))/Gpy(Zeay) — 0.
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Moreover, G(p)(Z(2))/Ganp)(Z)) = Gp)(Z/2"Z) is generated by B(1 + §) by Proposition
2.15, and Up(Z2))/Garp)(Z(2)) = G(p)(Z/2"Z) is generated by v(§) = —1 as is remarked in
the proof of Proposition 2.3. The above exact sequence splits since —1 is order of 2 in Up(Zs)),

and we obtain a decomposition

Up(Z2))/Ganpy(Z2)) =

(the subgroup generated by ~(d) = —1)x(the subgroup generated by (1 + 9)).

Assume now D = —5 mod 8. Then we have a decompostion

G(p)(Z(2))/Gunp)(Z2)) = Gpy(Z/2"Z)
= (the subgroup generated by 3(0))xKer|G p)(Z/2"Z) — G(p)(Z/2Z)]

= (the subgroup generated by 3(J))x (the subgroup generated by B(1 + 26)),
Up(Z2))/Ganp)(Z2)) = G(p)(Z/2"Z) is generated by v(1 + ). Moreover, we have

(1+6) = 2(D+ 22 05)

and therefore

81+ 62 = B0)3(D + EL6) = 0)3(-1+ 20) € Gy (2/42)

since (D +1)/2 =2 mod 4. Hence 5(1+ 6)? is of order 2" in G(p)(Z/2"Z), and v(1 + ) is
of order 2" in Up(Z2))/G 4np)(Z2)). Therefore we obtain a decomposition
Up(Z2))/Garp)(Z(2)) =

(the subgroup generated by (d) = —1)x(the subgroup generated by (1 + 9)).

Finally assume D = —1 mod 8. Then there exists »r € Zo such that 2 = —D. Mo-
roever, we have 8(6/r) = (0,1/r?) € G(py(Z2), ¥(§/r) = —1 € Up(Zs) and B(1 + 6/r) =
(1/2r,1/2r?) € G(p)(Q2), ¥(1+6/r) = §/r € Up(Zs2). Note now that (1 +d/r) is of order 4 in
Up(Z2))/Ganpy(Zz)) since (§/r)*> = —1. Hence we obtain a decomposition

Up(Z2))/ G 4np)(Z(2y) =

(the subgroup generated by v(1 + §/r) = §/r)x(the subgroup generated by v(1 + 24))

from the decompostion

G (p)(Z(2)) /G anp) (L)) = G(p)(Z/2"Z) =
(the subgroup generated by (9))x (the subgroup generated by 5(1 + 24)).

2.19. Let P,Q € Z, and put D = P2 —4Q. If P =0 mod 2, then we have D = 0 mod 4 and

there exist isomorphisms G p g = Gpys and G(pg) 5 G(p/a), as is remarked in 1.6.1.



LUCAS SEQUENCES 21

On the other hand, if P =1 mod 2, then we have D =1 mod 4 and there exist isomorphisms
Gapag — Gp and G2p4Q) = G (p)- Moreover, if @ =0 mod 2, then we have G(p)(Z/2Z) =
{0}. Hence the homomorphisms 2 : Gapaq(Z2) — Gro(Zp)) and 2 : Gupag)(Zie) —
G(pg)(Z2)) are bijective, and therefore, we obtain isomorphisms Gp(Z)) = Gpo(Z)) and
G)(Z@) = Gro) (Zw).

Notation 2.20. Assume P =1 mod 2 and Q =1 mod 2, and let # denote the image of ¢ in
the residue ring Z[t]/(t> — Pt + @), and put § = —P + 20. Then we have 6> = D. Moreover,
there exists 7 € Zy such that 72 = —D/3 since D =5 mod 8. We may assume r = 1 mod 4,
replacing » by —r if r = —1 mod 4. Put

_2:5 =1 ;P + g € Lolt]/ (1 — Pt + Q).

Then we have (§/r)2 = —3 and therefore w® = 1. It is readily seen that {1,w} is a Zo-basis of
Zolt]/(t* — Pt + Q).

w =

Proposition 2.21. Let P and @ be odd integers. Then:

(1) Gpq(Z/2Z) is isomorphic to Z/37Z.

(2) Gp(Z/AZ) is isomorphic to Z/6Z x Z]2Z.

(3) Gp(Z/2"Z) is isomorphic to Z/6Z x 7/2" Y7 x 7./2" 27 for n > 3.

Proof. By the definition, we have Gpq(Z/2"Z) = {(u,v) € Z/2"Z ; u*> + uwv +v* =1 mod 2}.
Then we obtain |Gpo(Z/2"Z)| = 3 - 22"~ noting the implications: u? 4+ uv +v? =1 mod 2

< u=1 mod2orwv=1 mod 2. We obtain also
Gpo(Z/27) = {1,1 46,0} = {1,w,w?}
and
Gpo(Z/AZ) = {£1,£(1 + 0),4£60} x {1,1 + 20} = {£1, +w, +w?} x {1,1+ 2w}.

Assume now n > 3. Then:
(a) the order of 1+ 2w in Gpg(Z/2"Z) = 2" ! since (1 + 2w)? = —3;
(b) the order of 1 + 4w in Gpg(Z/2"Z) = 22 since (1 + 40)?"7 = 1427w mod 2" and
(1+4w)?" " =1+2""1w mod 2.

Moreover, we have (14 2w)2" > = 14271 and (1 4+ 4w)?"° = 1+ 271w £ (=3)2"° =
(14 2w)?" " in Gp(Z/2"Z). Hence we obtain a decomposition

GpQ(Z/2"L) =
{#1, +w, +w?} x (the subgroup generated by 1 4 2w) x (the subgroup generated by 1 + 4w).
Corollary 2.22. Let P and QQ be odd integers. Then:

(1) G(pg)(Z/2Z) is isomorphic to Z/3Z.
(2) G(p)(Z/AZ) is isomorphic to Z /6.
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(3) G(p.)(Z/2"Z) is isomorphic to Z/6Z x L/2" 27 for n > 3.

Proof. The homomorphism « : Gpg)(Z/2"Z) — Upq(Z/2"Z) is bijective since (D,2) = 1.

Therefore, it is sufficient to verify the assertions for Upq(Z/2"Z) instead of G (pq)(Z/2"Z).
First note that Up(Z/2Z) = {1,w,w?} and Upg(Z/4Z) = {+1, 4w, +w?}. Assume now

n > 3. Then we have an exact sequence

0 — (Z)2"2)* — Gpg(Z/2"Z) — Upg(Z/2"Z) — 0.
Noting the relations y(w) = w?, y(14+2w) = —1 and y(1+4w)?" " = y(1+42" lw) = 14271 £
+1 in Upg(Z/2"Z), we obtain a decomposition

Upo(Z)2"Z) = {+1, 4w, +w?} x (the subgroup generated by (1 + 4w)).

Remark 2.23. Similarly as Remarks 2.14 and 2.17, we obtain the following assertion.
Let P and @ be odd integers, and let n be an integer > 3. Then Ker[Gpo(Z/2"Z) —
Gpo(Z/47)) is isomorphic to Z/2"27Z x Z/2" 7. More precisely, we have a decomposition

Ker[Gp,Q(Z/TZZ) — GRQ(Z/ZLZ)] =
(the subgroup generated by 5) x (the subgroup generated by 1 + 4w).

On the other hand, Ker[G(po)(Z/2"Z) = G (pq)(Z/4AZ)] is cyclic of order 2”2 and generated
by 5(1 4 4w). Furthermore, the exact sequence

0— Ker[G(P,Q)(Z/Q”Z) — G(po) (Z/AZ)] — G(po) (Z/2"Z) — G(po)(Z/AZ) — 0
splits.

Remark 2.24. We recall elementary facts on p-adic analysis. As is well known, for a € 4Z,,

the series
expa = Z o
k=0
converges in Zs. The map exp : 4Z9 — Zs induces an isomoprhism of the additive group 4Zs to

the multiplicative group 1 + 4Zs. The inverse of exp : 4Zy — 1 4 47, is given by

= (-1t
1+a—log(l+a)= Tak.
k=1

The hyperbolic functions and the inverse hyperbolic functions are defined by

_expa+exp(—a) |
cosha = 5 = E 7(2 )!a ,
k=0
expa — exp(—a) 1
. B - —a) 2k+1
sinha = 5 —kE_O (2k+1)'a ,
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for a € 4Z,, as usual.

Assume first that D is a square in Zo, and we take r € Zy such that D = 2. We define a

homomorphism of groups

exp : 422 X 422 — GD(Z4)

by
1
exp : (a,b) — (expa coshrb, — exp a sinh rb).
r

The composite 3 o exp : 4Zy x 4Z — Gp(Z2) — G(p)(Zs2) is given by
1 1
(a,b) — (f coshrb sinhrb, — sinh? rb).
r r
Define a homomorphism exp : pZ, — G(p)(Zp) by
1 . 1 . .5
b— <f coshrb sinhrb, — sinh rb).
r r

Then we obtain a commutative diagram with exact rows and columns

0 0 0
0 — s 47y — s AT, x 4Ty — s 47,  — 0
exp exp exp

0 —— Zj . Gp(Zs) ., Gipy(Z2) —— 0,

0 —— (2/42)% —— Gp(2/42) —2— G(p)(2/4Z) —— ©

0 0 0
Here i1 : 4Zo — 479 x 479 and jo : 4Z9 X 4Zs — 47y are defined by i1(a) = (a,0) and
Jj2 : (a,b) — b, respectively.

Now assume that D is not a square in Zy. Define a homomorphism
exp : 4Z2[V D] — Gp(Zs)

by

1
exp:a+bvVD — (expa cosh bV D, ﬁ exp a sinh b\/ﬁ)

The composite [ o exp : 4Zs[v' D] — Gp(Zy) — G (p)(Zz2) is given by

1 1
a+bvVD — (ﬁ cosh bV/D sinh bV D, D sinh? b\/ﬁ)

Define a homomorphism exp : 4Zy — G (p)(Z2) by

1 . L.
b— <ﬁ cosh bv/D sinh bV D, D sinh b\/ﬁ)
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Then we obtain a commutative diagram with exact rows and columns

Here i : 475 — 475[v/ D) and j : 4Z5[v/' D] — 4Zy are defined by i(a) = a and j : a 4+ bv/D + b,
respectively.
We can verify the following assertions similarly as [14, Proposition 2.9, Corollary 2.10 and

Corollary 2.12].

(1) The reduction map Gp(Z2) — Gp(Z/2"Z) is surjective. Moreover, let n be an integer > 3.
Then Ker[Gp(Z2) — Gp(Z/2"7)] is isomorphic to the additive group 2"Zy x 2"Zs under the
identification through the isomorphim exp : 4Zy x 479 —— Ker[G p(Zs) — Gp(Z/AZ)).

(2) Let n be an integer > 3. We have an exact sequence
0 — Z/2" 27 x 7)2" %7 — Gp(Z/2"7) — Gp(Z/AZ) — 0
(3) Let n be an integer > 2. Let n € Gp(Zz), and assume that
n € Ker[Gp(Zs) — Gp(Z/2"Z)], n & Ker[Gp(Zs) — Gp(Z/2" 7).
Then we have
n* € Ker[Gp(Zy) — Gp(Z/2" 7)), n* & Ker|[Gp(Zy) — Gp(Z/p" 7).
Summary 2.25. We conclude the section, summing up exact sequences deduced from the exact
sequence of group schemes
0 — Gz — Gpg - Gipg) — 0

in terms of quadratic extensions. The assertions mentioned below are deduced from Proposition
1.10 and Corollary 1.11 in combination.

Assume that D = P? — 4Q is not a square. Then we have Gpg(Q) = Q(v/D)* and
Gpq(Zw) = (Op ®z Z2))*, and the homomorphism «a : G(pg)(Q) — Upg(Q) is bijective.
Moreover, if D =1 mod 4, then the homomorphism « : G(pg)(Z(2)) = Upg(Z(2)) is bijective.



(1) If D=1 mod 8, then we obtain a commutative diagram with exact rows and columns:
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1 1
1 > Ly, » (Op ®z2Z(z)
1 Q* Q(v/D)*
ordy,
0 7 A 7 x 7.
0 0

— 5 Upp(Q) —— 1.

(ordyp,ordp)

5
—

ordy

0

25

Here p is a prime of Q(\/E) over 2, and p denotes the conjugate of p. Furthermore, A : Z — Z x7Z
and ¢ : Z X Z — 7 are defined by A(a) = (a,a) and d(a,b) = a — b, respectively.

(2) If D =5 mod 8, then we obtain a commutative diagram with exact rows and columns:

v,

> (OD ®ZZ(2))X - UPQ(Z(Q)) — 1

|

Up

Q —— 1.

