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Chapter 1

Introduction

1.1 Research Background

Electromagnetic scattering describes and explains the field behavior in the object when

an incident electromagnetic wave illuminates an object. The electromagnetic scattering

can be found from the solutions of Maxwell’s equations, however the exact solutions

of Maxwell’s equations only exist for a limited number of canonical shapes. In which,

electromagnetic scattering by edged objects is one of the important problems, and these

analyses can be applied for the propagation and diffraction estimation.

There are some exact solutions available to estimate the scattering field [1]–[5]. Al-

though these methods are only possible for a simply shaped object composed of a simple

material constitution, they are important for electromagnetic scattering estimation. The

solutions of some idealized objects are used for calibration of measurement facilities, like

metal sphere. Also, exact solutions can be used for validation of numerical solutions or

evaluated approximately or asymptotically to give a simple analytic expressions for the

scattering fields.

Electromagnetic scattering solutions can sometimes be very complex even for simple

geometries when exact solutions are available. Therefore, some numerical methods are

developed to estimated the scattering by the objects of small size compared with wave-

length [6]–[13]. However, these numerical methods may have a problem to apply for the

scattering by electrically large objects because of unrealistic execution time and heavy

memory requirement. Additionally, the numerical solutions cannot provide a qualitative,

physical insight into the basic mechanisms of scattering and diffraction.
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Hence, an approximate approach, that can provide the fast and acceptably accurate

scattering by a large object, is necessary. Several asymptotic techniques can be efficiently

used for high frequency scattering problems as long as the object is made of conduct-

ing materials, such as the geometrical optics (GO), the geometrical theory of diffraction

(GTD), the physical optics (PO), the physical theory of diffraction (PTD).

GO is a classical ray-based technique for describing the scattering by an object illumi-

nated by an electromagnetic wave [14]–[17]. The basic tenet of GO consists in assuming

that an incident ray is reflected by the scattering objects as if the latter’s surface were

plane at the reflection point. The GO fields can be calculated by using the laws of their

propagation and reflection at material interfaces. In GO, the fields in the shadowed regions

of the scattering bodies are not described.

GTD is an extension of the classical GO, which is designed to account for the penetration

of the GO field in the shadow region, by adding the diffracted field which are generated

at edges, conical points and shadow boundaries on the scattering surface [18]–[22]. Then,

the scattering fields by a objects can be expressed as the sum of two parts: the GO field

and the diffracted field.

PO is a current-based approach which can be efficiently used for high frequency scat-

tering problems as long as the object is made of non-penetrable metal materials [23]–[27].

Here, the scattering field by an object is considered as the radiation from the equiva-

lent currents induced by the magnetic incident wave on the illuminated surfaces. Since

PO formulation involves the information of the incident wave and the scattering object’s

surface, it is easy to construct the equivalent currents for scattering field. When the ob-

servation point is located far from the body, the kernel of the integral can be simplified,

known as the radiation integral which is widely used in a great many of applications, such

as antenna design, wave propagation, scattering estimation. When an exact solution is

available, the PO method provides accurate estimations of scattering fields.

PTD is a high frequency asymptotic technique which the diffracted field is considered as

the radiation of the scattering sources. The basic idea of PTD is that the scattering sources

are separated into uniform and nonuniform components. While the uniform component

is defined as sources induced on the infinite plane tangent to the object at the source

point, the nonuniform component is caused by any deviation of the scattering surface

from the tangent plane. Then PTD is an extension of PO method and takes into account
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the additional field generated by the nonuniform component [28]–[31].

So far, these methods are clear for the scattering by metal objects. However, when

scattering objects are composed of dielectric materials, the problem becomes difficult

to solve, since there is no reliable solution available for estimating the diffraction by

dielectric/magnetic objects [32]–[36]. This question is just a motivation of our present

study, in which equivalent electric and magnetic currents to the scattering problems have

been discussed.

In this thesis, equivalent current method which is based on the surface equivalence

theorem [37] has been used to solve the scattering by conducting edged objects. According

to the surface equivalence theorem, the scattering field from a conducting body may be

formulated as the corresponding radiation from equivalent currents on a postulated surface

enclosing the scattering body. When the equivalent electric and magnetic currents on the

surface of the scattering object are obtained from the reflected/incident GO waves, and

the radiation integrals due to these equivalent currents are evaluated asymptotically, the

results are found to coincide with those by the PO formulation. Since our formulation

matches with PO for the impenetrable conducting case, and can be extended to the cases

when the scattering objects are penetrable, this method may be called as extended PO

method, in which the equivalent currents are obtained from the reflected/transmitted and

incident GO waves.

Since the incident wave impinges on the dielectric body, it excites the reflected and

transmitted waves. Then the transmitted wave excites the internal reflected and trans-

mitted waves due to the multiple bouncing effects, and they radiate again from the body.

The effect of these internal bouncing waves can also be considered in our formulation.

While equivalent current formulation in terms of reflected fields from the dielectric ob-

jects has already been utilized to obtain the specular reflected field for estimating their

dielectric constants [38], the accuracy of the scattering field in non-specular reflection

direction has not been discussed fully yet. The numerical results by the dielectric rect-

angular cylinders are calculated and compared with those HFSS simulation. A good

agreement has been observed to confirm the validity of this method.
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1.2 Thesis Contents

This thesis consists of five chapters.

In Chapter 2, surface equivalence theorem is explained. This method is based on the

assumption that scattering far field is generated by the equivalent electric and magnetic

currents flow on a virtual surface enclosed the scattering object. This equivalent currents

may be approximated from the reflected and minus incident waves for the conducting

objects, and from the reflected/transmitted GO waves for the dielectric objects.

In Chapter 3, the PO approximation are applied to estimate electromagnetic scattering

from the conducting wedge and rectangular cylinder. According to the PO approximation,

if the scattering objects are large compared with the wavelength, the PO currents are

approximated from the magnetic incident field and flow on the physically illuminated

surfaces. Then, the scattering field from this object may be derived by integrating these

PO currents with the free-space Green’s function. This chapter starts by applying the

PO method to derive diffraction field from a conducting wedge in Section 3.1. Here, the

scattering field is obtained from only one PO current flowing on the illuminated surface.

The results include the edge diffracted field and the GO field which gives a reflected field

in the illuminated region or a field to cancel the incident field in the shadow region. In

Section 3.2, the conducting rectangular cylinder has been considered. In this case, the

incident wave impinges on the cylinder at two surfaces and excites two PO currents on

these illuminated surfaces. Then, the total scattering fields are given by summing up the

fields radiated from these PO currents.

In Chapter 4, the electromagnetic scattering fields by the wedges and rectangular cylin-

ders are approximated from the surface equivalent current method. Firstly, the scattering

fields by the conducting wedges and rectangular cylinders are derived. Here, the equiv-

alent electric and magnetic currents are calculated from the reflected GO wave at the

illuminated surface and the minus incident wave at the shadowed surface. Then the scat-

tering fields radiated from these currents are derived using the saddle point method. The

results are found to match with those obtained from the PO approximation in Chapter

3. After that, the scattering fields by the dielectric wedges and rectangular cylinders are

derived. Due to the multiple bouncing effect inside the objects, the equivalent currents

are calculated by the reflected/transmitted waves on the illuminated surfaces and the inci-
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dent/transmitted GO waves on the shadowed surfaces. The expressions of the equivalent

currents and the radiation field formulations due to the multiply bouncing transmitted

waves are derived for the dielectric wedge, but those for the dielectric rectangular cylinder

are omitted, except the main results, due to the complicated formulations. Also some nu-

merical results for the dielectric rectangular cylinder are calculated to compare with those

by HFSS simulation. Here, a limitation of the effect of the high order transmitted waves

are used to estimate the total scattering filed. Good agreements between the analytical

results and HFSS simulation to confirm the accuracy of our method.

Finally, Chapter 5 shows some conclusions and discussions on our research. In the

following discussion, the time-harmonic factor e−iωt is assumed and suppressed throughout

the text.
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Chapter 2

Surface Equivalence Theorem

The surface equivalence theorem is a principle by which actual sources, such as an antenna

and transmitter, are replaced by equivalent sources. The fictitious sources are said to be

equivalent within a region because they produce within that region the same fields as the

actual sources. The formulations of scattering and diffraction problems by the surface

equivalence theorem are more suggestive of approximations.

By the surface equivalence theorem, the fields outside an imaginary closed surface

are obtained by placing, over the closed surface, suitable electric and magnetic current

densities that satisfy the boundary conditions. The current densities are selected so that

the fields inside the closed surface are zero and outside are equal to the radiation produced

by the actual sources.

Let us now consider electromagnetic fields E1, H1 excited by electric and/or magnetic

current sources J1, M 1 as shown in Fig. 2.1(a). If one encloses the sources J1, M 1 by

a virtual closed surface S, then the exact fields outside S can be excited by equivalent

electric surface currents and magnetic surface currents as in Fig. 2.1(b) [37]

J s = n̂×H1, (2.1)

M s = E1 × n̂. (2.2)

Here n̂ denotes a normal unit vector on S toward the exterior. This field expression in

terms of equivalent currents may be sometimes called as surface equivalence theorem.

This field equivalence holds as long as the fields E1, H1 are exact on the virtual surface

S, but it is sometimes difficult to know exact fields, and the approximated fields may be

used to evaluate the radiation and scattering analyses.
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Figure 2.1: Field equivalence principle model. (a) Fields E1, H1 excited by original

sources by J1, M 1. (b) Fields E1, H1 excited by the equivalence surface currents J s,

M s on S. (c) Scattering fields Es, Hs by an object due to the incident wave Ei, H i.

(d) Scattering fields Es, Hs by the equivalence surface currents J s, M s on S.

Let us now consider scattering field Es, Hs, excited by an object upon which incident

fields Ei, H i impinge from the exterior region as in Fig. 2.1(c). The total field may be

written as a summation of the incident and scattering fields as

E = Ei +Es, (2.3)

H = H i +Hs. (2.4)

If one regards the scattering fields Es, Hs as the fields generated by the secondary sources

due to the object, then the outside scattering fields can be determined from the surface
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current sources:

J s = n̂×Hs, (2.5)

M s = Es × n̂, (2.6)

on the virtual surface S in Fig. 2.1(d). Then the radiation field due to these surface

currents can be derived from [22]

Es(r) =

∫
S

{
iωµ0J s(r

′)G−M s(r
′)×∇′G+

i

ωε0
J s(r

′) · ∇′∇′G
}
dS, (2.7)

Hs(r) =

∫
S

{
iωε0M s(r

′)G+ J s(r
′)×∇′G+

i

ωµ0

M s(r
′) · ∇′∇′G

}
dS, (2.8)

G(r; r′) =
i

4
H

(1)
0 (k|r − r′|). (2.9)

Here, H
(1)
0 (χ) denotes the zero-th order Hankel function of the first kind, ω is the angular

frequency, and ∇′ indicates differentiation with respect to the prime source coordinates.