(3) If D/4=2,3 mod 4, then we obtain a commutative diagram with exact rows and columns:

1

1 1
X
1 Z(Z)
| Q~ QD)
ords orda
7z z
0 0
1 1
1 > Z(XZ) (OD X7z Z(g))x
| * Q(vD)*
ords ordy
0 7 2 z
0 0

Here p denotes the prime of Q(v/D) over 2.

B
— G(P,Q)(Z(Q)) — 1

N

z/

27, — 0
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3. Lucas sequences

The subsections from 3.1 to 3.8 are devoted for reformulation of linear recurrence sequences

of order 2.

Notation 3.1. Let R be a ring and P,Q € R. We put
L(f,R) = {(wg)r>0 € RN ; Wit2 — Pwiy1 + Qi = 0 for each k& > 0}.

The map (wy)k>0 — (wp,w1) gives rise to an R-isomorphism L(f, R) — R2.

Now put R = R[t]/(t*— Pt+Q) and # =t mod (t*— Pt+Q). We define an R-homomorphism
w : R by w(a+b0) =b (a,b € R). Moreover, we define an R-homomorphism w : R — RN by
w(n) = (W(nh*))r>o. For n = a+ b € R, we have w(n) = (b,a + Pb,...).

We can verify the following statements, paraphrasing the proofs of [14, Proposition 3.2 and
Corollary 3.3].
(1) The R-homomorphism R — L(f, R) is bijective.
(2) Let I be an ideal of R, and let 1,7/ € R. Then n = 1’ mod I if and only if w(n) = w(n)
mod I in L(f, R).
(3) We define an R-algebra structure of £(f, R) through the R-isomorphism w : R 5 L(f, R).
Then the Lucas sequence (Ly)r>0 = w(1) is the unit of the ring L(f, R).

More precisely, let R be a ring and w = (wg)k>0, w' = (w})rx>0 € L(f, R). Then the product

of w and w' is given by
/ / P / / /
(wowy + wrwy — Pwowgy, wiwy — Quowy, - . . ).

It is readily seen that the multiplication by 6 on R induces the shift operation (wg)k>0 —
(wpy1)k>0 on L(f, R) through the isomorphism w : R = L(f, R).
(4) Forn € R = R/(t*> — Pt+ Q), we define Nry € R by Nry = n(P —n). For example, we have
Nré = Q. Obviously, 7 is invertible in R if and only if Nr7 is invertible in R.

Now let w = (wy,)x>0 € L(f, R). Define A(w) € R by A(w) = w} — Pwow; + Qui. If n € R
and w = w(n), then we have Nrn = A(w). Therefore, the sequence w = (wy)x>o is invertible

in £(f, R) if and only if A(w) = w? — Pwow; + ng is invertible in R.

Hereafter we fix P,Q € Z, putting f(t) = t> — Pt + Q and D = P? — 4Q.
Remark 3.2. Assume that Q # 0. Then 6 € G(pg)(Q). Moreover, let (Lg)x>o denote the

Lucas sequence associated to (P, Q). Then, for £ > 1, we obtain inductively
0% = —QLy—1 + Lib,

and therefore
Ly 1Ly L2
QTR

8oy = ( ) in Giro) (@)
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Remark 3.3. Assume @ # 0, and let © denote the subgroup of G (p)(Q) generated by B(0).
If © is finite, then © is cyclic of 2, 3, 4 or 6. Furthermore,

©|=2 & P =0,

©|=3 & P2-Q =0,
O] =4 & P?—-2Q =0,
=6 & P*-3Q=0

Indeed, G'(p,g)(Q) is isomorphic to the additive group Q if D = 0, and G p,g)(Q) is isomorphic
to the multiplicative group Q* if D is a square # 0. On the other hand, if D is note a square,
then G(p)(Q) is isomorphic to a subgroup of the multiplicative group Q(vV/D)*. These imply
the first assertion.

To verify the second assertion, we have only to note

2
/8(92) = (_ga sz)a
P P2 o P2 o 2
5(93) — (_ ( QQ Q)7( QgQ) )7
P(P? — Q)(P? —2Q) P*(P?-2Q)?
6 P(P? - Q)(P* - 3Q)(P* —3P’Q + Q%) P*(P* - Q)*(P*-3Q)°
86%) = (- o ’ & )

which follow from

L1:07 L2:P7 L3:P2_Q7

Ly = P(P* -2Q), Ly = P* - 3P*Q + Q% L = P(P* — Q)(P* - 3Q).

From 3.4 to 3.19, we give an interpretation of the rank and the period of Lucas sequences and

new proofs for more or less known facts in our context.

Definition 3.4. The rank (resp. the period) of the Lucas sequence (Ly)g>0 mod m is defined
as the least positive integer k such that Ly =0 mod m (resp. Ly =0 mod m and Ly = 1
mod m), if exists. We shall denote by 7(m) (resp. k(m)) the rank (resp. the period) of the

Lucas sequence (Lg)r>0 mod m.

Proposition 3.5. Let m be an integer with m > 2 and (m,Q) = 1. Then we have:
(1) k(m) is equal to the order of § = (0,1) in Gpo(Z/mZ);

(2) r(m) is equal to the order of B(0) = (0,1/Q) in Gpg)(Z/mZ).
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Proof. Consider the commutative diagram with exact rows
0 —— (Z/mZ)* —— Gpo(Z/mZ) —— G(p)(Z/mZ) — 0
H Jr Jr
0 —— (Z/mZ)* —— L(f,Z/mZ)* —— L(f,Z/mZ)*[(Z/mZ)* —— 0
Let n € Gpg(Z/mZ) and a € (Z/mZ)*. Then w(n) = (0,a,...) in L(f,Z/mZ) if and only if
w(n) = w(a), which means $(n) = 1. Hence the results.

Notation 3.6. Let P,Q € Z, and put f(t) = t*— Pt+Q and D = P? —4Q. Assume that P =0
mod 2 and Q =1 mod 2. Let @ denote the image of ¢ in the residue rings Z[t]/(t? — Pt + Q),
and put § = —P/2 + 6. Then we have 62 = D/4 and w(d) = (1, P/2,...).

As is remarked in 2.19, § — P/2+§ gives rise to an isomorphism of rings Z[t]/(t*> — Pt+Q) =
Z[t]/(t* — D/4), and therefore isomorphisms of group schemes Gpg = Gpy and Gpg) —
G(pys)- For a ring R, we shall often indentify Gpg(R) with Gp/4(R) and Gp)(R) with
G(p/a)(R) through the isomorphisms G'pg = Gpys and G(p) = G(p/a)-
Theorem 3.7. Let P,QQ € Z. Assume that P =0 mod 2 and Q = 1 mod 2, and put v =
ordo P.
(1) If P # 0, then we have

2" = 2 ifn<v .

2nvtl ifn > v+ 1
(2) If P =0, then we have r(2") =2 for any n > 1.
Proof. Assume first v = 1. Then we obtain P/2=1 mod 2 and D/4 = (P/2)>—-Q =0 mod 2.
Therefore, by Corollary 2.6, (0) = B(P/2+0) is of order 2" in G (p ) (Z/2"Z) = G p;4(Z/2"Z).
Hence the result.

Assume now that P # 0 and v > 2. Then we obtain r(2) = --- = r(2¥) = 2 and r(2"*1) > 2.

Hence, for n > v + 1, we have
B(0)* € Ker[G(pq)(Z/2"Z) — G(pq)(Z/2" )]
but
5(0)2 ¢ KGT[G(RQ) (Z/2nZ) — G(pr) (Z/2y+1Z)]
Moreover, we have
5(9)2 c Ker[G(p,Q)(Z/Q") — G(RQ) (Z/4Z)]
= (the subgroup of G (p)(Z/2"Z) generated by (1 + 44))

since v > 2. Tt follows that 3(0)% = B(1 + 46)%°¢ with (¢,2) = 1 in G(p)(Z/2"Z). Hence 3(0)
is of order 2" "1 in G(pq)(Z/2"Z).

Theorem 3.8. Let P,Q € Z. Assume that P = 0 mod 2 and Q = 1 mod 2, and put v =
ordoP. Then:
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(1) If v =1, then k(2") = 2™ for n > 1.

(2) If v >2 and P # 0, then

B) = gn—v+l if n > v+ 1 and (the order of —@Q mod 2™)< 2"~V |

2x (the order of —@Q mod 2") otherwise

(3) If P =0, then k(2") = 2x(the order of —Q mod 2") for any n > 1.

Proof. (1) It follows from the assumption that P/2 = 1 mod 2 and D/4 = (P/2)? —Q = 0

mod 2. Hence, by Lemma 2.5, § = P/2+ ¢ is of order 2" in Gpq(Z/2"Z) = Gp;4(Z/2"Z) for

n > 1.

(2)(3) If P =0, then we obtain Loy, = 0 and Loy, 1 = (—Q)* for & > 0. Hence the result.
Assume now P # 0. Then we have P = 2¥ mod 2“*! and therefore P? = 2% mod 2"*2.

Hence we obtain P?/2 =0 mod 2"*! since v > 2. This, together with §2 = P?/4 — @, implies

P2 p?
62 — (§> +PO 48 = —Q+PS=-Q+2' mod 2",
Moreover, if n < v, then we obtain #? = —Q mod 2" and therefore

(the order of 6§ mod 2")= 2x(the order of —@Q mod 2").

If n > v+ 1, we can verify inductively

A (—Q)TFV?1 +27715 mod 27, 92" = (-@)*"" mod 2"
These imply that
the order of § mod 2"
gn—v+l if (the order of —Q mod 2")< 2"~V

2x (the order of —@Q mod 2") if (the order of —Q mod 27)> 2"~ +1

Remark 3.8.1. Let P,Q € Z, and assume Q # 0 and D = 0. Then there exists a € Z such
that P = 2a and Q = a2, and we obtain

£(0) = (a, %) in (G X Gg)(Q) = Q% x Q, and £(B(h)) = 2 in G,(Q) = Q.

Furthermore, let p be a prime with (a,p) = 1. Then 3(0) € G(pg)(Z(y)), and 3(0) generates
Gp)(Z/p"Z) = Z/p"Z for n > 1. This implies that, for n > 1, we have

and
N pts ifp>2
k(p") =
2" ifp=2.

Here s denotes the order of a in (Z/pZ)*.
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The assertion above is a special case of Theorem 3.7 (1), Theorem 3.8 (1) and [14, Corollary
3.16 (3)]. Here is an elementary verification. The Lucas sequence associated to (P, Q) is given

by (Lk)k>0 = (kzak_l)kzo. Then we have the following implications:

Ly =0 modp" < p"lk,

Ly=0 modp", Lis1 =0 modp" < plk, p"|(a* —1) < p"|k, s|k.

Corollary 3.9. Let P,Q € Z. Assume that v = ordaP > 2 and P # 0. Then:
(1) If @ =1 mod 2¥, then

2 ifn=1
kE(2") =44 f2<n<v.

2" ifn > v+ 1
(2) If @ = —1 mod 2%, then

2 fl<n<v
k(27) = .
vl ifp > p 41

Notation 3.10. Let P and ) be odd integers. Let 6 denote the image of ¢ in the residue ring
Z[t]/(t* — Pt + Q), and put § = —P + 20. Then we have 2 = D. Moreover, there exists r € Zs
such that 72 = —D/3 since D =5 mod 8. We may assume » = 1 mod 4, replacing r by —7 if
r=—1 mod 4. Put

—r 40 r+P 0 9
=— -€Z t°— Pt .
o e L)/ - Pt+Q)

Then we have (6/r)? = —3 and there w? = 1.

Lemma 3.11. Under the notations above, we have orda(r — 1) = orda(D + 3) — 1.
Proof. By the definition, we obtain 3(r?—1) = —(D+3) and therefore ords(r?—1) = ords(D+3).

Moreover, we have ords(r + 1) = 1 since r =1 mod 4. Hence the result.

Theorem 3.12. Let P,Q € Z. Assume that P = 1 mod 2 and Q = 1 mod 4, and put
v =ordy(P? — Q). Then we have v > 2. Furhtermore,
(1) If P2 — Q # 0, then we have
3 ifn<v

r(2") = :
3x2"Y ifn>v+1
(2) If P2 — Q = 0, then we have 7(2") = 3 for any n > 1.
Proof. First note that Ly = P2 — Q and that ordy(P? — Q) > 2 follows from the assumptions
P=1 mod2and Q =1 mod 4. If P2 — Q = 0, then we have r(2") = 3 for any n > 1.
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Assume now that P2 — Q # 0. Then we obtain r(2) = --- = 7(2¥) = 3 and r(2""!) > 3.

Hence, for n > v + 1, we have
B(0)° € Ker[G(pq)(Z/2"Z) = G(po)(Z/2"7)]
but
B(0)° & KerG p o) (Z/2"2) = G(pq)(Z/2" 7).
Moreover, we have

B(0)’ € Ker[Gpo)(Z/2") = G(p)(Z/4L)]

= (the subgroup of G (pq)(Z/2"Z) generated by (1 + 44))
since v > 2. This means
v(0)* € Ker[U(pq)(Z/2") = Upg)(Z/AZ)]
= (the subgroup of U(p q)(Z/2"Z) generated by (1 + 4w))

since the homomorphism « : Gpg) — Upg is isomorphic. Therefore we obtain v(0)? =
v(1 +4w)* ¢ with (¢,2) = 1 in Upg(Z/2"Z). This implies that v(6) is of order 3 x 27" in
Upq(Z/2"Z) and therefore 3(0) is of order 3 x 2" in G (p)(Z/2"Z).

21/72

Remark 3.12.1. If Q =5 mod 8, then v = ordy(P? — Q) = 2.

Theorem 3.13. Let P,Q € Z. Assume that P = 1 mod 2 and Q = —1 mod 4, and put
v =ordy(P? — Q)(P% — 3Q). Then we have v > 3. Futhermore,
(1) If P> —3Q # 0, then

3 ifn=1

r(2") =16 f2<n<v.

6x2""Y ifn>v+1
(2) If P2 —3Q =0, then r(2) = 3 and r(2") = 6 for any n > 2.
Proof. First note that Lg = P(P? — Q)(P — 3Q?) and that the assumption P =1 mod 2 and
Q = —1 mod 4 implies ordy(P? — Q) = 1 and ords(P? — 3Q) > 2. If P — 3Q? = 0, then we
have r(2") = 6 for any n > 2.

Assume now that P2 — 3Q # 0. Then we obtain 7(2) = 3, r(4) = ... = r(2¥) = 6 and

r(2v*1) > 6. Hence, for n > v + 1, we have
B(0)° € Ker[G(pq)(Z/2"Z) = G (po)(Z/2"7)]

but

B(0)S & Ker[G(p o) (Z/2" L) — G(pg)(Z/2"1'T)).
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Moreover, we have

B(0)° € KerlG(pg)(Z/2") = G(p)(Z/42)]

= (the subgroup of G(p)(Z/2"Z) generated by B(1 + 47))
since v > 3. This means

v(0)° € Ker[U(pq)(Z/2") = Upg)(Z/AZ)]
= (the subgroup of U(p gy (Z/2"Z) generated by v(1 + 4w)).

Therefore we obtain v(0)® = (1 + 4(,‘1)2”_20 with (¢,2) =1 in Upg(Z/2"7Z). This implies that
7(0) is of order 6 x 2"~ in Up (Z/2"Z) and therefore 3(0) is of order 6 x 2"~ in G (p ) (Z/2"Z).

Remark 3.13.1. If Q = —1 mod 8, then ords(P? — 3Q) = 2. This implies v = 3.

Theorem 3.14. Let P,Q € Z. Assume that P=1 mod 2 and Q@ = —1 mod 4. Then we have
k(2") =3 x 2" forn > 1.
Proof. By the assumption we have 4Q) = —4 mod 16. Then we obtain D = 5 mod 16 and
r=5 mod8if P= =41 mod8, and D = —3 mod 16 and »r = 1 mod 8 if P = £5 mod 8.
This implies:
(1) if P=1,5 mod 8, then P+ r = —2 mod 8 and therefore § = —1 + w mod 4;
(2) if P=—-1,—5 mod 8, then P+ r =4 mod 8 and therefore § =2+ w mod 4.

In both the cases, we have #3 = —1 + 2w mod 4. Then we can verify inductively 932" =

1+271w mod 2" and 632" =1 mod 2" for n > 2.
Theorem 3.15. Let P,Q € Z. Assume that P =5 mod 8 and Q =1 mod 4. Then we have

3 ifn=1
E(2") =146 ifn=2.

3x2"2 ifpn>3

Proof. By the assumption, we have 4Q) =4 mod 16, D =5 mod 16 and r =5 mod 8. These
imply P47 =2 mod 8 and therefore § = (14w)+4w mod 8. Hence we obtain 6% = —1+4(1+w)
=1+2"Y1+w) mod 2" and #* =1 mod 2"

21’1,73 27172

mod 8, and we can verify inductively 6%

for n > 3.

Theorem 3.16. Let P,Q € Z. Assume that P = —5 mod 8 and Q =1 mod 4. Then we have

3 ifn=1,2
k(2™) = .
3x2"2 ifn>3
Proof. By the assumption, we have 4QQ =4 mod 16, D =5 mod 16 and » =5 mod 8. These
imply P4+ r =0 mod 8 and therefore § = 5w mod 8. Hence we obtain #% =5 mod 8, and we

can verify inductively 32" " =1+ 271 mod 2" and 632" ° =1+ 27! mod 2" for n > 3.
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Theorem 3.17. Let P,Q € Z. Assume that P =1 mod 8, @ = 1 mod 4 and P?> — Q # 0,
and put p = minforda(P +r — 2) — 1,ordy(r — 1)]. Then we have p > 2 and

3 ifn=1
k(2") =46 if2<n<p+1.

6 x 2Pl ifn > 42

Proof. By the assumption, we have P2 =1 mod 16 and 4Q = 4 mod 16 and therefore D+3 = 0
mod 16. Then ordz(r — 1) > 3. On the other hand, we have ords(P — 1) > 3. Then we obtain
u > 2. Moreover, we have u < oo.

Indeed, note the implications:
p=00 < P4+r—-2=1r=1 P=1,D=-3 & P=1Q=1.

Therefore, the possibility of = oo is excluded by the assumption P? — Q # 0.
By the definition of u, we have

P+r
2

and therefore § = (1+w) +2#n mod 2#*!, where € {1,w,1+w}. Hence we obtain 6% = —1+

=1 mod?2* r=1 mod 2.

2%wn mod 24, and we can verify inductively 632" """ =1+ 27 lwy mod 2" and 32" =1

mod 2" for n > p + 2. Hence the result.

Theorem 3.18. Let P,Q € Z. Assume that P = —1 mod 8, @ =1 mod 4 and P2 — Q # 0.
Put p = minforde(P + r),orda(r — 1)]. Then we have p > 2 and
3 ifl<n<yu

kE(2™) = .
3x 2R i > 41
Proof. By the assumption, we have P> =1 mod 16 and 4Q = 4 mod 16 and therefore D43 = 0
mod 16. Then orda(r — 1) > 3. On the other hand, we have orda(P + 1) > 3. Then we obtain
u > 2. Moreover, we have u < oo.

Indeed, note the implications:
p=o00 < P+r=0,r=1< P=-1,D=-3 & P=-1,QQ=1.

Therefore, the possibility of u = oo is excluded by the assumption P? — Q # 0.
By the definition of i, we have

P+r
2

=0 mod?2*, r=1 mod 2".

and therefore § = w + 2#n mod 2#*!, where n € {1,w, 1 +w}. Hence we obtain 63 = 1 + 2+w?n
mod 2°T1, and we can verify inductively 632" """ = 1 4+ 2712y mod 2" and 632" 7" =1

mod 2" for n > p+ 1. Hence the result.
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Remark 3.19. Let P,Q € Z, and assume P? —(Q = 0, Then there exists a € Z such that P = a

and @ = a®. Moreover, for k > 0, we have
Lk = 0, Lypyr = (—a*)F, Lagpso = (—a*)*a.
Therefore, if a =1 mod 2, then we have k(2") = 3x(the order of —a in (Z/2"Z)*).

We conclude the section, by discussing the action of Gpy(Z/p"Z) on PY(Z/p"Z) for a prime
p and a positive integer n. We refer to [12, Section 2] concerning a precise argument on the

action of PG'Ly 7 on IP’%.

3.20. Let R be a ring. Then the group Gpg(R) acts R-linearly on the R-algebra L(f, R)
through the isomorphism w : Gpg(R) = L(f, R)*. This defines an R-linear action of Gpg(R)
on R? through the R-isomorphism L(f, R) = R? given by (wy)x>0 + (wo, w1 ). Hence we obtain

a homomorphism ip : Gpg(R) — GL(2, R), which is described explicitly as
: u  —Qu
ig:n=(u,v)— .
v u-+ Pv

The homomorphism ir : Gpg(R) — GL(2,R) is represented by a homomorphism of group

schemes i : Gpg — GLa. It is readily seen that i : Gpg — GLo is a closed immersion.

Let n = (u,v) € Gpg(Q), and put wy = w(n) and wi = w(nh). Then we have
u —Qu \ [w—Pw —Quo
v u+ Pv wo w1

u? + Puv + Qu* = w? — Pwow + Qup.

and

By the definition, we have a commutative diagram with exact rows

0 —— G, —— Gpg L G(P,Q) — 0

H | |

1 —G,, —— GLy —— PGLy —— 1

The induced homomorphism i : G(pg) — PGLs is a closed immersion.

Notation 3.21. We shall denote by © all the subgroup of Gp,g(Z[1/Q)]) generated by 6 = (0,1),
the subgroup of G(p ) (Z[1/Q]) generated by 3(¢) = (0,1/Q) and the subgroup of Up(Z[1/Q)])
generated by v(0) = (-1, P/Q).

Notation 3.22. We have



LUCAS SEQUENCES 35

By the abbreviation, we shall denote by © the image of the subgroup © of Gp)(Z[1/Q]) by
i:Gpg)(2[1/Q]) — PGL(2,Z[1/Q]). Let (wn)n>0 € L(f, Q). Then it is readily seen that

(’wn+1 wn+2) = (wn wn+1) <(1) _PQ> .

3.23. Let p be a prime with (p,Q) = 1, and let w = (wi)x>0 € L(f,Z(y)). Then we have

(w07w1) = (wl,wg) = (w27w3) — ...

0 —
in Z(p) since @
1 P

have (wg, wry1) = Zy for all k > 0.

y)- In particular, if (wo,w1) = Z,, then we

) is invertible in GL(2,Z,

Notation 3.24. Let p be a prime and n a positive integer. Then we have
Pl(Z(p)) = {(wg : wl) ; Wo, W1 € Z(p) and (wo,wl) = Z(p)}

and

PYZ/p"Z) = {(wp : wy) ; wo,wy € Z/p"Z and (wq,w1) = Z/p"Z},
by [5, Corollaire 4.2.6]. We can verify that the embeddings Z — Z,) — Q induce bijections
PY(Z) = PY(Z,) = P}(Q), canceling denominators.

Notation 3.25. A sequence w = (wg)r>0 € L(f,Z) is said to be reduced if wy and w; are

relatively prime to each other. We put
R(f,Z) = {w = (wg)k>0 € L(f,Z) ; w is reduced, and wy > 0 or wy = 0, wy > 0}.

Then (wo,w;) + (wo : w) gives rise to a bijection R(f,Z) = PY(Z) = P(Q).
Furthermore, a complete representative system of £(f, Q)*/Q* C P}(Q) is given by

{w = (wp)kz0 € R(f,Z) ; A(w) = w} — Pwow; + Qug # 0}.

Indeed, the inclusion map {w € R(f,Z) ; A(w) # 0} — L(f,Q)* is a section of the canonical

surjection L(f,Q)* — L(f,Q)*/Q*.
Similarly, a complete representative system of L(f,Z,))*/ Z(Xp ) C P! (Zpy) = P}(Q) is given

by

{w = (w0 € R(f,Z) : A(w) = wi — Pwowi + Quj #0 mod p}.
Indeed, the inclusion map {w € R(f,Z) ; A(w) # 0 mod p} — L(f,Z)™ is a section of the
canonical surjection L(f,Z,))* — L(f, Z(p))X/Z(Xp).

We can now mention the main result on the action of Gpy(Z/p"Z) on PY(Z/p"Z). The
following assertions was established as [14, Proposition 3.23 and Theorem 3.25] in the case of
p > 2. We can verify the assertions, only replacing G p)(Z,)) by Gpg)(Zp)), so we omit the

proof.
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Proposition 3.26. Let p be a prime, n a positive integer and w = (wy)g>0 € L(f,Z). Assume
that neither Q nor (wo,w1) is divisible by p. Then, there exists k > 0 such that wy =0 mod p"
if and only if (wo : wy) is contained in the ©-orbit of (0: 1) in PY(Z/p"Z). Therefore we have

#{(wp : w) € IP’I(Z/p"Z) i (wr)k>0 € L(f,Z/p"Z) and wy, # 0 for any k} = (p+1)p”71—r(p").