Since the virtual surface S can be chosen arbitrary as long as the surface is outside the

scattering object, we now choose S be just on the scattering body. By choosing so, the

scattering fields Es, Hs can be obtained from the local feature of the scattering body

surface on the high frequency basis. If one assumes that the radius of curvature of the

surface is large compared with the wavelength, then the scattering fields Es, Hs may

be given by the reflected GO fields Er, Hr of the original incident fields Ei, H i for the

illuminated surface of the object. For the shadowed surface of the non-penetrable object,

one could expect that the total fields E, H would be almost null, therefore the scattering

fields must behave to cancel the original incident fields Ei, H i. Then, one shall assume

Es = −Ei, and Hs = −H i. Accordingly, equivalent currents may be approximated as

J s = n̂×Hs ≃

n̂×Hr on illuminated S,

n̂× (−H i) on shadowed S,

(2.10)

M s = Es × n̂ ≃

Er × n̂ on illuminated S,

(−Ei)× n̂ on shadowed S.

(2.11)

Again, this is the high frequency approximation, since the scattering fields should have

a diffracted field in addition to GO fields Er, Hr (or −Ei, −H i). This diffraction

contribution would be weaker than the GO fields by O(k−1/2). As will be seen in the next

section, we shall show that the scattering field derived asymptotically from the equivalent

8



currents J s, M s excite the same field by the PO current JPO, no matter how one chooses

the virtual surface S in the shadowed region.

For the dielectric objects, the situation becomes more complicated than the conducting

case in Eqs. (2.10) and (2.11). When the incident wave impinges on the illuminated

surfaces, it excites the reflected wave (Er, Hr) and the transmitted waves (Et, H t).

Therefore, the scattering fields (Es, Hs) on the illuminated region are given by the

reflected waves (Er, Hr) and the transmitted waves1 (Et, H t), if any. On the shadowed

region, one has to consider the transmitted waves (Et, H t), then the scattering fields

would be Es = −Ei +Et, Hs = −H i +H t.

Accordingly, the equivalent current may be approximated as

J s = n̂×Hs ≃

n̂× (Hr +H t) on illuminated S,

n̂× (−H i +H t) on shadowed S,

(2.12)

M s = Es × n̂ ≃

(Er +Et)× n̂ on illuminated S,

(−Ei +Et)× n̂ on shadowed S.

(2.13)

In this chapter, the surface equivalence theorem based on the assumption that scattering

far field is generated by the equivalent electric and magnetic currents flow on a virtual

surface enclosed the scattering object. These equivalent currents may be approximated

from the reflected and minus incident waves for the conducting objects, and from the

reflected/transmitted GO waves for the dielectric objects.

1If one traces the transmitted wave through the dielectric body, some waves with multiply internal

bouncing may emanate finally from the illuminated surface S too.
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Chapter 3

High Frequency Scattering Analysis

by Physical Optics Approximation

In this chapter, the physical optics (PO) approximation are applied to estimate electro-

magnetic scattering from the conducting wedge and rectangular cylinder. Physical optics

(PO) approximation is a method which is known to have pretty accurate and can be ef-

ficiently used for high frequency scattering problems from the object made of conducting

materials. According to the PO approximation, if the scattering objects are large com-

pared with the wavelength, the PO currents JPO are approximated from the magnetic

incident field as

JPO =

2n̂×H i on illuminated surface,

0 on shadowed surface,

(3.1)

and flow on the physically illuminated surfaces. This PO current JPO is exact when

the scattering body is made by an infinitely wide and flat electrical conductor, and JPO

could be a good approximation for a smoothly curved electric conducting surface whose

radius of curvature is large compared with the wavelength. Then, the scattering field from

this object may be derived by integrating these PO currents with the free-space Green’s

function. Since PO formulation involves the information of the incident wave and the

scattering object’s surface, it is easy to construct the equivalent currents for scattering

field. This chapter starts by applying the PO method to derive diffraction field from a

conducting wedge in Section 3.1. Here, the scattering field is obtained from only one PO

current flowing on the illuminated surface. In Section 3.2, the conducting rectangular

10



cylinder has been considered. In this case, the incident wave impinges on the cylinder at

two surfaces and excites two PO currents on these illuminated surfaces. Then, the total

scattering fields are given by summing up the fields radiated from these PO currents.

3.1 Diffraction by a Conducting Wedge

Ei, Hi 

!

"#

y

xϕw

ϕo

ϕ

ρ

(a)

!

"#

y

xJPO=2  ×Hi

(b)

n^
n^

n^

n^

Figure 3.1: Diffraction by a conducting wedge. (a) Wedge diffraction by plane waves Ei,

H i. (b) PO current JPO due to the incident field on the illuminated surface OA.

Figure 3.1(a) shows a two-dimensional conducting wedge of the wedge angle ϕw illumi-

nated by a plane wave.

The scattering formulation may be separated into two polarizations.

3.1.1 E Polarization

An E polarized incident plane wave can be written as

Ei = E0e
−ik(x cosϕ0+y sinϕ0)ẑ, (3.2)

H i = E0

√
ε0
µ0

e−ik(x cosϕ0+y sinϕ0)(− sinϕ0x̂+ cosϕ0ŷ), (3.3)

where k = ω
√
ε0µ0 denotes the free space wave number. For simplicity, let us assume

that the incident plane wave illuminates surface OA only (0 < ϕ0 < ϕw − π) and the

11



Re ξ

Im ξ

O k– k

Figure 3.2: Integration contour in the complex ξ plane.

observation angle is taken as 0 < |ϕ| < π. The PO current JPO on the illuminated wedge

surface OA can be found from incident wave as Eq. (3.1)

JPO(x) = 2ŷ ×H i
∣∣∣
y=0

= 2E0

√
ε0
µ0

sinϕ0e
−ikx cosϕ0 ẑ, (x > 0). (3.4)

The scattering field can be obtained by integrating JPO with the two-dimensional Green’s

function G as

EPO
z = −

∫
S

ωµ0

4
JPO(x′)H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=0

dS, (3.5)

where H
(1)
0

(
k
√
(x− x)2 + (y − y′)2

)
denotes the zero-th order Hankel function of the

first kind. Spectral representation of this Hankel function is given by

H
(1)
0

(
k
√
(x− x′)2 + (y − y′)2

)
=

1

π

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ, (3.6)

where the integration in the complex ξ plane is shown in Fig. 3.2. From Eqs. (3.4) and

(3.6), we have

EPO
z = −

∫ ∞

0

[ωµ0

2π
E0

√
ε0
µ0

sinϕ0e
−ikx′ cosϕ0

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y|√
k2 − ξ2

dξ
]
dx′

= −E0
ik

2π
sinϕ0

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+ξ) dx′
)

eiξx±i
√

k2−ξ2y√
k2 − ξ2

dξ

= E0
ik

2π
sinϕ0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ, (y ≷ 0). (3.7)

Since the integral in Eq. (3.7) cannot be analytically evaluated, the saddle point method

is used. Converting to complex angle w plane using the transformation ξ = k sinw, with

12



Figure 3.3: Integration contour C and CSDP in the complex angular w plane.

the cylindrical coordinates (ρ, θ) with x = ρ cosϕ, y = ρ sinϕ, we have

EPO
z = E0

ik

2π
sinϕ0

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

k(cosϕ0 + sinw)k cosw
k cosw dw

= E0
i

2π
sinϕ0

∫
C

eikρ sin(w±ϕ)

cosϕ0 + sinw
dw, (3.8)

where contour C is given in Fig. 3.3.

One finds the saddle point from the following equation:

∂

∂w
[ikρ sin(w ± ϕ)] = ikρ cos(w ± ϕ) = 0, (3.9)

we obtain ws = π/2 ∓ ϕ as a possible saddle point on the contour. At the saddle point,

we have

sinws = sin(π/2∓ ϕ) = cosϕ, (3.10)

cosws = cos(π/2∓ ϕ) = ± sinϕ, (3.11)

ikρ sin(ws + ϕ) = ikρ sin(π/2) = ikρ, (3.12)

∂2

∂2w
[ikρ sin(w ± ϕ)]

∣∣∣
w=ws

= −ikρ sin(w ± ϕ)
∣∣∣
w=ws

= −ikρ. (3.13)

Then, by deforming the integration contour C to SDP in Fig. 3.3, Eq. (3.8) can be

13



approximated as

EPO
d = E0

i

2π
sinϕ0

∫
C

eikρ sin(w±ϕ)

cosϕ0 + sinw
dw

∼ E0
i

2π

sinϕ0

cosϕ0 + sinws

eikρ
∫
CSDP

e−ikρ(w−ws)2/2 dw

= E0
i

2π

sinϕ0

cosϕ0 + cosϕ
eikρ

√
2π

ikρ
= E0

2 sinϕ0

cosϕ0 + cosϕ

√
1

8πkρ
eikρ+iπ/4. (3.14)

There are some cases where the pole wp = ϕ0 − π/2 included in the integral. When

0 < |ϕ| < π − ϕ0, it is necessary to add the contribution of the pole. With sinwp =

sin(ϕ0 − π/2) = − cosϕ0, coswp = cos(ϕ0 − π/2) = sinϕ0, then

EPO
p = 2πi

iE0

2π
sinϕ0

eikρ(sinwp cosϕ±coswp sinϕ)

coswp

= −E0
sinϕ0

sinϕ0

e−ikρ(cosϕ0 cosϕ±sinϕ0 sinϕ)

= −E0e
−ikx cosϕ∓iky sinϕ0 , (y ≷ 0). (3.15)

Therefore, the diffraction from the conducting wedge becomes

EPO
z = EPO

d + EPO
p

= E0
2 sinϕ0

cosϕ0 + cosϕ
C(kρ)− E0e

−ikx cosϕ∓iky sinϕ0U(π − ϕ0 − |ϕ|), (y ≷ 0), (3.16)

where C(χ) =

√
1

8πχ
eiχ+iπ/4 is the asymptotic form of the two-dimensional free space

Green’s function for large χ, and U(x) =

1 x > 0

0 x < 0

is a step function.

3.1.2 H Polarization

A H polarization incident plane wave is given by

H i = H0e
−ik(x cosϕ0+y sinϕ0)ẑ, (3.17)

Ei = H0

√
µ0

ε0
e−ik(x cosϕ0+y sinϕ0)(sinϕ0x̂− cosϕ0ŷ). (3.18)

The PO current JPO on the illuminated wedge surface OA can be found from incident

wave as Eq. (3.1)

JPO(x) = 2ŷ ×H i
∣∣∣
y=0

= 2H0e
jkx cosϕ0x̂, (x > 0). (3.19)
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The scattering field can be obtained by integrating JPO with the two-dimensional Green’s

function G as

HPO
z =

∫
S

i

4
JPO(x′)

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=0

dS, (3.20)

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2) =

∂

∂y′
(
1

π

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ)

= ∓ i

π

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2(y−y′) dξ, (y ≷ y′). (3.21)

HPO
z =

∫ ∞

0

[
± H0

2π
e−ikx′ cosϕ0

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2y dξ

]
dx′

= ±H0

2π

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+ξ) dx′
)
eiξx±i

√
k2−ξ2y dξ

= ∓iH0

2π

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosϕ0 + ξ
dξ, (y ≷ 0). (3.22)

Since the integral in Eq. (3.22) cannot be analytically evaluated, the saddle point

method is used. Converting to complex angle w plane using the transformation ξ =

k sinw, with the cylindrical coordinates (ρ, θ) with x = ρ cosϕ, y = ρ sinϕ, we have

HPO
z = ∓ iH0

2π

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

k cosϕ0 + k sinw
k cosw dw

= ∓iH0

2π

∫
C

cosweikρ sin(w±ϕ)

cosϕ0 + sinw
dw. (3.23)

We obtain ws = π/2∓ ϕ as a possible saddle point on the contour. At the saddle point,

Eq. (3.23) becomes [22]

HPO
d = ∓iH0

2π

∫
C

cosw

cosϕ0 + sinw
eikρ sin(w±ϕ) dw

∼ ∓ iH0

2π

cosws

cosϕ0 + sinws

eikρ
∫
CSDP

e−ikρ(w−ws)2/2 dw

= ∓iH0

2π

± sinϕ

cosϕ0 + cosϕ
eikρ

√
2π

ikρ
= −H0

2 sinϕ

cosϕ0 + cosϕ
C(kρ). (3.24)

There are some cases where the pole wp = ϕ0 − π/2 included in the integral. When

0 < |ϕ| < π − ϕ0, it is necessary to add the contribution of the pole. With sinwp =

sin(ϕ0 − π/2) = − cosϕ0, coswp = cos(ϕ0 − π/2) = sinϕ0, then

HPO
p = 2πi∓ iH0

2π

coswp

coswp

eikρ(sinwp cosϕ±coswp sinϕ)

= ±H0e
−ikρ(cosϕ0 cosϕ∓sinϕ0 sinϕ)

= ±H0e
−ikx cosϕ±iky sinϕ0 , (y ≷ 0). (3.25)
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Therefore, the diffraction from the conducting wedge becomes

HPO
z = HPO

d +HPO
p

= −H0
2 sinϕ

cosϕ0 + cosϕ
C(kρ)±H0e

−ikx cosϕ±iky sinϕ0U(π − ϕ0 − |ϕ|), (y ≷ 0),(3.26)

with U is a step function.

3.2 Scattering by a Rectangular Cylinder

AB

CD

y

x–a

–b

 

!
ϕo

ϕ

E
i, Hi

a

y

x–a a

–b

 

JPO1

(a) (b)

ρ
bb

JPO2

B A

D C

Figure 3.4: Scattering by a conducting wedge. (a) Scattering by plane waves Ei, H i. (b)

PO current JPO due to the incident field on the illuminated surfaces.

Let us consider that a plane wave impinges upon a surface of a conducting rectangular

cylinder whose dimensions are 2a× 2b as shown in Fig. 3.4(a). Because of the symmetry

of the scattering object, the incident angle ϕ0 is assumed as 0 < ϕ0 < 90o without losing

the generality.

The scattering formulation may be separated into two polarizations.

16



3.2.1 E Polarization

An E polarized incident plane wave can be written as

Ei = E0e
−ik(x cosϕ0+y sinϕ0)ẑ, (3.27)

H i = E0

√
ε0
µ0

e−ik(x cosϕ0+y sinϕ0)(− sinϕ0x̂+ cosϕ0ŷ), (3.28)

where k = ω
√
ε0µ0 denotes the free space wave number.

The PO current JPO on the illuminated cylinder surface AB can be found from incident

wave as Eq. (3.1)

JPO1(x) = 2ŷ ×H i
∣∣∣
y=b

= 2E0

√
ε0
µ0

sinϕ0e
−ik(x cosϕ0+b sinϕ0)ẑ, (−a < x < a),(3.29)

and on surface AC,

JPO2(y) = 2x̂×H i
∣∣∣
x=a

= 2E0

√
ε0
µ0

cosϕ0e
−ik(a cosϕ0+y sinϕ0)ẑ, (−b < y < b).(3.30)

The scattering field can be obtained by integrating JPO1, JPO2 with the two-dimensional

Green’s function G as

EPO1
z = −

∫
S

ωµ0

4
JPO1H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=b

dS, (3.31)

EPO2
z = −

∫
S

ωµ0

4
JPO2H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=a

dS. (3.32)

From Eqs. (3.29), (3.30) and (3.6), we have

EPO1
z = −

∫ a

−a

[
E0

k

2π
sinϕ0e

−ik(x′ cosϕ0+b sinϕ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−b|√
k2 − ξ2

dξ
]
dx′

= −E0
k

2π
sinϕ0e

−ikb sinϕ0

∫ ∞

−∞

(∫ a

−a

e−ix′(k cosϕ0+ξ) dx′
)

eiξx±i
√

k2−ξ2(y−b)√
k2 − ξ2

dξ

= −E0
ik

2π
sinϕ0e

−ikb sinϕ0

∫ ∞

−∞

(e−ia(k cosϕ0+ξ) − eia(k cosϕ0+ξ))eiξx±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ

= −E0
ik

2π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ

+ E0
ik

2π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√

k2 − ξ2
dξ, (y ≷ b),(3.33)

EPO2
z = −

∫ b

−b

[
E0

k

2π
cosϕ0e

−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= −E0
k

2π
cosϕ0e

−ika cosϕ0

∫ ∞

−∞

(∫ b

−b

e−iy′(k sinϕ0±
√

k2−ξ2) dy′
)

eiξ(x−a)±i
√

k2−ξ2y√
k2 − ξ2

dξ.(3.34)

17



For y > b, one gets

EPO2
z = −E0

ik

2π
cosϕ0e

−ika cosϕ0e−ikb sinϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k sinϕ0 ±
√
k2 − ξ2)

√
k2 − ξ2

dξ,(3.35)

and for y < −b

EPO2
z = E0

ik

2π
cosϕ0e

−ika cosϕ0eikb sinϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k sinϕ0 ±
√

k2 − ξ2)
√
k2 − ξ2

dξ. (3.36)

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (x−a = ρA cosϕA, y−b = ρA sinϕA), and (x+a = ρB cosϕB, y−b =

ρB sinϕB) for surface AB, Eq. (3.33) becomes

EPO1
z = −E0

ik

2π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA(cosϕA sinw±sinϕA cosw)

(k cosϕ0 + k sinw)k cosw
k cosw dw

+ E0
ik

2π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫
C

eikρB(cosϕB sinw±sinϕB cosw)

(k cosϕ0 + k sinw)k cosw
k cosw dw

= −E0
i

2π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA sin(w±ϕA)

cosϕ0 + sinw
dw

+ E0
i

2π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫
C

eikρB sin(w±ϕB)

cosϕ0 + sinw
dw. (3.37)

Similarly, converting to complex angle w plane using the transformation ξ = k sinw,

with the cylindrical coordinates (x − a = ρA cosϕA, y − b = ρA sinϕA), and (x − a =

ρC cosϕC , y + b = ρC sinϕC) for surface AC, Eq. (3.36) becomes

EPO2
z = −E0

ik

2π
cosϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA(cosϕA sinw±sinϕA cosw)

(k sinϕ0 ± k cosw)k cosw
k cosw dw

+ E0
ik

2π
cosϕ0e

ikb sinϕ0e−ika cosϕ0

∫
C

eikρC(cosϕB sinw±sinϕC cosw)

(k sinϕ0 ± k cosw)k cosw
k cosw dw

= −E0
i

2π
cosϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA sin(w±ϕA)

sinϕ0 ± cosw
dw

+ E0
i

2π
cosϕ0e

ikb sinϕ0e−ika cosϕ0

∫
C

eikρC sin(w±ϕC)

sinϕ0 ± cosw
dw. (3.38)

We obtainws = π/2 ∓ ϕA and ws = π/2 ∓ ϕB as a saddle point on the contour. At the

saddle point, Eq. (3.37) becomes

EPO1
z ∼ − iE0

2π
e−ikb sinϕ0e−ika cosϕ0

sinϕ0

cosϕ0 + sin(π/2∓ ϕA)
eikρA

∫
CSDP

e−ikρA(w−ws)2/2 dw

+
iE0

2π
e−ikb sinϕ0eika cosϕ0

sinϕ0

cosϕ0 + sin(π/2∓ ϕB)
eikρB

∫
CSDP

e−ikρB(w−ws)2/2 dw

= −E0
i

2π
e−ikb sinϕ0e−ika cosϕ0

sinϕ0

cosϕ0 + cosϕA

eikρA
√

2π

ikρA

+ E0
i

2π
e−ikb sinϕ0eika cosϕ0

sinϕ0

cosϕ0 + cosϕB

eikρB
√

2π

ikρB
. (3.39)
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Figure 3.5: Observation point from surfaces AB (a) and AC (b).