Theorem 3.27. Let p be a prime with (p,Q) =1 and n a positive integer. Let w = (wg)k>0 €
L(f,Zy)), and put p = ordpA(w). Assume that (wo, w1) = Z,. Then we have

. 1 (n < p)
the length of the orbit (wg : w1)© in P (Z/p"Z) = :

r("t) (n=p+1)

Here are a few numerical examples.

Example 3.28.1. P =1, Q = 3. In this case, the O-orbits in P}(Z/16Z) are given by
{(0:1),(1:1),(1:14),(2:5),(1:3),(1:0)}, {(1:2),(2:7),(1L:7),(1:12),(1:13),(1:5)},
{(1:4),(4:1),(1:5),(1:10),(2:3),(1:15)}, {(1:6),(2:1),(1:11),(1:8),(8:5),(1:9)}.

Note that

A0,1) = 1, A(1,2) =5, A(L,4) = 15, A(1,6) = 33.

Example 3.28.2. P =8, Q = 7. In this case, the O-orbits in P!(Z/16Z) are given by

{(0:1),(1:8),(3: 1), (1: 0)}, {(1:2),(2:1),(1:10),(2:5)},
{(1:4),(4:1),(1:12),(4:3)}, {(1:6),(2:3), (15 14),(2: )},
{(1:3),(1:11)}, {(1:5),(1:13)},

[(1:9)}, {(1:15)}, {A: 1)}, {(1:7)}

Note that

A(0,1) =1, A(1,2) = =5, A(1,4) = -9, A(1,6) = —5,
A(1,3) = =8, A(1,5) = —8, A(1,9) =16, A(1,15) = 112, A(1,1) =0, A(1,7) =0.

4. Laxton groups

Throughout the section, we fix P,Q € Z, putting f(t) =t> — Pt + Q and D = P? — 4Q. We
denote by 6 the image of ¢ in the residue ring Z[t]/(t* — Pt + Q).

Definition 4.1. First we recall the defintion of the group G(f) due to Laxton [8, Section 2],
modifying descriptions and notations, for the reader’s convenience though a copy and paste from
[14, Defintion 4.1]. We shall call G(f) the Laxton group associated to the quadratic polynomial
ft)=t>—Pt+Q.
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Put L(f,Z)° = {(wr)k>0 € L(f,Z) ; (wo,w1) # (0,0)}. We define an equivalence relation ~p,
on L(f,7Z)° as the relation generated by the following two equivalence relations:
(1) for v,w € L(f,Z)°, we have v ~7 w if there exist non-zero integers k and ! such that
kv = lw;
(2) for v = (vg)k>0, w = (wi)r>0 € L(f,Z)°, we have v ~] w if there exists a positive integer
n such that vy, = wy for all k > 0 or v = wi4y, for all k > 0.

We put G(f) = L(f,Z)°/ ~r. We shall denote by [w] the equivalence class of w € L(f,Z)°
in G(f).

Furthermore, for v = (vg)g>0, w = (wg)k>0 € L(f,Z)°, the product vw € L(f,Z)° is defined
by

vw = (vow; + viwy — Pugwp, viwi — Quowo, . . . ),

which coincides with the multiplication mentioned in 3.1. Then L£(f,Z)°/~ is a commutative

group.

Fix now a prime p. Put

G(f’pn)Z{[’w]EG(f); (wo,w1) =1 and wx =0 mod p” }

for some (wg)k>0 € (W]

for each positive integer n. Then G(f,p") is a subgroup G(f). Futhermore, put

(wp,w;1) =1 and (w} — Pwow; + Qui,p) =1
K(f,p) = G(f);
(/:7) {['w] € GU) for some (wg)r>0 € [w] }

and

H(f,p) = the inverse image in G(f) of the torsions in G(f)/K(f,p)}.

Then K(f,p) and H(f,p) are subgroups G(f).

Summing up, we have gotten a descending chain of subgroups

G(f) > H(f,p) D K(f,p) D G(f.p) D G(f,p*) D DG(f,p") D+ .

Remark 4.1.1. To define the group G(f), Laxton assumed in [8] that (P,Q) =1 and P # 0,
P?2-Q+#0,P?—2Q #0, P2—3Q #0, D = P> —4Q # 0, probably for simplicity. We followed
his way in [14], however, we treat here also the cases excluded by Laxton because of its own

interest in each case.

Theorem 4.2. Let P,Q € 7Z, and assume QQ # 0. Then we have § € Gpg(Q). Further-
more, let © denote the subgroup of G(py(Q) generated by B(0) = (0,1/Q). Then the isomor-
phism w : Upq(Q) = Gpo)(Q) = L(f,Q)*/Q* induces an isomorphism w : Upo(Q)/© =
Gipo)(Q)/6 = G(f).

Proof. Let n,n' € Z[t]/(t* — Pt + Q), and put w = (wg)k>0 = w(n) and W’ = (w},)k>0 = w(n').
Then there exist non-zero integers k and [ such that kw = lw’ if and only if v(n) = v(#') in
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Gp)(Q) = Gpe(Q)/Q*. Indeed, the inclusion L(f,Z)° — L(f,Q)* induces an isomorphism
L(f,Z)°) ~p= L(f,Q)*/Q*.
On the other hand, there exists a positive integer n such that wyy, = wj, for all & > 0 or

wy, = wy,,, for all k> 0 if and only if 6™ = n' or n = 7/9" for some n > 0. Hence the result.

Corollary 4.3. Let P,Q € Z with Q@ = 1 mod 2 and D = P? — 4Q # 0. Then we have
© C G(p)(Z()). Furthermore, put

. [orng] Ho D
2 "7y
and .
(P.0) = (—1,%) ifD=1 mod4

(0, D) if D=2,3 mod 4
Then the descending chain of subgroups of G (p.)(Q) = Up,g(Q):
UrQ(Q) 2 Up (Z2)) 2 Gpg)(Z(2)) D G22parq)(Zi2)) D -+ D Ganpan)(Zz)) O -+
gives a descending chain of subgroups of G(f):
G(f) D H(f,2) D K(f,2)=G(f,2)>---DG(f,2")D--.

More precisely,

(1) The isomorphism w : G(p)(Q)/© = G(f) induces isomorphisms
Up.5(Z(2)/© — H(f,2),
Gp)(Zw)/© — K(f,2)
and
(Ganpang)(Ze) +0)/6 — G(f,2")
for each n > 0.

(2) The isomorphism w : G(p)(Q)/© — G(f) induces isomorphisms

Up.6(Z@2)(Z(2)/Gpq)(ZLw) = (Up (L) (Zw2)/0)/ (G (Zz)/©) — H(f,2)/K(f,2)
and
Gp)(Z2)/(Ganpang)(Zz) + ) — K(f,2)/G(f,2")
for each n > 0. Therefore, K(f,2)/G(f,2") is isomorphic to G(p)(Z/2"Z) /0.

(3) For each n > 0, we have
G(£,2")/G(f,2" )] = [K(f,2)/G(f, 2" DI/ |K (£,2)/G(f,2")].

Proof. Note first that r = 0 if and only if P =1 mod 2 and ) =1 mod 2. In this case, we
obtain an isomorhism G( £.0) 5 G(p,g) through the identity

P—1\2 P-1 1-D
t—i) —<t— > =t?— Pt )
( 2 5 )T 1 +@




LUCAS SEQUENCES 39

On the other hand, if r > 1, then G| p g is isomorphic to G(p4) as is reamrked in 2.19. Moreover,
G(D) is isomorphic to G(215,4Q) if D=1 mod 4, and G(D) = G(ﬁQ) if D=2,3 mod 4.

First we prove the main assertion except K (2, f) = G(f,2), which we verify after proving the
assertion (2). The assumption (2, Q) = 1 implies © C G(p)(Z(2)). Furthermore, by Proposition
2.2, we have

7Z ifD=1 mod8
0 otherwise

Upo(Q)/Up o(Zz)) = {

On the other hand, Up 5(Z2))/Gp,q(Z(2)) is finite. Indeed, by Proposition 2.3, we have

0 if D=1 mod4
Upa(Z2))/Gpa)(Z2) =

Z/27 if D=2,3 mod 4

Moreover, we have

Gors yoin(Z if D=1 mod4
GiroLz) =4 &M @) )

G(QT_1]574T_1Q) (Z(g)) if D= 2, 3 mod 4
as is mentioned above. Hence we obtain

G
G

PQ(Z/2 Z) if D=1 mod 4
G p.0)(Z2)/Gpq)(Zz) = { )

.0 (L/277 L) if D=2,3 mod 4

as is remarked in 2.1.

These yield that the torsion part of Gpq(Q)/Grq(Zs) = G(f)/K(f,2) coincides with
Up.o(Z2))/Gpro(Z))-

Now we prove the assertion (1). Under the identifications

Gipo)(Q) = L(f,Q)"/Q" = {w = (wi)r>0 € R(f,Z) ; A(w) # 0},
we have
Gp)(Z(2) = {w = (wi)r>0 € R(f,Z) ; A(w) =1 mod 2}
and, by Lemma 1.9,
Ganpanq)(Z(2)) = Ker[G(pq)(Z(2)) = G(p)(Z/2"Z)]
= {(wi)k>0 € R(f,Z) ; wo =0 mod 2"}.

It follows that the isomorphism w : G(pg)(Q)/© = G(f) induces isomorphisms

Gpo)(Z2)/0 = K(f,2)
and
(Ganpang)(Zz)) + ©)/© = G(f,2")

for each n > 0.
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Next we prove the assertion (2). Combining the isomorphisms

Gpo)(Z)/© — K(f,2)
and
(Ganpang)(Zi)) + ©)/0 — G(f,2"),

we obtain an isomorphism
G(p)(Z(2)/(Ganpang)(Z) +©) — K(f,2)/G(f,2").
Furthemore, using the isomorphism
Coker[2" : G npan)(Z(2) = G(p@)(Z(2)] — G(p)(Z/2"Z),
established by Lemma 1.9 and 2.1(2), we obtain an isomorphism
Gpo)(2/2"2)/® — K(f,2)/G(f,2").

In particular, K(f,2)/G(f,2) is isomorphic to G(p,)(Z/2Z)/©. Note now that, by Proposi-
tions 2.15, 2.16 and 2.22, we have |G (p,y(Z/2Z)| = 2 or 3 and that 3(0) = (0,1/Q) is not trivial
in G(p)(Z/2Z). These imply that G(pq)(Z/2Z)/© = 0 and therefore K(f,2) = G(f,2).

The assertion (3) is a standard fact. Indeed, it is sufficient to notice the canonical isomorphism

(K(f,2)/G(f,2" ) /(G(£,2")/G(f,2") = K(f.2)/G(f.2").

Corollary 4.3.1. Let P.Q € Z with P=1 mod2, Q =1 mod 2 and D = P? — 4Q # 0.
Then:
(1) We have G(f) = H(f,2) = K(f,2).
(2) Put
ords(P? — Q) ifQ=1 mod4

o {ordg(PQ —Q)(P*-3Q) fQ=-1 mod4
Then:
(a) If @ =5 mod 8, then we have v =2 and

" 0 ifn=1
K(f,2)/G(f,2") = :
7.)27 ifn > 2
(b1) If Q=1 mod 8 and P? — Q # 0, then we have v > 3 and
0 ifn=1
7.)27. if n =2

K(f,2)/G(f,2") = :
7)27. x 7.J2" 27 if3<n<v

\Z/2L X Z/2" L ifn>v+1
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(b2) If P? — Q = 0, then we have

0 ifn=1
K(f,2)/G(f,2") = { z/2Z ifn=2.
7.)27, x 7.]2" 27 ifn >3

(c1) If Q = —1 mod 4 and P? —3Q # 0, then we have v > 3 and

0 ifn=1,2

7)2"7?7 ifn>v+1
(c2) If P? — 3Q = 0, then we have

" ifn=1,2
K(f1,2)/G(f,2") = -
72" 27 ifn>3
(3) If Q = 1 mod 4, then we have |G(f,2")/G(f,2"™)| =2 for 1 < n < v, and G(f,2") =
G(f,2%) forn > v. On the other hand, if @ = —1 mod 4, then we have |G(f,2")/G(f,2" )| =
2 for2<n<v, and G(f,2") = G(f,2") forn>v and n = 1.
Proof. First we prove the assertion (1). We have Upq(Q) = Upq(Z(2)) by Proposition 2.2(1),
and Upq(Z(2)) = G(pg)(Z(2)) since a : G(pg)(Z2)) — Upg is isomorphic. Hence the result.

Now we prove the assertion (2) in each case.
(a) By the assumption, we obtain D =5 mod 8 and P? —Q =4 mod 8, i.e. ordy(P? — Q) = 2.
Hence, by Theorem 3.10, we have

3 ifn=1

r(2") = .
3x2"2 ifp>2

Furthermore, by Corollary 2.22, we have

" ifn=1
|G p)(Z/2"Z)| = :
3x2n L ifpn>2

These imply
" 0 ifn=1
Gipo)(Z/2"2)/0] = .
2 ifn>2

(b1) By the assumption Q = 1 mod 8, we obtain D =5 mod 8 and P2 — Q =0 mod 8, i.e.

ords(P? — Q) > 3. Hence, for n > 3, we have a decompsition

Upo(Z/2"7) = {#1, 4w, +w?} x (the subgroup generated by (1 + 4w)) = Z/6Z x Z /2" *Z,
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as is shown in the proof of Corollary 2.22. On the other hand, v < oo since P2 — Q # 0.

Therefore, for n > 3, we have a decompsition
the image of © in Up(Z/2"Z) = {1,w,w?} x (the subgroup generated by (1 + 4(41)2')_2)7
as is shown in the proof of Theorem 3.12. These imply
0 ifn=1
7.)27 if n =2

Upq(Z/2"Z)]© = :
Z7)27. x 7.)2" %7 if3<n<v

7)27. x 7.)2V"%7 ifn>v+1
Therefore we obtain the result since the homomorphism « : G(p ) — Upg is isomorphic.
(b2) By the assumption, we have
0= {1,w,w2} C UP7Q(Z(2))
This implies
0 ifn=1

UpqQ(Z/2"Z)|© = { Z/2Z ifn=2.

)27 x ZJ2" %7 ifn >3

(c1) By the assumption Q = —1 mod 4, we obtain D = 5 mod 8 and P? — Q = 2 mod 4,
P?2-3Q =0 mod 4, i.e. orda(P?—Q)(P%—-3Q) > 3. Hence, for n > 3, we have a decompsition

Upo(Z/2"7) = {+1, 4w, +w?} x (the subgroup generated by (1 + 4w)) = Z/6Z x Z /2" *7Z,

as is shown in the proof of Corollary 2.22. On the other hand, v < oo since P2 — 3Q # 0.

Therefore, for n > 3, we have a decompsition
the image of © in Upg(Z/2"Z) = {£1, +w, +w?} x (the subgroup generated by ~(1 + 4w)2u_2),
as is shown in the proof of Theorem 3.13. These imply

0 ifn=1,2

UpQ(Z/2"Z)/© = § 7.)2" 27 if3<n<v.

Z)2"7%7 ifn>v+1

(c2) By the assumption, we have
© = {+1, 2w, +w’} C Up(Z)

This implies
ifn=1,2
Upq(Z/2"7)]0 = .
72" 27 ifn>3
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The assertion (3) is a direct consequence of (2).

Corollary 4.3.2. Let P,Q € Z with P=0 mod4, @ =1 mod2 or P=2 mod4, Q = -1
mod 4. Then we have r = [(ordeD)/2] = 1. Furthermore:
(1) We have

Z if (P,Q)=(0,—-1),(4,—5) mod &
(P H(f.2) = (P,Q) = (0,-1),(4,-5)

0 otherwise

and

0 if (P,Q)=(0,-1),(4,-5) mod 8
H(f,2)/K(f,2) = 7/3Z if (P,Q)=(0,-5),(4,—1) mod 8-

z7)27. if (P,Q)=(0,1),(2,—1) mod 4
(2) Assume P # 0, and put v = orda P.
(a) If v =1, then we have K(f,2)/G(f,2") =0 for any n > 1.
(b) If v > 2, then we have

0 ifn=1
K(f,2)/G(f,2")=<Sz/2" 17 if2<n<v.

7)2"717 iftn>v+1

(3) We have |G(f,2™)/G(f,2"1)| =2 for 1 <n < v, and G(f,2") = G(f,2") forn>v.
Proof. First note the implications
P=0 mod4 = D/4=-(Q mod 4,
P=2 mod4 = D/4=1-Q mod4.
Hence the assumption on P and @ implies that [(ordaD)/2] = 1. Moreover, G p,q) is isomorphic
to G(p/s4), as is remarked in 2.19.
We begin with a verification of the assertion (2). We have |G(p,4)(Z/2"Z)| = 2" by Proposi-
tions 2.15 and 2.16, and
2 tn<v
r(2") = .
vt ifn > v+ 1
by Theorem 3.7. Hence we obtain
1 ifn=1
(K (f,2)/G(f,2")| = |G(pja)(Z/2"2) /B = { 21 if2<n<v.
2t ifn>v+1

Note now that the surjective homomorphism

w: G(py(Z)) = Ker[G(pa)(Z2)) — G(pay(Z/22)] — G(f,2)
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induces a surjection
Ker[G(pja)(Z/2"Z2) = G(p4)(Z/22)] — G(£,2)/G(f,2") = K(£,2)/G(f,2").

Therefore, K(f,2)/G(f,2") is cyclic since Ker[G(p,4)(Z/2"Z) — G(p/ay(Z/2Z)] is cyclic, as is
remarked in 2.17. Hence the result.

Now we verify the assertions (1) case by case.

(a) P=2 mod4, @ = -1 mod4, or P=0 mod4, @ =1 mod4. In this case, we have
D = D/4 = 2,3 mod 4. Hence, by the definition of P and Q, we have Uﬁ@ = Up,s4 and
Gp.gy = G(pa)- Therefore, we obtain Upq(Q) = Upq(Z() by Proposition 2.2(3), and
\Upq(Z2))/G p,q)(Z2))| = 2 by Proposition 2.3. Hence the result.

(b) P=0 mod4, Q =—1 mod4, P#0. In this case, D = D/4 =1 mod 4. We have also
implications
P=0 mod8 @=-1 mod8 orP=4 mod8 Q=-5 mod8 = D/4=1 mod 8,
P=0 mod8 Q@=-5 mod8 orP=4 mod8 Q@=-1 mod8 = D/4=5 mod 8.

Moreover, there exist isomorphisms Uyp 44 5 Up/a = Upg and G(213 10) = G(py/a) 5 Gpo)

as is remarked in the proof of Corollary 4.3. Therefore, we have

Z it (P,Q) = (0,—1),(4,—5) mod 8
Urq(Q)/Up 5(Z2)) = Up 5(Q)/Up 5(Zz)) =
0 if (P,Q)=(0,-5),(4,—1) mod 8

by Proposition 2.2(1)(2), and

Up (Z2))/G(p@)(Z@2)) = Gp5)(Z2)] G 2p.46)(Z2)
0 if (P,Q) = (0, 1), (4,—5) mod 8
7)37 if (P,Q) = (0,-5),(4,—1) mod 8
by Corollary 2.22. Hence the result.

Remark 4.3.3. If P=0and Q =1 mod 2, then we have

1 ifn=1
(K (f,2)/G(f,2")] = {

on=l ifp>2

Corollary 4.3.4. Let P,QQ € Z with P = 2 mod4, Q = 1 mod4. Then we have r =
[(ordeD)/2] > 2. Furthermore:
(1) We have

Z ifD=1 mod8
G(f)/H(f.2)=

0 otherwise
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and

( ~ ~

Z)2Z.x 7)2"17Z if D=0 mod2or D=-5 mod 8
Z)27. x Z/2" 27 if D=1 mod 8

H(f72)/K(f72): _
ZJ)6Z x 7.)2"27Z if D=5 mod 8

\Z/AZx Z/27*Z if D=—1 mod8

(2) We have G(f,2") = K(f,2) forn > 1.

Proof. First note that the assumption P = 2 mod 4 and Q = 1 mod 4 implies P? — 4Q =
4 —4Q =0 mod 16. Hence we obtain [(ord2D)/2] > 2.

We verify now the assertion (1). There exist isomorphisms Uy P A0 5 Up-1p 53U po and
G(2TP,4TQ) 5 G(4r71D) 5 G(P,Q) if D=1 mod 4, and there exist isomorphisms U2r71ﬁ>74r71@ 5
Up1p 5 Upg and G(2T—1p74r—1@ 5 G(4T—ID) 5 G(p’Q) if D= 2,3 mod 4, as is remarked in
the proof of Corollary 4.3. Therefore, we have

Z if (P,Q)=(0,-1),(4,—5) mod 8
H(f,2)/K(f,2) =Up5(Q)/Up 5(Zz)) =
0 if (P,Q)=(0,-5),(4,—1) mod 8
by Proposition 2.2(1)(2).

Furthermore, if D = 1 mod 4, then we have Gp) (L) = G o par0) (Z(3)). Hence we obtain

isomorphisms

~

H(f,2)/K(f,2) «— G (p.5)(Z2))/G o p 4y (L(2) — G(p5)(Z/2"Z).

Now we have

Z)27. x Z/2" 27 if D=1 mod 8

G 5 5\(Z)2'T) =

2 Z/6Z x Z/2" 27 if D=5 mod 8
by Corollary 2.22.

On the other hand, if D = 2,3 mod 4, then we have Gpo) (L) = Glor=1p 4r-1,0) (Z2y)-
Hence we obtain isomorphisms

~

K(f:2)/G(f,2") <= G (p,0)(22)/Car1p4010)(Z2) — CG(p)(Z/2'Z).
Now we have

Z)2Z.x 2)2" 7 if D=0 mod2or D=—-5 mod 8

G 7)2"'7) =

p.0)( N
(7@ ZJAZ x Z)2"2Z i D=—-1 mod 8

by Remark 2.18.
Finally we verify the assertion (2). By Theorem 3.7, we have r(2") = 2" for n > 1. This
means that 5(0) generates G(pq)(Z2))/G@npanq)(Z2)) = Gpg)(Z/2") = Z/2". Hence the

result.

Remark 4.4. Laxton established in [8]:
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(1) the assertion G(f) = H(f,2) mentioned in Corollay 4.3.1 as [8, Theorem 3.7. (a)]. (When
p = 2, the condition m = p + 1 is equivalent to the condition P =1 mod 2, ) = 1 mod 2.
Here m denotes the maximal rank of p in G(f), defined by Laxton [8, p.728].)

(2) the assertion K(f) = G(f,2) mentioned in Corollay 4.3 as [8, Theorem 3.7 (a)(c)]. (When
p = 2, the condition m = p is equivalent to the condition P =0 mod 2, @ =1 mod 2.)

(3) Corollary 4.3.1 (3), Corollary 4.3.2 (3) and Corollary 4.3.4 (2) as [8, Theorem 3.10 (a)(c)].

It would be kind to correct a statement in [8].
(1) [8, Theorem 3.7 (¢)] G(f) = H(f,2) if P =0 mod 2 and @ =1 mod 2. The assertion is
false if D =1 mod 8. Indeed, we have G(f)/H(f,p) = Z in this case as is shown in Corollaries
4.3.2 and 4.3.4.

Corollary 4.5. Let P,QQ € Z with P=1 mod 2 and Q =0 mod 2. Assume that Q # 0. Then
we have G(pq)(Z2)) N© = {1}, and the descending chain of subgroups of Upg(Q) = G (p)(Q):

Gir)(Q) D Gro)(Za) =Gapig)(Zz) D Gazpazg)(Zz) O+ D Ganpang)(Zg) O -+
gives a descending chain of subgroups of G(f):

More precisely,

(1) The isomorphism w : G(pq)(Q)/© = G(f) induces isomorphisms

(Gipo)(Z) +©)/0 = K(f,p)

and
(Ganpang)(Zez) +©)/0 = G(f,2")
for each n > 0. Therefore, K(f,2) is isomorphic to Gp)(Z2)), and G(f,2") is isomorphic to
Ganpanq)(Z)) for each n > 0.
(2) The isomorphism w : G(p)(Q)/© = G(f) induces isomorphisms

Upq(Q)/(Gpg)(Ze) +©) = H(f,2)/K(f,2)

and

GrQ)(Z2)/Ganpang) (L) = K(f,2)/G(f,2")
for each n > 1. Therefore, K(f,2)/G(f,2) is isomorphic to Gpg)(Z/2Z) = Z/2Z, and
K(f,p)/G(f,2") is isomorphic to G(poy(Z/2"L) = L)2ZL x L/2" L for n > 2.
(3) G(f)/K(f,2) is cyclic of order ordaQ. Therefore, we have G(f) = H(f,2).
(4) We have |G(f,2™)/G(f,2"1)| =2 forn > 1.
Proof. The assumption P =1 mod 2 and Q = 0 mod 2 implies D = P2 —4Q =1 mod 8,
Hence, by Proposition 2.2(1), Gpg) (Q)/G(P’Q) (Z(Q)) is isomorphic to Z. On the other hand, we



LUCAS SEQUENCES 47

have 3(0) € G (p,q)(Z(2)) since B(0) = (0,1/Q) and orda(1/Q) < 0. It follows that G (p gy (Z(2))N
O = {1} C Gpe)(Q).
First we prove the assertion (1). As is mentioned in the proof of Corollary 4.3, under the

identifications

Gpo)(Q) = L(f,Q)*/Q* = {w = (w)kz0 € R(f,Z) ; A(w) # 0},
we have
Gp)(Z@) = {w = (w)r>0 € R(f,Z) ; Alw) =1 mod 2}

and

Ganpan) (L)) = Ker[G(p o) (Zp)) — Gpo)(Z/2"Z))]
= {(wr)k>0 € R(f,Z) ; wo =0 mod p"}.