At the saddle point ws = π/2∓ ϕA and ws = π/2∓ ϕC , Eq. (3.38) becomes

EPO2
z ∼ − iE0

2π
e−ikb sinϕ0e−ika cosϕ0

cosϕ0

sinϕ0 ± cos(π/2∓ ϕA)
eikρA

∫
CSDP

e−ikρA(w−ws)2/2 dw

+
iE0

2π
eikb sinϕ0e−ika cosϕ0

cosϕ0

sinϕ0 ± cos(π/2∓ ϕC)
eikρC

∫
CSDP

e−ikρC(w−ws)2/2 dw

= −E0
i

2π
e−ikb sinϕ0e−ika cosϕ0

cosϕ0

sinϕ0 + sinϕA

eikρA
√

2π

ikρA

+ E0
i

2π
eikb sinϕ0e−ika cosϕ0

cosϕ0

sinϕ0 + sinϕC

eikρC
√

2π

ikρC
. (3.40)

For far-field (kρ ≫ 1), assuming thatϕA = ϕB = ϕC ∼ ϕ

ρA = ρB = ρC ∼ ρ

for amplitude variations,


ρA = ρ− d cos(ϕ− ϕA0) = ρ− a cosϕ− b sinϕ

ρB = ρ− d cos(π − ϕ− ϕA0) = ρ+ a cosϕ− b sinϕ

ρC = ρ− d cos(ϕ+ ϕA0) = ρ− a cosϕ+ b sinϕ

for phase variations,

(3.41)
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then, Eqs. (3.39) and (3.40) can be approximated as

EPO1
z = −E0

i

2π
e−ikb(sinϕ+sinϕ0)e−ika(cosϕ+cosϕ0)

sinϕ0

cosϕ0 + cosϕ
eikρ

√
2π

ikρ

+E0
i

2π
e−ikb(sinϕ+sinϕ0)eika(cosϕ+cosϕ0)

sinϕ0

cosϕ0 + cosϕ
eikρ

√
2π

ikρ

= 4iE0e
−ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]

sinϕ0

cosϕ0 + cosϕ
C(kρ), (3.42)

EPO2
z = −E0

i

2π
e−ika(cosϕ+cosϕ0)e−ikb(sinϕ0+sinϕ) cosϕ0

sinϕ0 + sinϕ
eikρ

√
2π

ikρ

+E0
i

2π
e−ika(cosϕ+cosϕ0)eikb(sinϕ0+sinϕ) cosϕ0

sinϕ0 + sinϕ
eikρ

√
2π

ikρ

= 4iE0e
−ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]

cosϕ0

sinϕ0 + sinϕ
C(kρ). (3.43)

Then, the total scattering field is

EPO
z = EJPO1

z + EJPO2
z

= 4iE0 sinϕ0
sin[ka(cosϕ0 + cosϕ)]

cosϕ0 + cosϕ
e−ikb(sinϕ+sinϕ0)C(kρ)

+ 4iE0 cosϕ0
sin[kb(sinϕ0 + sinϕ)]

sinϕ0 + sinϕ
e−ika(cosϕ+cosϕ0)C(kρ). (3.44)

3.2.2 H Polarization

An H polarized incident plane wave can be written as

H i = H0e
−ik(x cosϕ0+y sinϕ0)ẑ, (3.45)

Ei = H0

√
µ0

ε0
e−ik(x cosϕ0+y sinϕ0)(sinϕ0x̂− cosϕ0ŷ). (3.46)

The PO current JPO on the illuminated cylinder surface AB can be found from incident

wave as Eq. (3.1)

JPO1(x) = 2ŷ ×H i
∣∣∣
y=b

= 2H0e
−ik(x cosϕ0+b sinϕ0)x̂, (x > 0), (3.47)

and on surface AC,

JPO2(y) = 2x̂×H i
∣∣∣
x=a

= −2H0e
−ik(a cosϕ0+y sinϕ0)ŷ, (x > 0). (3.48)

The scattering field can be obtained by integrating JPO1, JPO2 with the two-dimensional
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Green’s function G as

HPO1
z =

∫
S

i

4
JPO1 ∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=b

dS, (3.49)

HPO2
z = −

∫
S

i

4
JPO2 ∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=a

dS, (3.50)

∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2) =

∂

∂x′ (
1

π

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ)

= − i

π

∫ ∞

−∞

ξeiξ(x−x′)±i
√

k2−ξ2(y−y′)√
k2 − ξ2

dξ, (y ≷ y′), (3.51)

From Eqs. (3.47), (3.48), (3.51) and (3.21) we have

HPO1
z = ±

∫ a

−a

[
H0

1

2π
e−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]
dx′

= ±H0
1

2π
e−ikb sinϕ0

∫ ∞

−∞

(∫ a

−a

e−ix′(k cosϕ0+ξ) dx′
)
eiξx±i

√
k2−ξ2(y−b) dξ

= ±H0
i

2π
e−ikb sinϕ0

∫ ∞

−∞

(e−ia(k cosϕ0+ξ) − eia(k cosϕ0+ξ))eiξx±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ

= ±H0
i

2π
e−ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ

∓H0
i

2π
e−ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ, (y ≷ b), (3.52)

HPO2
z =

∫ b

−b

[
H0

1

2π
e−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= H0
1

2π
e−ika cosϕ0

∫ ∞

−∞

(∫ b

−b

e−iy′(k sinϕ0±
√

k2−ξ2) dy′
)

ξeiξ(x−a)±i
√

k2−ξ2y√
k2 − ξ2

dξ

= H0
i

2π
e−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k sinϕ0 ±
√
k2 − ξ2)

√
k2 − ξ2

dξ

−H0
ik

2π
e−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k sinϕ0 ±
√

k2 − ξ2)
√
k2 − ξ2

dξ. (3.53)

Converting to complex angle w plane using the transformation ξ = k sinw, with the cylin-

drical coordinates with (x−a = ρA cosϕA, y−b = ρA sinϕA), and (x+a = ρB cosϕB, y−b =
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ρB sinϕB) for surface AB, Eq. (3.52) becomes

HPO1
z = ±H0

i

2π
e−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA(cosϕA sinw±sinϕA cosw)

k cosϕ0 + k sinw
k cosw dw

∓H0
ik

2π
e−ikb sinϕ0eika cosϕ0

∫
C

eikρB(cosϕB sinw±sinϕB cosw)

k cosϕ0 + k sinw
k cosw dw

= ±H0
i

2π
e−ikb sinϕ0e−ika cosϕ0

∫
C

cosweikρA sin(w±ϕA)

cosϕ0 + sinw
dw

∓H0
i

2π
e−ikb sinϕ0eika cosϕ0

∫
C

cosweikρB sin(w±ϕB)

cosϕ0 + sinw
dw, (3.54)

and (x − a = ρA cosϕA, y − b = ρA sinϕA), (x − a = ρC cosϕC , y + b = ρC sinϕC) for

surface AC, Eq. (3.53) becomes

HPO2
z = H0

ik

2π
e−ikb sinϕ0e−ika cosϕ0

∫
C

k sinweikρA(cosϕA sinw±sinϕA cosw)

(k sinϕ0 + k cosw)k cosw
k cosw dw

−H0
ik

2π
e−ikb sinϕ0eika cosϕ0

∫
C

k sinweikρB(cosϕB sinw±sinϕB cosw)

(k sinϕ0 + k cosw)k cosw
k cosw dw

= H0
i

2π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA sin(w±ϕA)

sinϕ0 + cosw
dw

−H0
i

2π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫
C

eikρB sin(w±ϕB)

sinϕ0 + cosw
dw. (3.55)

We obtain ws = π/2∓ϕ as a possible saddle point on the contour. At the saddle point,

Eq. (3.54) becomes

HPO1
z ∼ ± iH0

2π
e−ikb sinϕ0e−ika cosϕ0

cos(π/2∓ ϕA)

cosϕ0 + sin(π/2∓ ϕA)
eikρA

∫
CSDP

e−ikρA(w−ws)2/2 dw

∓ iH0

2π
e−ikb sinϕ0eika cosϕ0

cos(π/2∓ ϕB)

cosϕ0 + sin(π/2∓ ϕB)
eikρB

∫
CSDP

e−ikρB(w−ws)2/2 dw

= H0
i

2π
e−ikb sinϕ0e−ika cosϕ0

sinϕA

cosϕ0 + cosϕA

eikρA
√

2π

ikρA

−H0
i

2π
e−ikb sinϕ0eika cosϕ0

sinϕB

cosϕ0 + cosϕB

eikρB
√

2π

ikρB
, (3.56)

and ws = π/2∓ ϕA and ws = π/2∓ ϕC , Eq. (3.55) becomes

HPO2
z ∼ iH0

2π
e−ikb sinϕ0e−ika cosϕ0

sin(π/2∓ ϕA)

sinϕ0 ± cos(π/2∓ ϕA)
eikρA

∫
CSDP

e−ikρA(w−ws)2/2 dw

∓ iH0

2π
eikb sinϕ0e−ika cosϕ0

sin(π/2∓ ϕC)

sinϕ0 ± cos(π/2∓ ϕC)
eikρB

∫
CSDP

e−ikρB(w−ws)2/2 dw

= H0
i

2π
e−ikb sinϕ0e−ika cosϕ0

cosϕA

cosϕ0 + sinϕA

eikρA
√

2π

ikρA

−H0
i

2π
eikb sinϕ0e−ika cosϕ0

cosϕC

cosϕ0 + sinϕC

eikρC
√

2π

ikρB
, (3.57)
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Using far-field approximation in Eq. (3.41), Eqs. (3.56) and (3.57) can be approximated

as

HPO1
z = H0

i

2π
e−ikb(sinϕ+sinϕ0)e−ika(sinϕ+sinϕ0)

sinϕ

cosϕ0 + cosϕ
eikρ

√
2π

ikρ

−H0
i

2π
e−ikb(sinϕ+sinϕ0)eika(sinϕ+sinϕ0)

sinϕ

cosϕ0 + cosϕ
eikρ

√
2π

ikρ

= −4iH0 sin[ka(cosϕ0 + cosϕ)]
sinϕ

cosϕ0 + cosϕ
e−ikb(sinϕ+sinϕ0)C(kρ), (3.58)

HPO2
z = H0

i

2π
e−ika(cosϕ+cosϕ0)e−ikb(sinϕ0+sinϕ) cosϕ

sinϕ0 + sinϕ
eikρ

√
2π

ikρ

−H0
i

2π
e−ika(cosϕ+cosϕ0)eikb(sinϕ0+sinϕ) cosϕ0

sinϕ0 + sinϕ
eikρ

√
2π

ikρ

= −4iH0e
−ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]

cosϕ

sinϕ0 + sinϕ
C(kρ). (3.59)

Then, the total scattering field is

HPO
z = HJPO1

z +HJPO2
z

= −4iH0 sin[ka(cosϕ0 + cosϕ)]
sinϕ

cosϕ0 + cosϕ
e−ikb(sinϕ+sinϕ0)C(kρ)

− 4iH0 sin[kb(sinϕ0 + sinϕ)]
cosϕ

sinϕ0 + sinϕ
e−ika(cosϕ+cosϕ0)C(kρ). (3.60)

In this chapter, the PO approximation are applied to estimate electromagnetic scatter-

ing from the conducting wedge and rectangular cylinder. According to the PO approxi-

mation, if the scattering objects are large compared with the wavelength, the PO currents

JPO are approximated from the incident magnetic field as JPO = 2n̂ ×H i and flow on

the physically illuminated surfaces. Then, the scattering field from this object may be

derived by integrating these PO currents with the free-space Green’s function. In Section

3.1, the scattering field by the conducting wedge is obtained from only one PO current

flowing on the illuminated surface OA. The results include the edge diffracted field and

the GO field which gives a reflected field in the illuminated region or a field to cancel the

incident field in the shadow region. In Section 3.2, when the incident wave impinges on

the cylinder at two surfaces AB and AC, it excites two PO currents on these illuminated

surfaces. Then, the total scattering fields are given by summing up the fields radiated

from these PO currents.
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Chapter 4

High Frequency Scattering Analysis

by Equivalent Current Method

In this chapter, the surface equivalence theorem is applied to derive the scattering fields

by the wedge and rectangular cylinder. According to the surface equivalence theorem in

Chapter 2, the scattering field by the scattering objects are approximated by the radiations

from the equivalent currents calculated by the reflected/transmitted GO waves. Firstly,

the scattering fields by the conducting wedge and rectangular cylinder are formulated

to compare with those obtained from the PO approximation in Chapter 3 (Section 4.1).

Then, the scattering fields by the dielectric wedge and rectangular cylinder are consider

in Section 4.2.

4.1 Scattering by a Conducting Edged Object

In this section, the scattering fields by a conducting wedge and rectangular cylinder are

formulated. According to the surface equivalence theorem, the corresponding equivalent

electric and magnetic currents J s, M s are calculated the GO rays on a postulated surface

enclosing the scattering object. While currents J s, M s on the illuminated surface are

approximated by the GO reflected wavesEr,Hr, those on the shadow surface are obtained
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Figure 4.1: Diffraction by a conducting wedge. (a) Wedge diffraction by plane waves Ei,

H i. (b) Equivalent currents JA, MA, JB, MB due to the scattering field on the wedge

surfaces OA and OB.

from the incident GO wave −Ei, −H i

J s = n̂×Hs ≃

n̂×Hr on illuminated S,

n̂× (−H i) on shadowed S,

(4.1)

M s = Es × n̂ ≃

Er × n̂ on illuminated S,

(−Ei)× n̂ on shadowed S.

(4.2)

Then, the total scattering field are given by summing up the all contributions radiated

from these equivalent currents.

This section starts by formulating the diffraction by a conducting wedge. After that,

the scattering by a conducting rectangular cylinder is considered.

4.1.1 Diffraction by a Conducting Wedge

Figure 4.1(a) shows a two-dimensional conducting wedge of the wedge angle ϕw illu-

minated by a plane wave. For simplicity, let us assume that the incident plane wave

illuminates surface OA only (0 < ϕ0 < ϕw − π) and the observation angle is taken as

0 < |ϕ| < π.

The scattering formulation may be separated into two polarizations.
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E Polarization

An E polarized incident plane wave can be written as

Ei = E0e
−ik(x cosϕ0+y sinϕ0)ẑ, (4.3)

H i = E0

√
ε0
µ0

e−ik(x cosϕ0+y sinϕ0)(− sinϕ0x̂+ cosϕ0ŷ). (4.4)

The reflected wave at OA surface can be written as

Er = −E0e
−ik(x cosϕ0−y sinϕ0)ẑ, (4.5)

Hr = E0

√
ε0
µ0

e−ik(x cosϕ0−y sinϕ0)(− sinϕ0x̂− cosϕ0ŷ). (4.6)

Then, the equivalent currents J s, M s as in Fig. 4.1(b) can be derived from Eqs. (4.1),

(4.2). On the illuminated surface OA, one finds

JA = ŷ ×Hr
∣∣∣
y=0

= E0

√
ε0
µ0

sinϕ0e
−ikx cosϕ0ẑ, (4.7)

MA = Er × ŷ
∣∣∣
y=0

= E0e
−ikx cosϕ0x̂, (4.8)

and on the shadowed surface OB,

JB = n̂× (−H i)
∣∣∣
y=x tanϕw

= E0

√
ε0
µ0

sin(ϕ0 − ϕw)e
−ikx(cosϕ0+tanϕw sinϕ0)ẑ, (4.9)

MB = (−Ei)× n̂
∣∣∣
y=x tanϕw

= −E0e
−ikx(cosϕ0+tanϕw sinϕ0)(cosϕwx̂+ sinϕwŷ).(4.10)

The scattering field can be obtained by integrating J s, M s with the two-dimensional

Green’s function G as

EJA
z = −

∫
S

ωµ0

4
JAH

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=0

dS, (4.11)

EMA
z = −

∫
S

i

4
MAx

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=0

dS, (4.12)

EJB
z = −

∫
S

ωµ0

4
JBH

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=x′ tanϕw

dS, (4.13)

EMB
z = −

∫
S

i

4
(MBx

∂

∂y′
−MBy

∂

∂x′ )H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=x′ tanϕw

dS,(4.14)
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with

∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2) =

∂

∂x′ (
1

π

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ)

= − i

π

∫ ∞

−∞

ξeiξ(x−x′)±i
√

k2−ξ2(y−y′)√
k2 − ξ2

dξ, (y ≷ y′), (4.15)

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2) =

∂

∂y′
(
1

π

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ)

= ∓ i

π

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2(y−y′) dξ, (y ≷ y′). (4.16)

From Eqs. (3.6), (4.7), (4.8) and (4.16), Eqs. (4.12) and (4.11)can be expressed as

EJA
z = −

∫ ∞

0

[ωµ0

4π
E0

√
ε0
µ0

sinϕ0e
−ikx′ cosϕ0

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y|√
k2 − ξ2

dξ
]
dx′

= −E0
ik

4π
sinϕ0

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+ξ) dx′
)

eiξx±i
√

k2−ξ2y√
k2 − ξ2

dξ

= E0
ik

4π
sinϕ0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ, (y ≷ 0), (4.17)

EMA
z = ∓

∫ ∞

0

[
E0

1

4π
e−ikx′ cosϕ0

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2y dξ

]
dx′

= ∓E0
1

4π

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+ξ) dx′
)
eiξx±i

√
k2−ξ2y dξ

= ±E0
i

4π

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosϕ0 + ξ
dξ, (y ≷ 0). (4.18)

From Eqs. (3.6), (4.9), (4.10), (4.15) and (4.16), Eqs. (4.13) and (4.14) can be expressed

as

EJB
z = −

∫ ∞

0

[ωµ0

4π
E0

√
ε0
µ0

sin(ϕ0 − ϕw)e
−ikx′(cosϕ0+tanϕw sinϕ0)

·
∫ ∞

−∞

eiξ(x−x′)±i
√

k2−ξ2(y−x′ tanϕw)√
k2 − ξ2

dξ
]√

1 + tan2 ϕw dx′

= −E0
k

4π

sin(ϕ0 − ϕw)

cosϕw

·
∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+k tanϕw sinϕ0+ξ±
√

k2−ξ2 tanϕw) dx′
)eiξx±i

√
k2−ξ2y√

k2 − ξ2
dξ

= E0
ik

4π

∫ ∞

−∞

sin(ϕ0 − ϕw)e
iξx±i

√
k2−ξ2y

cosϕw(k cosϕ0 + k tanϕw sinϕ0 + ξ ±
√

k2 − ξ2 tanϕw)
√
k2 − ξ2

dξ,

(y ≷ x′ tanϕw), (4.19)
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EMB
z = −

∫ ∞

0

[ 1

4π
E0e

−ikx′(cosϕ0+tanϕw sinϕ0)

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2(y−x′ tanϕw)

·
(
∓ cosϕw + sinϕw

ξ√
k2 − ξ2

)
dξ
]√

1 + tan2 ϕw dx′

= ± 1

4π
E0

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+k tanϕw sinϕ0+ξ±
√

k2−ξ2 tanϕw) dx′
)
eiξx±i

√
k2−ξ2y dξ

− 1

4π
E0

sinϕw

cosϕw

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+k tanϕw sinϕ0+ξ±
√

k2−ξ2 tanϕw) dx′
)ξeiξx±i

√
k2−ξ2y√

k2 − ξ2
dξ

=
i

4π
E0

sinϕw

cosϕw

∫ ∞

−∞

ξeiξx±i
√

k2−ξ2y

(k cosϕ0 + k tanϕw sinϕ0 + ξ ±
√
k2 − ξ2 tanϕw)

√
k2 − ξ2

dξ

∓iE0

4π

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosϕ0 + k tanϕw sinϕ0 + ξ ±
√
k2 − ξ2 tanϕw)

dξ, (y ≷ x′ tanϕw).(4.20)

Since these integrals cannot be analytically evaluated, the saddle point method is used.

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (ρ, θ) with x = ρ cosϕ, y = ρ sinϕ, Eqs. (4.17)–(4.20) can be

expressed as

EJA
z = E0

ik

4π
sinϕ0

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

k(cosϕ0 + sinw)k cosw
k cosw dw

= E0
i

4π

∫
C

sinϕ0

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw, (4.21)

EMA
z = ±E0

i

4π

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

k(cosϕ0 + sinw)k
k cosw dw

= ±E0
i

4π

∫
C

cosw

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw, (4.22)

EJB
z = E0

ik

4π

sin(ϕ0 − ϕw)

cosϕw

·
∫
C

eikρ(cosϕ sinw±sinϕ cosw)

(k cosϕ0 + k tanϕw sinϕ0 + k sinw ± k cosw tanϕw)k cosw
k cosw dw

= E0
i

4π

∫
C

sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + sin(w ± ϕw)
eikρ(sin(w±ϕ) dw, (4.23)

EMB
z = ∓E0

i

4π

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

(k cosϕ0 + k tanϕw sinϕ0 + k sinw ± k cosw tanϕw)
k cosw dw

+ E0
i

4π

sinϕw

cosϕw

∫
C

k sinweikρ(cosϕ sinw±sinϕ cosw)

(k cosϕ0 + k tanϕw sinϕ0 + k sinw ± k cosw tanϕw)
k cosw dw

= ∓E0
i

4π

∫
C

cos(w ± ϕw)

cos(ϕ0 − ϕw) + sin(w ± ϕw)
eikρ(sin(w±ϕ) dw, (4.24)

where contour C is given in Fig. 3.3.
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We obtain ws = π/2∓ϕ as a possible saddle point. At saddle point, Eqs. (4.21)– (4.24)

become

EJA
d = E0

i

4π

∫
C

sinϕ0

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw

= E0
i

4π

sinϕ0

cosϕ0 + sinws

eikρ
∫
CSDP

e−ikρ(w−ws)2/2 dw

= E0
sinϕ0

cosϕ0 + cosϕ
C(kρ), (4.25)

EMA
d = ±E0

i

4π

∫
C

cosw

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw

= ±E0
i

4π

cosws

cosϕ0 + sinws

eikρ
∫
CSDP

e−ikρ(w−ws)2/2 dw

= E0
sinϕ

cosϕ0 + cosϕ
C(kρ), (4.26)

EJB
d = E0

i

4π

∫
C

sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + sin(w ∓ ϕw)
eikρ(sin(w±ϕ) dw

= E0
i

4π

sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + sin(ws ∓ ϕw)
eikρ

∫
CSDP

e−ikρ(w−ws)2/2 dw

= E0
sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)
C(kρ), (4.27)

EMB
d = ∓E0

i

4π

∫
C

cos(w ± ϕw)

cos(ϕ0 − ϕw) + sin(w ∓ ϕw)
eikρ(sin(w±ϕ) dw

= ∓E0
i

4π

cos(ws ± ϕw)

cos(ϕ0 − ϕw) + sin(ws ∓ ϕw)
eikρ

∫
CSDP

e−ikρ(w−ws)2/2 dw

= −E0
sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)
C(kρ). (4.28)