It follows that the isomorphism w : G(pg)(Q)/© = G(f) induces isomorphisms

Gro)(Za) — (Gpg)(Z@) +©)/0 = K(f,2)
and
Gonpanq)(Zi)) — (Ganpang)(Ze)) +©)/0 — G(f,2")

for each n > 1.

The assertion (2) is a direct consequence of (1). Moreover, the fact D = 1 mod 8 implies
Gpq)(Z2)) = Grag)(Z()) as is remarked in 2.19, and G (gn+1pyn+1¢) is isomorphic to Gynp)
for n > 0 as is remarked in 1.6.1. Therefore we obtain the last assertion by Proposition 2.16.

Finally we prove the assertion (3). It is sufficient to verify that G (p)(Q)/(G(p,q)(Z2)) +©) =
G(f,2)/K(f,2) is cyclic of order ord,Q.

Assume first that D is not a square. Let p denote a prime of Q(\/ﬁ) over 2. Then the map
1+ ordyn induces an isomorphism G(po)(Q)/G (pg)(Z(2)) = Z by Prpposition 2.3(1). On the
other hand, the subgroup © of G(p)(Q) is generated by 3(6) = (0,1/Q), where § = (P+VD)/2.
Note now §+60 = P and (P,2) = 1. These imply that ord,f = 0 or ordpf = 0. On the other hand,
we have 00 = @, and therefore, ordyf + ordpd = ord,@. Hence we obtain ordyy(6) = Ford,Q.

Next assume that D is a square. Take r € Z such that 72 = R. Then (u,v) — ord,(u + rv)

induces an isomorphism G(p o)(Q)/G(pg)(Z(2)) = Z. Furthermore, we have

PP+r 2r

GO = 1455 =145

Note now (P +r)/2+ (P —r)/2 = P and (P,2) = 1. These imply that orda(P +r)/2 = 0
or ordy(P — r)/2 = 0. On the other hand, we have (P + r)(P — r)/4 = @, and therefore,
ordy(P +1)/2 4 orda(P — r) = orde@. Hence we obtain ord{((6)) = tord2Q.
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Corollary 4.6. Let P,QQ € Z with P = 2 mod 4, Q = 2 mod 4 and P> — 2Q # 0. Put
s = orde(P? — 2Q). Then we have s > 3, and the descending chain of subgroups of Upo(Q) =
G (Q):

Upq(Q) = Upq(Zw) D Gpg)(Z)) D Gapag)(Zw)) D ---

D Gas-1pas—1Q)(Z2)) D Gaspasq)(Z2)) D Gastipas+ti)(Zz)) D -
gives a descending chain of subgroups of G(f):
G(f) - H<f72) - K(f72) :G(f72) 2D G(f72871) - G(f72s) - G(f728+1) =

More precisely, let ©1 and Oo denote the subgroup of © generated by B(0)? and B(0)*. Then
we have G(pg)(Z2)) VO = O1 and Ganpung)(Z(2)) VO = O3 for 1 <n < s—1. Therefore, the
isomorphism w : G(p)(Q)/© = G(f) induces isomorphisms

Gp) (L)) /01 = Gpo) (L) +©)/0 = K(f,p)
and
Ganpan)(Z2))/O2 = (Ganpan)(Ze)) +©)/0 = G(f,2")

for1<n<s-—1.
Proof. Note first that the assumption P =2 mod 4 and Q =2 mod 4 implies

2
D=0 m0d4,g:<§> —@=-1 mod4

and

P?2-2Q=0 mod 8.

Hence Upy is isomorphic to Up/y, and Gnpgng) is isomorphic to Ggn-1py for n > 0 as

is remarked in 1.6.1. Moreover we have Upq(Q) = Upg(Z(2)) by Proposiiton 2.2(3), and

Urq(Z2))/Gpg)(Zwy) = Upja(Z2))/G(p/ay(Zz)) is isomorphic to Z/2Z by Proposition 2.3.
Now we prove the last assertion. Noting

6>  —Q+pb

4 _ 2 2
IS o 1= QP - Q)+ PP - 20)0,

W:—Q+PQZ:

we obtain

10) = (= 1.5) in Ura(@). (6) = (0. 5) in Girg)(@),

Q
P P2
B(6)* = (- 0 @) in G(pg)(Q),

P(P? - Q)(P? —2Q) P*(P?-2Q)°
Q? ’ Q* )

Bsz(— in Gpg) (Q).
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These imply that
v(0) € Upq(Z)), B(0) & Gpg)(Z2)),
B(6)* € Gpo)(Z), B(0)* & Ker|G(po)(Z=) — Gpo)(Z/27)),
B(0)* € Ker[G(pg)(Z) = Gpo)(Z/p* ' Z)], B(0)* & Ker[G(po)(Z) — Gpo)(Z/2°Z)]
since
1
ordg— = —1, ordy— =0,

Q Q
o, PP QR 20) PP Q)

Q? Q!

=2(s—1)>4.
Moreover, we have
Urq(Z2)/Gpg) (L) = Z/2Z,
and
Gr)(Z2)/G2prag)(Zw)) = Gpjay)(Z2)) /G0y (L) = Z/2Z
by Proposition 2.16,
G (2s-1pus—1Q)(Z(2)) | G(as—1+n pas—14+nQ)(Z(2)) = Gus-2p)(Z(2))/ Gas-2np)(Z(2)) = Z/2"L
for n > 1 by Proposition 2.15. Hence we obtain
Urq(Z) = Gipg)(Z@) + O,
Gpg)(Z2) D 61, Gpg)(Z@2) = Garag)(Zw) + 61,
Gt pa1g)(Zzy) D O3, Glaiparioy (L) = G tinpariing) () + O3 for n > 1,

and the results.

Remark 4.6.1. Let P,Q € Z with P =2 mod 4, Q =2 mod 4 and P? —2Q = 0. Then we
have 8(0)* = (—=P/Q, P?/Q?) and (0)* = (0,0) in G (p,)(Q). Hence Upq(Z(2))/G(2paq)(Z2))

is isomorphic to O, and the exact sequence
0 — Gpag)(Zw) — Upq(Zw) — Upq(Z(2))/G2pag)(Ziz) — 0
splits. Therefore, the descending chain of subgroups of Upq(Q) = G(p,)(Q):
Upq(Q) = Urq(Z2)) D Grq)(Z2)) D Garag)(Zw) D+ D Ganpang)(Zz)) D -+
gives a descending chain of subgroups of G(f):
G(f)=H(f,2) = K(f,2)=G(f,2)>---DG(f,2") D .
More precisely, the isomorphism w : G\(p)(Q)/© 5 G(f) induces isomorphisms

(Gpo)(Zz)) +0©)/6 = K(f,p)
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and
Ganpany (L) = (Ganpany(Ziz) + ©)/0 = G(f,2")

for n > 1.

Corollary 4.7. Let P,Q € Z with P =0 mod 4, Q@ =2 mod 4 and P # 0. Put s = ordsP.
Then we have s > 2, and the descending chain of subgroups of Upo(Q) = G(pg)(Q):

Urq(Q) = Urq(Z2) D Gpg)(Z2)) D Garag)(Zw) D -
D G(28—1P74S—IQ)(Z(2)) D) G(gspAsQ) (Z(g)) D) G(25+1P74s+1Q) (Z(g)) Do
gives a descending chain of subgroups of G(f):
G(f)=H(f,2)=K(},2)DG(f,2) >---DG(f,2" ) =G(},2°) = G(f,. ") = ---.

More precisely, let ©1 denote the subgroup of © generated by B(6)2. Then, for 0 <n < s—1,
we have Ganpng)(Z)) N O = O1. Therefore, the isomorphism w : G(pg)(Q)/© 5 G(f)

mnduces isomorphisms

Gp)(Zw)/01 = Gro)(Zw) +0)/0 = K(f,p)
and
Gonpan)(Z2))/O1 = (Ganpan)(Z)) +©)/0 = G(f,2")
for1<n<s—1.

Proof. Note first that the assumption P =0 mod 4 and =2 mod 4 implies

D P2

D=0 mod4, — = <—) — Q=2 mod 4.

4 2

Hence Upy is isomorphic to Up/y, and Gnpgng) is isomorphic to Ggn-1py for n > 0 as

is remarked in 1.6.1. Moreover we have Upq(Q) = Upg(Z(2)) by Proposiiton 2.2(3), and

Urq(Z2))/Gpo)(Z2) = Upja(Z2))/G(p/ay(Z2y) is isomorphic to Z/2Z by Proposition 2.3.
Note now that we have

10) = (~1.2) in Upo(@). #(6) = (0.

@) in G(pg(Q),

P P2\ .
) in G(p)(Q),

B(6)* = (‘ 002

These imply that

¥(0) € Upq(Za)), B(0) & Gpg)(Z2)),
B(0)* € Ker[G(pq)(Z2) = Gpo)(Z/2°7'Z)], B(0)* & Ker[G(pg)(Z2) = G(pq)(Z/2°Z)]

since )
1 P P
ordg— = —1, ordgé =s—-1>1, ordQ@ =2(s—1)>2.

Q



LUCAS SEQUENCES 51
Moreover, we have
Urq(Z2))/Gpo)(Z2)) = 7/2Z,
and
G(23_1P,43_1Q) (Z(Q))/G(23—1+np74s—1+nQ) (Z(g)) - G(4s—2D) (Z(Q))/G(4S—2+TLD) (Z(Q)) - Z/2nZ
for n > 1 by Proposition 2.15. Hence we obtain
Upq(Zw)) = Gpq)(Zg) + 6,
G(2571p74371Q) (Z(Q)) D) @1, G(2571P,4571Q) (Z(Q)) = G(2371+np74371+nQ) (Z(Q)) + @1 fOI‘ n Z ].,
and the results.

Remark 4.7.1. Let Q € Z with Q@ =2 mod 4, and put P = 0. Then we have 3(6)% = (0,0).
Hence Up,q(Z2))/G2paq)(Z(2)) is isomorphic to ©, and the exact sequence

0 — G(p)(Zw) — Upq(Zw) — Urq(Z(2)/Gpg)(Z) — 0
splits. Therefore, the descending chain of subgroups of Upo(Q) = G(p,0)(Q):
Upq(Q) = Upq(Z2)) 2 Gpo)(Z2) 2 Giarag)(Zz)) D -+ D Ganpang)(Zz) D -+
gives a descending chain of subgroups of G(f):
G(f)=H(f,2) = K(f,2)>G(f,2)>---DG(f,2") D .
More precisely, the isomorphism w : G(p)(Q)/© = G(f) induces isomorphisms

Gpq) (L)) = (Gpo)(Za) +©)/0 = K(f,p)
and
Ganpan) (L)) = (Ganpany(Zz)) +©)/0 = G(f,2")

for n > 1.

Remark 4.8. Laxton established the assertions (3) and (4) of Corollary 4.5 as [8, Theorem 3.7
(d) and Theorem 3.10 (c)].

4.9. Here are a few numerical examples. For w = (wg)r>0 € L(f,Q)*, we denote by [wg, w1]

the class of w in the Laxton group G(f).

Example 4.9.1. P =1, Q = 5. In this case, we have D = —19 and v = ords(P? — Q) = 2.
Therefore, Corollary 4.3.1 implies

G(f)=H(f,2)=K(f.2) =G(f,2) D G(f,22) = G(f,2%) = - - .

Moreover, K (f,2)/G(f,2%) = Gpq)(Z/2*Z)/O© = L/2Z is generated by [1,2], and we have

11
7T

-4+ 30

),7(1—1—9): —

w(l+0)=(1,2), B(1+0)=(
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Example 4.9.2. P =1, Q = 9. In this case, we have D = —35 and v = ordy(P? — Q) =
Therefore, Corollary 4.3.1 implies

G(f) = H(f,2) = K(f.2) = G(f.2) D G(£,2%) D G(f,2%) = G(f,2") = --- .