The contribution of the pole wp = ϕ0 − π/2 for surface OA with 0 < |ϕ| < π − ϕ0 as

EJA
p = 2πi

iE0

4π

sinϕ0

coswp

eik(ρ sinwp cosϕ±coswp sinϕ)

= −E0

2
e−ikρ(cosϕ0 cosϕ∓sinϕ0 sinϕ)U(π − ϕ0 − |ϕ|)

= −E0

2
e−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − |ϕ|), (4.29)

EMA
p = ±2πi

iE0

4π

coswp

coswp

eik(ρ sinwp cosϕ±coswp sinϕ)

= ∓E0

2
e−ikρ(cosϕ0 cosϕ∓sinϕ0 sinϕ)U(π − ϕ0 − |ϕ|)

= ∓E0

2
e−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − |ϕ|). (4.30)
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For surface OB with wp = ϕ0 − π/2, ϕ0 − π < ϕ < ϕw − 2π,

EJB
p = 2πi

iE0

4π

sin(ϕ0 − ϕw)

cos(wp − ϕw)
eik(ρ sinwp cosϕ−coswp sinϕ)

= −E0

2
e−ikρ(cosϕ0 cosϕ+sinϕ0 sinϕ)U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw)

= −E0

2
e−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw), (4.31)

EMB
p = 2πi

iE0

4π

cos(wp − ϕw)

cos(wp − ϕw)
eik(ρ sinwp cosϕ−coswp sinϕ)

= −E0

2
e−ikρ(cosϕ0 cosϕ+sinϕ0 sinϕ)U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw)

= −E0

2
e−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw), (4.32)

and for wp = ϕ0 − 2ϕw − π/2, ϕw − 2π < ϕ < 2ϕw − ϕ0 − 3π

EJB
p = 2πi

iE0

4π

sin(ϕ0 − ϕw)

cos(wp + ϕw)
eik(ρ sinwp cosϕ+coswp sinϕ)

= −E0

2
e−ikρ(cos(2ϕw−ϕ0) cosϕ−sin(2ϕw−ϕ0) sinϕ)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0)

= −E0

2
e−ikx cos(2ϕw−ϕ0)−iky sin(2ϕw−ϕ0)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0), (4.33)

EMB
p = −2πi

iE0

4π

cos(wp + ϕw)

cos(wp + ϕw)
eik(ρ sinwp cosϕ+coswp sinϕ)

=
E0

2
e−ikρ(cos(2ϕw−ϕ0) cosϕ−sin(2ϕw−ϕ0) sinϕ)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0)

=
E0

2
e−ikx cos(2ϕw−ϕ0)−iky sin(2ϕw−ϕ0)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0). (4.34)

Then the scattering field from the surface OA is

EOA
z = EOA

d + EOA
p

= E0
sinϕ0 + sinϕ

cosϕ0 + cosϕ
C(kρ)− E0e

−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − ϕ)U(ϕ), (4.35)

and from the surface OB is

EOB
z = EOB

d + EOB
p

= E0
sin(ϕ0 − ϕw)− sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)
C(kρ)

− E0e
−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw). (4.36)

Then, the total scattering field Es
z is defined by the summation of the above contributions
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in Eqs. (4.35), (4.36) as

Es
z = EOA

z + EOB
z

= E0

( sinϕ0 + sinϕ

cosϕ0 + cosϕ
+

sin(ϕ0 − ϕw)− sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)

)
C(kρ)

− E0e
−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − ϕ)U(ϕ)

− E0e
−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw). (4.37)

The term A in the big parentheses of the first line in Eq. (4.37) becomes

A =
sinϕ0 + sinϕ

cosϕ0 + cosϕ
+

sin(ϕ0 − ϕw)− sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)

)
(sinϕ0 + sinϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

=
+ [sin(ϕ0 − ϕw)− sin(ϕ− ϕw)](cosϕ0 + cosϕ)

(cosϕ0 + cosϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

sin[ϕ0 + (ϕ0 − ϕw)] + sin[ϕ0 − (ϕ0 − ϕw)]

=
+ sin[ϕ0 + (ϕ− ϕw)] + sin[ϕ0 − (ϕ− ϕw)]

(cosϕ0 + cosϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

=
2 sinϕ0[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

(cosϕ0 + cosϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

=
2 sinϕ0

(cosϕ0 + cosϕ)
. (4.38)

Therefore, this results matches exactly with the one by the PO approximation in Eq.

(3.16).

H Polarization

The same observation can be applied for the H polarization case when the incident plane

wave is given by

H i = H0e
−ik(x cosϕ0+y sinϕ0)ẑ, (4.39)

Ei = H0

√
µ0

ε0
e−ik(x cosϕ0+y sinϕ0)(sinϕ0x̂− cosϕ0ŷ), (4.40)

and the reflected waves at illuminated surface OA can be expressed as

Hr = H0e
−ik(x cosϕ0−y sinϕ0)ẑ, (4.41)

Er = H0

√
µ0

ε0
e−ik(x cosϕ0−y sinϕ0)(− sinϕ0x̂− cosϕ0ŷ). (4.42)
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Then, the equivalent currents J s, M s can be derived from Eqs. (4.1), (4.2). On the

illuminated surface OA, one finds

JA = ŷ ×Hr
∣∣∣
y=0

= H0e
−ikx cosϕ0x̂, (4.43)

MA = Er × ŷ
∣∣∣
y=0

= −H0

√
µ0

ε0
sinϕ0e

−ikx cosϕ0 ẑ, (4.44)

and on the shadowed surface OB,

JB = n̂× (−H i)
∣∣∣
y=x tanϕw

= H0e
−ikx(cosϕ0+tanϕw sinϕ0)(cosϕwx̂+ sinϕwŷ), (4.45)

MB = (−Ei)× n̂
∣∣∣
y=x tanϕw

= −H0

√
µ0

ε0
sin(ϕ0 − ϕw)e

−ikx(cosϕ0+tanϕw sinϕ0)ẑ.(4.46)

The scattering field can be obtained by integrating J s, M s with the two-dimensional

Green’s function G as

HJA
z =

∫
S

i

4
JAx

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=0

dS, (4.47)

HMA
z = −

∫
S

ωε0
4

MAzH
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=0

dS, (4.48)

HJB
z =

∫
S

i

4
(JBx

∂

∂y′
− JBy

∂

∂x′ )H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

]∣∣∣∣
y′=x′ tanϕw

dS,(4.49)

HMB
z = −

∫
S

ωε0
4

MBzH
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣∣
y′=x′ tanϕw

dS. (4.50)

From Eqs. (3.6), (4.43), (4.44) and (4.16), Eqs. (4.47), (4.48) can be expressed as

HJA
z =

∫ ∞

0

[
±H0

1

4π
e−ikx′ cosϕ0

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2y dξ

]
dx′

= ±H0
1

4π

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+ξ) dx′
)
eiξx±i

√
k2−ξ2y dξ

= ∓H0
i

4π

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosϕ0 + ξ
dξ, (y ≷ 0), (4.51)

HMA
z = −

∫ ∞

0

[ωε0
4π

√
µ0

ε0
H0 sinϕ0e

jkx′ cosϕ0
1

π

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y|√
k2 − ξ2

dξ
]
dx′

= H0
k

4π
sinϕ0

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+ξ) dx′
)

eiξx±i
√

k2−ξ2y√
k2 − ξ2

dξ

= −H0
ik

4π
sinϕ0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ, (y ≷ 0). (4.52)
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From Eqs. (3.6), (4.45), (4.46), (4.15) and (4.16), Eqs. (4.49) and (4.50)can be expressed

as

HJB
z =

∫ ∞

0

[ 1

4π
H0e

−ikx′(cosϕ0+tanϕw sinϕ0)

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2(y−x′ tanϕw)

·
(
± cosϕw − sinϕw

ξ√
k2 − ξ2

dξ
)]√

1 + tan2 ϕw dx′

= ±H0

4π

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+k tanϕw sinϕ0+ξ±
√

k2−ξ2 tanϕw) dx′
)
eiξx±i

√
k2−ξ2y dξ

− H0

4π

sinϕw

cosϕw

∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+k tanϕw sinϕ0+ξ±
√

k2−ξ2 tanϕw) dx′
)ξeiξx±i

√
k2−ξ2y√

k2 − ξ2
dξ

= −iH0

4π

sinϕw

cosϕw

∫ ∞

−∞

ξeiξx±i
√

k2−ξ2y

(k cosϕ0 + k tanϕw sinϕ0 + ξ ±
√

k2 − ξ2 tanϕw)
√
k2 − ξ2

dξ

∓iH0

4π

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosϕ0 + k tanϕw sinϕ0 + ξ ±
√

k2 − ξ2 tanϕw)
dξ,

(y ≷ x′ tanϕw), (4.53)

HMB
z = −

∫ ∞

0

[ωε0
4π

√
µ0

ε0
H0 sin(ϕ0 − ϕw)e

jkx′(cosϕ0+tanϕw sinϕ0)

·
∫ ∞

−∞

eiξ(x−x′)±i
√

k2−ξ2(y−x′ tanϕw)√
k2 − ξ2

dξ
]√

1 + tan2 ϕw dx′

= −H0
k

4π

sin(ϕ0 − ϕw)

cosϕw

·
∫ ∞

−∞

(∫ ∞

0

e−ix′(k cosϕ0+k tanϕw sinϕ0+ξ±
√

k2−ξ2 tanϕw) dx′
)eiξx±i

√
k2−ξ2y√

k2 − ξ2
dξ

= H0
ik

4π

∫ ∞

−∞

sin(ϕ0 − ϕw)e
iξx±i

√
k2−ξ2y

cosϕw(k cosϕ0 + k tanϕw sinϕ0 + ξ ±
√
k2 − ξ2 tanϕw)

√
k2 − ξ2

dξ,

(y ≷ x′ tanϕw). (4.54)

Since these integrals cannot be analytically evaluated, the saddle point method is used.

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (ρ, θ) with x = ρ cosϕ, y = ρ sinϕ, Eqs. (4.51)–(4.54) can be

expressed as

HJA
z = ∓H0

i

4π

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

k(cosϕ0 + sinw)k
k cosw dw

= ∓H0
i

4π

∫
C

cosw

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw, (4.55)

HMA
z = −H0

ik

4π
sinϕ0

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

k(cosϕ0 + sinw)k cosw
k cosw dw

= −H0
i

4π

∫
C

sinϕ0

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw, (4.56)
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HJB
z = ±H0

i

4π

∫
C

eikρ(cosϕ sinw±sinϕ cosw)

(k cosϕ0 + k tanϕw sinϕ0 + k sinw ± k cosw tanϕw)
k cosw dw

−H0
i

4π

sinϕw

cosϕw

∫
C

k sinweikρ(cosϕ sinw±sinϕ cosw)

(k cosϕ0 + k tanϕw sinϕ0 + k sinw ± k cosw tanϕw)
k cosw dw

= ±H0
i

4π

∫
C

cos(w ± ϕw)

cos(ϕ0 − ϕw) + sin(w ± ϕw)
eikρ(sin(w±ϕ) dw, (4.57)

HMB
z = H0

ik

4π

sin(ϕ0 − ϕw)

cosϕw

·
∫
C

eikρ(cosϕ sinw±sinϕ cosw)

(k cosϕ0 + k tanϕw sinϕ0 + k sinw ± k cosw tanϕw)k cosw
k cosw dw

= H0
i

4π

∫
C

sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + sin(w ± ϕw)
eikρ(sin(w±ϕ) dw. (4.58)

we obtain ws = π/2 ∓ ϕ as a possible saddle point on the contour. At the saddle point,

Eqs. (4.55)– (4.58) becomes

HJA
d = ∓H0

i

4π

∫
C

cosw

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw

= ∓H0
i

4π

cosws

cosϕ0 + sinws

eikρ
∫
CSDP

e−ikρ(w−ws)2/2 dw

= −H0
sinϕ

cosϕ0 + cosϕ
C(kρ), (4.59)

HMA
d = −H0

i

4π

∫
C

sinϕ0

cosϕ0 + sinw
eikρ(sin(w±ϕ) dw

= −H0
i

4π

sinϕ0

cosϕ0 + sinws

eikρ
∫
CSDP

e−ikρ(w−ws)2/2 dw

= −H0
sinϕ0

cosϕ0 + cosϕ
C(kρ), (4.60)

HJB
d = ∓H0

i

4π

∫
C

cos(w ± ϕw)

cos(ϕ0 − ϕw) + sin(w ∓ ϕw)
eikρ(sin(w±ϕ) dw

= ∓H0
i

4π

cos(ws ± ϕw)

cos(ϕ0 − ϕw) + sin(ws ∓ ϕw)
eikρ

∫
CSDP

e−ikρ(w−ws)2/2 dw

= −H0
sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)
C(kρ), (4.61)

HMB
d = H0

i

4π

∫
C

sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + sin(w ∓ ϕw)
eikρ(sin(w±ϕ) dw

= H0
i

4π

sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + sin(ws ∓ ϕw)
eikρ

∫
CSDP

e−ikρ(w−ws)2/2 dw

= H0
sin(ϕ0 − ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)
C(kρ). (4.62)
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The contribution of the pole wp = ϕ0 − π/2 for surface OA with 0 < |ϕ| < π − ϕ0 as

HJA
p = 2πi

∓iH0

4π

coswp

coswp

eik(ρ sinwp cosϕ±coswp sinϕ)

= ±H0

2
e−ikρ(cosϕ0 cosϕ∓sinϕ0 sinϕ)U(π − ϕ0 − |ϕ|)

= ±H0

2
e−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − |ϕ|), (4.63)

HMA
p = 2πi

−iH0

4π

sinϕ0

coswp

eik(ρ sinwp cosϕ±coswp sinϕ)

=
H0

2
e−ikρ(cosϕ0 cosϕ∓sinϕ0 sinϕ)U(π − ϕ0 − |ϕ|)

=
H0

2
e−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − |ϕ|). (4.64)

For surface OB with wp = ϕ0 − π/2, ϕ0 − π < ϕ < ϕw − 2π,

HJB
p = 2πi

iH0

4π

cos(wp − ϕw)

cos(wp − ϕw)
eik(ρ sinwp cosϕ−coswp sinϕ)

= −H0

2
e−ikρ(cosϕ0 cosϕ+sinϕ0 sinϕ)U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw)

= −H0

2
e−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw), (4.65)

HMB
p = 2πi

iH0

4π

sin(ϕ0 − ϕw)

cos(wp − ϕw)
eik(ρ sinwp cosϕ−coswp sinϕ)

= −H0

2
e−ikρ(cosϕ0 cosϕ+sinϕ0 sinϕ)U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw)

= −H0

2
e−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw), (4.66)

and for wp = ϕ0 − 2ϕw − π/2, ϕw − 2π < ϕ < 2ϕw − ϕ0 − 3π

HJB
p = −2πi

iH0

4π

cos(wp + ϕw)

cos(wp + ϕw)
eik(ρ sinwp cosϕ+coswp sinϕ)

=
H0

2
e−ikρ(cos(2ϕw−ϕ0) cosϕ−sin(2ϕw−ϕ0) sinϕ)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0)

=
H0

2
e−ikx cos(2ϕw−ϕ0)−iky sin(2ϕw−ϕ0)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0), (4.67)

HMB
p = 2πi

iH0

4π

sin(ϕ0 − ϕw)

cos(wp + ϕw)
eik(ρ sinwp cosϕ+coswp sinϕ)

= −H0

2
e−ikρ(cos(2ϕw−ϕ0) cosϕ−sin(2ϕw−ϕ0) sinϕ)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0)

= −H0

2
e−ikx cos(2ϕw−ϕ0)−iky sin(2ϕw−ϕ0)U(ϕ+ 2π − ϕw)U(−ϕ− 3π + 2ϕw − ϕ0). (4.68)

Then the scattering field from the surface OA is

HOA
z = HJA

d +HMA
d +HJA

p +HMA
p

= −H0
sinϕ0 + sinϕ

cosϕ0 + cosϕ
C(kρ) +H0e

−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − ϕ)U(ϕ),(4.69)
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and from the surface OB is

HOB
z = HJB

d +HMB
d +HJB

p +HMB
p

= H0
sin(ϕ0 − ϕw)− sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)
C(kρ)

−H0e
−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw). (4.70)

Then, the total scattering field Es
z is defined by the summation of the above contribu-

tions in Eqs. (4.69), (4.70) as

HOB
z = HOA

z +HOB
z

= −H0

( sinϕ0 + sinϕ

cosϕ0 + cosϕ
− sin(ϕ0 − ϕw)− sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)

)
C(kρ)

−H0e
−ikx cosϕ0+iky sinϕ0U(π − ϕ0 − ϕ)U(ϕ)

−H0e
−ikx cosϕ0−iky sinϕ0U(ϕ+ π − ϕ0)U(−ϕ− 2π + ϕw). (4.71)

The term B in the big parentheses of the first line in Eq. (4.71) becomes

B =
sinϕ0 + sinϕ

cosϕ0 + cosϕ
− sin(ϕ0 − ϕw)− sin(ϕ− ϕw)

cos(ϕ0 − ϕw) + cos(ϕ− ϕw)

(sinϕ0 + sinϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

=
− [sin(ϕ0 − ϕw)− sin(ϕ− ϕw)](cosϕ0 + cosϕ)

(cosϕ0 + cosϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

sin[ϕ+ (ϕ0 − ϕw)] + sin[ϕ− (ϕ0 − ϕw)]

=
+ sin[ϕ+ (ϕ− ϕw)] + sin[ϕ− (ϕ− ϕw)]

(cosϕ0 + cosϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

=
2 sinϕ[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

(cosϕ0 + cosϕ)[cos(ϕ0 − ϕw) + cos(ϕ− ϕw)]

=
2 sinϕ

(cosϕ0 + cosϕ)
. (4.72)

This results is found to match with the one by the PO approximation in Eq. (3.26).

It is also interesting to observed that the reflected GO field is excited from the currents

JA and MA on the illuminated surface, while the negative incident field which cancels

the original incident field is from the currents JB and MB on the shadowed surface.

Also the contributions JB, MB on the shadow surface yield the same results regardless

of the wedge angle. This matches the observation of PO approximation which assumes

zero surface current on the shadow side. According to the surface equivalence theorem,

the equivalent currents excite null field inside the enclosed surface as in Fig. 2.1(b). The

total field Es
z in Eqs. (4.37) and (4.71) does not vanish inside the conducting wedge region
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Figure 4.2: Scattering by a conducting rectangular cylinder. (a) Scattering by plane waves

Ei, H i. (b) Equivalent currents J s, M s on the cylinder surfaces.

(ϕw − 2π < ϕ < 0), but it would be asymptotically O (k−1/2), since the all GO fields

cancel and the only edge diffracted fields from the edges exist. This is due to the fact

that the equivalent surface currents are derived from the incident and reflected GO fields

with ignoring the possible edge diffracted field.

One may also find that EJA
z = EJB

z , EMA
z = −EMB

z for a half-plane (ϕw = 2π).

Accordingly, one does not need magnetic currents MA and MB, and the electric current

JB on the shadow side contributes one half of the total scattering field.

4.1.2 Scattering by a Conducting Rectangular Cylinder

Let us consider that a plane wave impinges upon a surface of a conducting rectangular

cylinder whose dimensions are 2a×2b as shown in Fig. 4.2(a). Because of the symmetry of

the scattering object, the incident angle ϕ0 is assumed as 0 < ϕ0 < 90o without losing the

generality. shows a two-dimensional conducting wedge of the wedge angle ϕw illuminated

by a plane wave.

The scattering formulation may be separated into two polarizations.
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E Polarization

When an E polarized incident plane wave can be written as in Eqs. (4.3), (4.4) impinges

on the surfaces of the conducting rectangular cylinder, the reflected waves at the surface

AB can be obtained as

ErAB = −E0e
−ik(x cosϕ0+(2b−y) sinϕ0)ẑ, (4.73)

HrAB = E0

√
ε0
µ0

e−ik(x cosϕ0+(2b−y) sinϕ0)(− sinϕ0x̂− cosϕ0ŷ), (4.74)

and at the surface AC,

ErAC = −E0e
−ik((2a−x) cosϕ0+y sinϕ0)ẑ, (4.75)

HrAC = E0

√
ε0
µ0

e−ik((2a−x) cosϕ0+y sinϕ0)(sinϕ0x̂+ cosϕ0ŷ). (4.76)

Considering to the surfaces of the cylinder, the equivalent currents J s and M s can be

derived as

J1 = ŷ ×HrAB
∣∣∣
y=b

= E0

√
ε0
µ0

sinϕ0e
−ik(x cosϕ0+b sinϕ0)ẑ, (4.77)

M 1 = ErAB × ŷ
∣∣∣
y=b

= E0e
−ik(x cosϕ0+b sinϕ0)x̂, (4.78)

J2 = x̂×HrAC
∣∣∣
x=a

= E0

√
ε0
µ0

cosϕ0e
−ik(a cosϕ0+y sinϕ0)ẑ, (4.79)

M 2 = ErAC × x̂
∣∣∣
x=a

= −E0e
−ik(a cosϕ0+y sinϕ0)ŷ, (4.80)

J3 = −ŷ × (−H i)
∣∣∣
y=−b

= E0

√
ε0
µ0

sinϕ0e
−ik(x cosϕ0+b sinϕ0)ẑ, (4.81)