Moreover, K (f,2)/G(f,2%) = G(po)(Z/2*Z) /0 = L/2Z x L./2Z = {[0,1], [1,3],[1,5],[1,7]}, and

we have

2 1+
w2+0) = (1,3), B1+0) = (55 z) 12+0) = 3+ |
WA +0) = (1,5), B(4+0) = (%,%)7 21 0) = 7;999’
w(6+0) = (1,7), B(6+0) = (5;‘1,5%)7 (61 0) = 27;1139_

Example 4.9.3. P =1, Q = 3. In this case, we have D = —11 and v = ords(P%2—Q)(P?>-3Q) =
4. Therefore, Corollary 4.3.1 implies

Moreover, K(f,2)/G(f,2%) = G(po)(Z/2*Z)/O = Z/AZ = {[0,1],[1,2],[1,6],[1,4]} is gencrated
by [1,2], and we have

w(l +6) = (1,2), B(1+6) = (%é)’ v(1+0) = _2;39’
w(b+0) = (1,6), B(5+0) = (%,%), v(5+0) = 2:%6
w(B+0)=(1,4), BB +0)= (%,g)v 13 +0)= 6?579'

Example 4.9.4. P =8, Q = 7. In this case, we have D = 36, r = 1, D = D/4 = 9 and
v = orde P = 3. Therefore, Corollary 4.3.2 implies

G(f) D H(f,2) = K(f.2) = G(f.2) D G(£,2%) D G(f.2%) = G(f,2") = --- .

Moreover, K(f,2)/G(f,23) = G(RQ)(Z/ZQZ)/@ =Z/4Z = {]0,1],[1,2],[1,4],[1, 6]} is generated
by [1,2], and we have

w(—6+0) = (1,2), B(—6+0) = (?—é» Y(=6+0)= %HH
w(—4+0) = (1,4), B(—4+0) = <§, —%)7 Y(=4+0) = -1,
w(—2+6) = (1,6), B(-2+06) = (; —%), v(=2+0) = %

On the other hand, H(f,2)/K(f,2) = Z is generated by [1, 3], and we have

w(_5+9) = (173)a ﬂ(_5+9) = (g,—é), 7(-54—0) = _9+9
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Example 4.9.5. P = 8, Q = 3. In this case, we have D =52, r = 1, D = D/4 = 13 and
v = orde P = 3. Therefore, Corollary 4.3.2 implies

G(f)=H(f,2) D K(f.2) =G(f,2) D G(f,2*) D G(f,2}) =G(f.2*) = --- .

Moreover, K(f,2)/G(f,2%) = G(po)(Z/2*Z)/0 = Z/AZ = {[0,1],[1,2],[1,4],[1,6]} is generated
by [1,2], and we have

w(=6+60) =(1,2), B(—6+0) = (;—%)7 Y(=6+0) = %wa
w(—4+0) = (1,4), B(-4+0) = (%,—11*3), Y(=4+0)=-1,
w(-240)= (1,6), B-240) = -1, a2 0 = o2

On the other hand, H(f,2)/K(f,2) =Z/3Z = {[0,1],[1,1],[1, 3]} is generated by [1, 1], and we

have

w(=T+0) = (1,1), B(-T+0) = (Z’ *i)’ Y(=T+0) = %ﬁe
w(=5+6) = (1,3), B(=5+6) = (%7—%)7 V(=5+6) = HT_Q

Example 4.9.6. P = 4, Q = 1. In this case, we have D = 12, r = 1, D = D/4 = 3 and
v = orde P = 2. Therefore, Corollary 4.3.2 implies

G(f) = H(f,2) D K(f,2) = G(f,2) = G(f,2>) D G(f,2%) = G(f,2%) = --- .
Moreover, K(f,2)/G(f,2%) = Gpq)(Z/2*Z)/© = Z/2Z is generated by [1,2], and we have
w(=2+0) =(1,2), B(-2+0) = (—;—%), V(=2 +6) = —1.

On the other hand, H(f,2)/K(f,2) = Z/2Z is generated by [1, 1], and we have

W(=3+0) = (1,1), B(—3+6) = (g,—%), V(=34 0) = —4+0.

Example 4.9.7. P =2, @ = 9. In this case, we have D = =32, r = 2 and D= D/4? = —2.
Therefore, Corollary 4.3.4 implies
Moreover, H(f,2)/K(f,2) =7/27Z x Z/27Z = {[0,1],[1,1],[1, 3], [1,5]}, and we have

w(=1+0) = (1,1), B(-1+0) = (—%%)7 V(=1+6)= -1,

1 1 —2+40
— —_— 1 pu—

w(l+0)=(1,3), B(1+0)=(

w(3+0) = (1,5), B(3+0) = (%, 51) 13 +6) = g
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5. Complements

Proposition 5.1. Let P,Q € Z, and let p be a prime and s a positive integer. Put fs(t) =
t2 — p*Pt+p>*Q. Then the isomorphism P’ G pp2s) (Q) 5 G (p,)(Q) induces isomorphisms
G(fs) = G(f), K(fs,p) = G(f,p*) and G(fs,p") = G(f,p"**) for n > 1. Furthermore,

(1) Assume ord,P = 0 and ord,Q = 1. Then we have an exact sequence
0 — Gp)(Z/p"2) — H(fs;p) — H(f,p) — 0.

(2) Assume ord,P > 1 and ord,@Q = 1. Let Oy denote the subgroup of © generated by B(6%).

Then we have G (pg)(Z)) NO = O1, and we have an evact sequence
0 — G(p)(Z/p°L)/O1 — H(fs,p) — H(f,p) — 0.
(3) Assume ord,@Q = 0. Then we have an exact sequence

0 — Gp)(Z/p*7)/© — H(fs,p) — H(f,p) — 0.

Proof. Let 6 denote the image of ¢ in Z[t]/(t? — Pt+Q), and let 05 denote Z[t]/(t> — p* Pt +p*Q).
Then 05 — 6 defines an embedding of rings Z[t]/(t>—p® Pt+p**Q) — Z[t]/(t>—Pt+Q). Moreover,

then we have

1y . 1 .
B(6) = (0, @> in G(po)(Q), Bl0,) = (o, %) in Gpepyeeq)(Q)
and therefore
p°(B(0s)) = B(0).

Now let © denote the subgroup of G (p)(Q) generated by 5(6), and let © denote the subgroup
of Gpspy2:q)(Q) generated by B(0,). Then the isomorphisms w : G(pg)(Q)/© = G(f) and

~

W Gpepps)(Q)/0" = G(fs) give a commutative diagram

~

Geprp>)(Q)/0 —— G(pg)(Q)/0

J{Z w l? w
Moreover, under the identification G(fs) = G(f), we have

K(fs,p) = (Gpepp20) (L) +©)/0" = (Gpsppe) (L)) + ©)/© = G(f, ")
and
G(fs:P") = (G prrsppremsng) (L) +©) /0" = (G usspprmrng) (L)) +©)/0 = G(f,p")

for n > 0.

Now we verify the last assertions in each case. We obtain an exact sequence

0 — K(f,p)/K(fs,p) — H(f)/K(fs;p) — H(f)/K(f,p) — 0,
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taking the torsion part of each term for the exact sequence

0 — K(f,p)/K(fs;p) — G(f)/K(fs,p) — G(f)/K(f,p) — 0
and noting that K(f,p)/K(fs,p) = K(f,p)/G(f,p®) is finite.

(1) Assume ord,P = 0 and ord,(Q = 1. Then we obtain (lp)) =1ifp>2 and D =1
mod 8 if p = 2. These, together with [14, Proposition 1.5] and Proposition 2.2 (1), imply
that G(p)(Q)/Gpg)(Z(y)) is isomorphic to Z. Moreover, we have 3(0) ¢ Gpg)(Z(y)) since
B(#) = (0,1/Q) and ord,(1/Q) = —1. It follows that G(pg)(Z)) N O = {1} and that the

isomorphism G(p,)(Q)/© = G(f) induces isomorphisms

G(r.g)(Zy) = K(f,p)
and
G pp2eq) (L)) = G(f,p") = K(fs,p)-
Hence we obtain an isomorphism

Gpo)(Z/p*L) = G(po) (L) |G s ppraq) (L)) = K (f, )/ K (fs, ).

(2) Assume ord, P > 1 and ord,@ = 1. Then we have 3(0) ¢ G (pg)(Zy)) since 3(6) = (0,1/Q)
and ord,(1/Q) = —1. Moreover, we have

P p?
56 = (-5 gz) m Gra) (@
since 67 = —Q + PO in Z[t]/(t* — Pt + Q). Hence we obtain 3(6?) € Gpg)(Z(,)) since

ord,(P/Q) = ord,P — ord,Q > 0. It follows that G(pg)(Zg)) N © = ©1 and that the iso-
morphism G(p,o)(Q)/© = G(f) induces isomorphisms

Gr)(Zy) /01 = (Grg)(Zy)) +©)/0 = K(f,p)

and

(G(pSP,pZSQ) (Z(p)) + @1)/91 = (G(pSP,pQSQ) (Z(p)) + @)/@ = G(f, ps) = K(fs,p).

Hence we obtain an isomorphism

Gpo)(Z/p°L) |01 = G(p o) (L)) [ (G ps pps) L)) + O1) = K (f,p)/K(fs,p)-

(3) Assume ord,@ = 0. Then we have 3(0) € G (pg)(Z(p)) since 3(0) = (0,1/Q) and ord,(1/Q) =
0. It follows that G(pg)(Z,)) D © and that the isomorphism Gpg)(Q)/© = G(f) induces

isomorphisms
Gp)(Zy)/© = K(f,p)
and

(G(pstpQSQ)(Z(p)) +0)/0 = G(f,p°) = K(fs,p)-
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Hence we obtain an isomorphism
Gpo)(Z/p°L)]© = G (po) (L)) /(G e pp2s) (L)) + ©) = K(f,p)/ K (fs,p).

Remark 5.2. Proposition 5.1 allows us to reduce the case of p|P and p|@ to the case of
ord,P = 0 or ord,@ < 1 on examination of Laxton groups.

In [14], assuming p > 2, we make an examination of Laxton groups in [14, Corollary 4.3]
when ord,@ = 0 and in [14, Colloary 4.9] when ord, P = 0 and ord,Q=1. We assume there that
P and @ is prime to each other, however the argument developed there works well also under
the assumption ord,) = 0 or ord,P = 0. We shall complement the case of ord,P > 1 and
ord,( = 1 as Proposition 5.3.

On the other hand, we treat the case of p = 2 in this article, referring to Corollary 4.3 when
orda@ = 0, to Corollary 4.5 when ords P = 0, to Corollary 4.6 when ord2@) = 1 and ordo P = 1,
and to Corollary 4.7 when ords@ = 1 and ords P > 2.

Proposition 5.3. Let P,Q € Z, and let p be a prime > 2. Assume ord,P > 1 and ord,Q =1,
and put s = ord,P. Then:
(1) Assume that s =1 and that p > 3 orp =3, D =3 mod 9. Then the descending chain of

subgroups of Upq(Q) = G(pq)(Q):
UP7Q(Q) _ UP,Q(Z(]))) D) G(P,Q) (Z(p)) D) G(pp’p2Q) (Z(p)) DEEEED) G(pTLP,anQ) (Z(p)) D IR

gives a descending chain of subgroups of G(f):

(2) Assume thatp =3, s =1 and D =3 mod 9. and put s’ = ordz(P? — 3Q). Then we have
s' > 2, and the descending chain of subgroups of Upq(Q) = G(p)(Q):
Ura(Q) = Urq(Zy) > Gre)(Zp) 2 Gprpe)(Zep) 2 -
- G(pSulRPQ(S/*l)Q) (Z(P)) 2 G(pS'P,pQS'Q)(Z(p)) ) G(ps’+1p7p2(5’+l)Q) (Z(p)) Do
gives a descending chain of subgroups of G(f):
G(f) :H(faz) :K(f72) - G(f72) DD G(f725/_1) :G(f728/) :G(f725/+1) =

More precisely, let ©1 and Oy denote the subgroup of © generated by B(0)? and B(0)°. Then
we have G(po)(Zy)) NO = O1 and Gnpang)(Zpy) N O2 = Oz for 1 <n < s' — 1. Therefore,
the isomorphism w : G(p)(Q)/© = G(f) induces isomorphisms

Gr)(Zy) /01 = (Gro)(Zy)) +©)/0 = K(f,p)
and

G pprng) (L)) /02 = (Gpg)(Zgy) +©)/0 = G(f,p")

forl<n<s —1.
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(3) Assume that s > 2. Then the descending chain of subgroups of Upq(Q) = G(pg)(Q):

UrQ(Q) = Uro(Z() 2 Giro) (L) 2 Gurpa) (L) 2 -
D G(ps—1P7p2(571)Q) (Z(p)) D G(psp7p28Q) (Z(p)) D G(ps+1P7p2(5+1)Q) (Z(p)) Do
gives a descending chain of subgroups of G(f):

G(f):H(f72):K(f72):G(f72) AR DG(f72871):G(f72S):G(f723+1):'”

2

More precisely, let ©1 denote the subgroup of © generated by B(0). Then we have G (p,g)(Zy,))

NO = ©1. Therefore, the isomorphism w : G(po)(Q)/O© = G(f) induces an isomorphism
Gpo)(Zy)/01 = (Gpo)(Zy) +©)/6 = K(f,p).

Proof. Note first that the assumption ord,P > 1 and ord,Q = 1 implies ord,D = 1. Hence
we have Up7Q(Q) = UP,Q(Z(p)) by [13, PI‘OpOSiitOn 2.2(3)], and Up7Q(Z(p))/G(p’Q)(Z(p)) =
Up(Z))/Gpy(Zp) is isomorphic to Z/27Z by [14, Proposition 2.3].

Furthermore, noting
62 _ —Q+pb
Nrg QO

0> = —Q + P, Z =
we obtain

Py . 1y .
16) = (= 1. ) n Ura(@), B(6) = (0, ) in Giro)(@).
Moreover, we have ord,(1/Q) = —1 and ord,(P/Q) = s —1 > 1. These imply that v(0) €

Upq(Zy)), B(0) & G(pg)(Z(y)). Hence we obtain

Urq(Zy)) = Gpg)(Zg) + O

since Upq(Zy))/G(p,q)(Zp) is isomorphic to Z/2Z.

Note now that

P P?
5(0)2 = (— a,@

and ord,(P/Q) = s —1> 0. It follows:

) in Grg)(@)

(a) If s = 1, then we have
B(0)* € Gpo) (L), B(0)? & Ker|Gpg)(Zapy)) = Gpao)(Z/pL)].
Moreover, we have ord,(1/Q) = —1 and ord,(P/Q) = s — 1 > 1. Hence we obtain
Gr)(Zp) N0 =6,

and
Gr@)(Lp) = Gprpe)(Lp) + ©O1
since G(p,0)(Z(p)) /G (ppp20)(Z(p)) is isomorphic to Z/pZ by [14, Corollary 2.21].

(b) If s > 2, then we have

B(6)* € Ker[G(pg)(Zy) — G(po) (Z/p*'Z)], B(0)* & Ker[G p o) (Z@y) — Gpq)(Z/p°Z)).
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Hence we obtain
Gpetppe-0Q) (L) N O = 61,
and
Gpe-1ppe-1Q)(L(p) = Gpoppro) (L)) + 61
since G (a1 p,20-10) (Z(p)) /G2 pp2s @) (Z(p)) is isomorphic to Z/pZ.
Now we prove the assertions in each case.

(1) Assume that s = 1 and that p > 3 or p =3, D = 3 mod 9. Then, it follows from [14,
Corollary 2.21 (1)] that

Gr) L)/ G prppng) (L)) = Gpg)(Z/p"LZ) — Z/p"L
for n > 1. Hence we obtain
Gp) (L) = Gurppenq) (L)) + 61

for n > 1, which implies the conclusion.

(2) Assume that p =3, s =1 and D = -3 mod 9. Noting
0° = —Q(P* - 3P*Q + Q%) + P(P* - Q)(P* - 3Q)0),
we obtain

3(6)° = (_ P(P? - Q)(P? - 3Q)(P* - 3P%2Q + Q%) P2(P?>—-Q)*(P?-3Q)

Q° ’ Q°

) in G(RQ) (Q) .

Moreover, we have
P(P* - Q)(P* = 3Q)(P* - 3P*Q + @)
Q°
P2(P? — Q)*(P* - 3Q)°
QS

=(1+1+5+2)-5=5 -1,

ord, =(2+2+25)-6=2(s—1).

These imply that

B(0)° € Ker[G(pg)(Za) = Gipo)(Z/p” '), B(0)° & Ker[G(po)(Zy)) = Gipo)(Z/p 1)),
and therefore

G(ps’—1P7p2(s’71)Q) (Z(p)) N (:—') - @2

Furthermore, it follows from [13, Corollary 2.21 (1)] and the fact s’ — 1 > 1 that

G(ps’—lp,p2<s’—1)Q) (Z(p))/G(ps/—1+”P,p2(sl_1+n)Q) (Zp) = G(ps’—lp,p2<s’—1)Q) (Z/p"Z) — L/p"Z
for n > 1. Hence we obtain

G(pslflp7p2(s’71)Q) (Z(p)) - G(ps’71+np’p2(s’71+n)Q(Z(p)) + 627

for n > 1, which implies the conclusion.
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(3) Assume that s > 2. Then it follows from [14, Corollary 2.21 (1)] and the fact s —1 > 1 that

G pr-1pp2-0Q) (L(p))/ G -1 ppas-14m Q) (L(p)) = G o1 pp2ts-1 ) (Z/P"Z) — Z/p"Z

for n > 1. Hence we obtain

G(psflP,pQ(s‘l)Q) (Z(p)) - G(pS*”"RpQ(S‘“”)Q(Z(p)) + 61,
for n > 1, which implies the conclusion.
5.4. Let P,Q € Z, and put f(t) = t> — Pt + Q. Assume that D = P2 —4Q = 0 and Q # 0.
Then there exists a € Z such that P = 2a and Q = a®. Hence we have t2 — Pt + Q = (t — a)?,
6 € Gpp(Q) and
-
Let p be a prime. If a is prime to p, then the descending chain of subgroups of G p ) (Q):
Gre)(Q) 2 Gro)(Zy) 2 Gprpe) L) 2 2 Gonppng) (L) > -+
gives a descending chain of subgroups of G(f):
G(f) D K(f,2)=G(f,2)=---=G(f,2")=---.
Note that G(f) = H(f,p) and H(f,p)/K(f,p) = Qp/Zy since G(p)(Q)/G(p,q)(Z(p)) = Q/Zy)
= Qp/Zy, and Q,/Z, is a torsion group.

We interpret the assertion mentioned above more concretely. Take w = (wg)r>0 € L(f,Z).
Then we have wy = woa® + k(w; — awp)a®~! for k > 0, and A(w) = w? — Pwow; + Qw3 =
(w1 — awp)?. Moreover, we have w((w; — 2awg) + wef) = w. Take now w = (wi)r>0 € R(f, Z).
Then, p™|wy, if and only if p™|(awp + k(w1 — awp)). Therefore we have the following implications:

p1t(w; —awy) & for any n > 0, there exists k such that p"|wy,

p|(w1 — awy) < there does not exist k such that p|wy.

Indeed, if p|(w1 — awp) and p|(awo + k(w1 — awp)), then we obtain plawy and therefore p|wy and
plwy. This contradicts w € R(f,Z).

Now put n = (w1 — 2awp) + wefh. Then we have

~ ( (w1 — 2awg)wo wd )
B(n) = ( (w1 — awp)? ) (w1 — aw0)2) n G(P,Q)(Q)
and
EB0) = oo 1 Ga(@ =Q

Hence we obtain the implication
pf (w1 — awo) = 5(9) S G(P,Q)(Z(p))'
This means K(fap) = G(f7p) = G(fapQ) == G(fvpn) =

We conclude the article by remarking on a result in Ward [15], which was refined by Hall [6].
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Notation 5.5. Let P,Q € Z, and put f(t) =t> — Pt + Q and D = P? — 4Q. Let 6 denote the
image of t. in the residue ring Z[t]/(t* — Pt + Q). Fix a prime number p with (p, @) = 1. Then
we have § € Gpg(Z(,) and therefore 3(0) = (0,1/Q) € G(pg)(Z))-

Take now w = (wg)k>0 € L(f,Z), and put

n = (w1 — Pwo) +wof € Z[t]/(t> — Pt + Q).

Then we have w(n) = w. Assume A(w) = w? — Pwow; + Qui # 0. Then we have n € Gp(Q)
and

(w1 — Pwg)wo wp
w% — Pwowy + Qw%’ w% — Pwow; + Qw(%

Bn) = ( ) € Giro) (@)

Moreover, if p{ A(w), then we have n € Gpq(Z(,)) and therefore 3(n) € G(pg)(Z))-

Assume now wg # 0. Put
P = Pwy— 2w, Q = w% — Pwow; +Qw§, D = P? —4Q.

Then we obtain
P? — 4Q = w}(P? - 4Q).

Let 6 denote the image of ¢ in Z[t]/(t2 — Pt + Q). Then we obtain

~ 1 1
0 = 0 - | = 0 G D O .
B(6) ( ’Q) ( ’w%—ngwl—l—ng> < (P,Q)(Q)
Moreover, f — (Pwg—w1) —wof gives rise to a homomorphism of rings ¢ : Z[t]/(t? — Pt+Q) —
Z[t]/(t* — Pt — Q). Hence a homomorphism group schemes
1
X2 4+ PXY +QY?

1
X2+ PXY + QY2]

w:G]s’Q:SpecZ[X,Y, } %prQ:SpecZ[X,Y,
is defined by
X»—>X—|—(Pw0—w1)Y, Y — —woY :

1
Z[X,Y, _ _
X2+ PXY + QY?

1
22X vy T ove)

Moreover, ¢ : G o~ G p,g induces a homomorphism

¥ Gp gy = Spec ZIX,Y]/(X? + PXY + QY? - Y)

— G(pg) = Spec Z[X,Y](X* + PXY + QY* - Y)].
Indeed, ¢ : G o~ Gp, is given by

X = —woX —(Pwo —w1)Y, Y s wdY :

ZIX,Y(X?+ PXY +QY? - Y)] = Z[X,Y]/(X?+ PXY + QY2 —Y).

In particular, we have 1(f) = —n in Gpg(Q) and ¥ (3(F)) = B(n) in Gp)(Q).
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Proposition 5.6. Let L denote the Lucas sequence associated to (15, Q), and assume that

woA(w) is not divisible by p. Then we have

the order of 3(n) in G(pq)(Z/p"Z) = the rank of the Lucas sequence L mod p".

Proof. The assumption p 1 woA(w) implies that the homomorphism ¢ : G PO Gp,g is isomor-
phic over Z,) and that 6 € G(P,Q) (Z(py). In particular, the homomorphism ) : G(ﬁ’@) (Z/p"Z) —
G(p,)(Z/p"Z) is bijective, and we have ¥(5(0)) = 8(n) in G(pg)(Z/p"Z). Therefore it is suf-
ficient note that the rank of the Lucas sequence L mod p” is nothing but the order of 3(f) in
G (p.0)(Z/P"L).

Corollary 5.7. Besides the assumption in Proposition 5.6, we suppose that Gpq)(Z/p"Z) is
a cyclic group. Then, there exists k > 0 such that wy, is divisible by p™ if and only if the rank of

the Lucas sequence L mod p™ is divisible by the rank of the Lucas sequence L mod p".

Proof. By abus of notaion, let © denote the subgroup of G p o) (Z/p"Z) generated by 3(¢). Then,
there exists k& > 0 such that wy, is divisible by p" if and only 5(n) € © in G(p)(Z/p"Z). Now
let 7(p™) and 7(p") denote the rank of L mod p™ and L mod p", respectively. Then, B(n) € ©
if and only r(p") is divisible by 7(p"), since G(p)(Z/p"Z) is cyclic and © C G(pq)(Z/p"Z) is
of order r(p").

Remark 5.8. G(p)(Z/p"Z) is a cyclic group in the following cases.
(1) n=1

(2) p>3,orp=3and D # —3 mod 9 ([14, Corollary 2.21]);

(3) p=2 and ord2 D > 2 (Proposition 2.16).

Remark 5.9. The assertion of Corollary 5.7 in the case of n = 1 was established by Ward [15]
and Hall [6]. As is mentioned in the introduction of [15], Ward’s study was motivated by the
following assertion established by Lucas [7]:

Let P,Q € Z, and put f(t) =t> — Pt + Q and D = P? — 4Q. Let S = (Sk)k>0 denote the
companion Lucas sequence associated to (P, @), that is to say, S € L(f,Z) with the initial terms
So =2 and S; = P. Moreover, let p be an odd prime, and assume that pt @ and p t D. Then,
there exists & > 0 such that Sy is divisible by p if and only if r(p) is divisible by 2. Here r(p)

denotes the rank of the Lucas sequence assocaited to (P, () mod p.
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