M 3 = (−Ei)× (−ŷ)
∣∣∣
y=−b

= −E0e
−ik(x cosϕ0+b sinϕ0)x̂, (4.82)

J4 = (−x̂)× (−H i)
∣∣∣
x=−a

= E0

√
ε0
µ0

cosϕ0e
−ik(−a cosϕ0+y sinϕ0)ẑ, (4.83)

M 4 = (−Ei)× (−x̂)
∣∣∣
x=−a

= E0e
−ik(−a cosϕ0+y sinϕ0)ŷ. (4.84)

The scattering field can be obtained by integrating J1 ∼ M 4 with the two-dimensional
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Green’s function G as

EJ1
z = −

∫
S

ωµ0

4
J1H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=b

dS, (4.85)

EM1
z = −

∫
S

i

4
M1

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=b

dS, (4.86)

EJ2
z = −

∫
S

ωµ0

4
J2H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=a

dS, (4.87)

EM2
z =

∫
S

i

4
M2

∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=a

dS, (4.88)

EJ3
z = −

∫
S

ωµ0

4
J3H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=−b

dS, (4.89)

EM3
z = −

∫
S

i

4
M3

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=−b

dS, (4.90)

EJ4
z = −

∫
S

ωµ0

4
J4H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=−a

dS, (4.91)

EM4
z =

∫
S

i

4
M4

∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=−a

dS. (4.92)

From Eqs. (4.77)–(4.84), we have

EJ1
z = −

∫ a

−a

[
E0

k

4π
sinϕ0e

−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−b|√
k2 − ξ2

dξ
]
dx′

= −E0
ik

4π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ

+ E0
ik

4π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ, (y ≷ b), (4.93)

EM1
z = ∓

∫ a

−a

[
H0

1

4π
e−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]
dx′

= ∓E0
i

4π
e−ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ

± E0
i

4π
e−ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ, (y ≷ b), (4.94)

EJ2
z = −

∫ b

−b

[
E0

k

4π
cosϕ0e

−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= −E0
ik

4π
cosϕ0e

−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ

+ E0
ik

4π
cosϕ0e

−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ,

(y ≷ y′), (4.95)
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EM2
z = −

∫ b

−b

[
E0

1

4π
e−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= −E0
i

4π
e−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ

+ E0
ik

4π
e−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ,

(y ≷ y′), (4.96)

EJ3
z = −

∫ a

−a

[
E0

k

4π
sinϕ0e

−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y+b|√
k2 − ξ2

dξ
]
dx′

= −E0
ik

4π
sinϕ0e

ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 + ξ)
√

k2 − ξ2
dξ

+ E0
ik

4π
sinϕ0e

ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ, (y ≷ −b),(4.97)

EM3
z = ±

∫ a

−a

[
H0

1

4π
e−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]
dx′

= ±E0
i

4π
eikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

k cosϕ0 + ξ
dξ

∓ E0
i

4π
eikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

k cosϕ0 + ξ
dξ, (y ≷ −b), (4.98)

EJ4
z =

∫ b

−b

[
E0

k

4π
cosϕ0e

−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= −E0
ik

4π
cosϕ0e

−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ

+ E0
ik

4π
cosϕ0e

−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ,

(y ≷ y′), (4.99)

EM4
z =

∫ b

−b

[
E0

1

4π
e−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= E0
i

4π
e−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ

− E0
ik

4π
e−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ,

(y ≷ y′). (4.100)

Similarly, converting to complex angle w plane using the transformation ξ = k sinw, with

the cylindrical coordinates (x−a = ρA cosϕA, y−b = ρA sinϕA), (x+a = ρB cosϕC , y−b =
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ρB sinϕC) for surface AB, then

EJ1
z = −E0

i

2π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA sin(w±ϕA)

cosϕ0 + sinw
dw

+ E0
i

2π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫
C

eikρB sin(w±ϕB)

cosϕ0 + sinw
dw, (y ≷ b), (4.101)

EM1
z = ∓E0

i

2π
e−ikb sinϕ0e−ika cosϕ0

∫
C

cosweikρA sin(w±ϕA)

cosϕ0 + sinw
dw

± E0
i

2π
e−ikb sinϕ0eika cosϕ0

∫
C

cosweikρB sin(w±ϕB)

cosϕ0 + sinw
dw, (y ≷ b), (4.102)

and (x − a = ρA cosϕA, y − b = ρA sinϕA), (x − a = ρC cosϕC , y + b = ρC sinϕC) for

surface AC, then

EJ2
z = −E0

i

2π
cosϕ0e

−ikb sinϕ0e−ika cosϕ0

∫
C

eikρA sin(w±ϕA)

sinϕ0 ± cosw
dw

+ E0
i

2π
cosϕ0e

ikb sinϕ0eika cosϕ0

∫
C

eikρC sin(w±ϕC)

sinϕ0 ± cosw
dw, (y ≷ y′), (4.103)

EM2
z = −E0

i

2π
e−ikb sinϕ0e−ika cosϕ0

∫
C

sinweikρA sin(w±ϕA)

sinϕ0 ± cosw
dw

+ E0
i

2π
eikb sinϕ0e−ika cosϕ0

∫
C

sinweikρC sin(w±ϕC)

sinϕ0 ± cosw
dw, (y ≷ y′), (4.104)

and (x − a = ρC cosϕC , y + b = ρC sinϕC), (x + a = ρD cosϕD, y − b = ρD sinϕD) for

surface CD,

EJ3
z = −E0

i

2π
sinϕ0e

ikb sinϕ0e−ika cosϕ0

∫
C

eikρC sin(w±ϕC)

cosϕ0 + sinw
dw

+ E0
i

2π
sinϕ0e

ikb sinϕ0eika cosϕ0

∫
C

eikρD sin(w±ϕD)

cosϕ0 + sinw
dw, (y ≷ −b), (4.105)

EM3
z = ±E0

i

2π
eikb sinϕ0e−ika cosϕ0

∫
C

cosweikρC sin(w±ϕC)

cosϕ0 + sinw
dw

∓ E0
i

2π
eikb sinϕ0eika cosϕ0

∫
C

cosweikρD sin(w±ϕD)

cosϕ0 + sinw
dw, (y ≷ −b), (4.106)

and (x + a = ρB cosϕB, y − b = ρB sinϕB), (x + a = ρD cosϕC , y + b = ρD sinϕC) for
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Figure 4.3: Observation point from surfaces CD (a) and BD (b).

surface BD,

EJ4
z = −E0

i

2π
cosϕ0e

−ikb sinϕ0eika cosϕ0

∫
C

eikρB sin(w±ϕB)

sinϕ0 ± cosw
dw

+ E0
i

2π
cosϕ0e

ikb sinϕ0eika cosϕ0

∫
C

eikρD sin(w±ϕD)

sinϕ0 ± cosw
dw, (y ≷ y′), (4.107)

EM4
z = E0

i

2π
e−ikb sinϕ0eika cosϕ0

∫
C

sinweikρB sin(w±ϕB)

sinϕ0 ± cosw
dw

− E0
i

2π
eikb sinϕ0eika cosϕ0

∫
C

sinweikρB sin(w±ϕD)

sinϕ0 ± cosw
dw, (y ≷ y′), (4.108)

Using saddle point method and far-field approximation
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ϕA = ϕB = ϕC = ϕD ∼ ϕ

ρA = ρB = ρC = ρD ∼ ρ

for amplitude variations,



ρA = ρ− d cos(ϕ− ϕA0) = ρ− a cosϕ− b sinϕ

ρB = ρ− d cos(π − ϕ− ϕA0) = ρ+ a cosϕ− b sinϕ

ρC = ρ− d cos(ϕ+ ϕA0) = ρ− a cosϕ+ b sinϕ

ρD = ρ− d cos(π + ϕ+ ϕA0) = ρ+ a cosϕ+ b sinϕ

for phase variations,

(4.109)

Eqs. (4.101)–(4.108) can be approximated as

EJ1
z = i2E0e

−ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ0

cosϕ0 + cosϕ
C(kρ), (4.110)

EM1
z = i2E0e

−ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ

cosϕ0 + cosϕ
C(kρ), (4.111)

EJ2
z = i2E0e

−ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ0

sinϕ0 + sinϕ
C(kρ), (4.112)

EM2
z = i2E0e

−ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ

sinϕ0 + sinϕ
C(kρ), (4.113)

EJ3
z = i2E0e

ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ0

cosϕ0 + cosϕ
C(kρ), (4.114)

EM3
z = −i2E0e

ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ

cosϕ0 + cosϕ
C(kρ), (4.115)

EJ4
z = i2E0e

ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ0

sinϕ0 + sinϕ
C(kρ), (4.116)

EM4
z = −i2E0e

ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ

sinϕ0 + sinϕ
C(kρ). (4.117)

Then, the total scattering field is

Es
z = EJ1

z + EM1
z + EJ2

z + EM2
z + EJ3

z + EM3
z + EJ4

z + EM4
z . (4.118)

After some manipulation, this total result is found to match with the one obtained by

the PO approximation in Eq. (3.44) (see Appendix A).

Es
z = i4E0 sinϕ0

sin[ka(cosϕ0 + cosϕ)]

cosϕ0 + cosϕ
e−ikb(sinϕ+sinϕ0)C(kρ)

+ i4E0 cosϕ0
sin[kb(sinϕ0 + sinϕ)]

sinϕ0 + sinϕ
e−ika(cosϕ+cosϕ0)C(kρ). (4.119)
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H Polarization

When a H polarized incident plane wave as in Eqs. (4.39), (4.40) impinges on the cylinder

surfaces, the reflected waves at the surface AB can be obtained as

HrAB = H0e
−ik(x cosϕ0+(2b−y) sinϕ0)ẑ, (4.120)

ErAB = H0

√
µ0

ε0
e−ik(x cosϕ0+(2b−y) sinϕ0)(− sinϕ0x̂− cosϕ0ŷ), (4.121)

and at the surface AC,

HrAC = H0e
−ik((2a−x) cosϕ0+y sinϕ0)ẑ, (4.122)

ErAC = H0

√
µ0

ε0
e−ik((2a−x) cosϕ0+y sinϕ0)(cosϕ0x̂+ sinϕ0ŷ). (4.123)

Considering to the surfaces of the cylinder, the equivalent currents J s and M s can be

derived as

J1 = ŷ ×HrAB
∣∣∣
y=b

= H0e
−ik(x cosϕ0+b sinϕ0)x̂, (4.124)

M 1 = ErAB × ŷ
∣∣∣
y=b

= −H0

√
µ0

ε0
sinϕ0e

−ik(x cosϕ0+b sinϕ0)ẑ, (4.125)

J2 = x̂×HrAC
∣∣∣
x=a

= −H0e
−ik(a cosϕ0+y sinϕ0)ŷ, (4.126)

M 2 = ErAC × x̂
∣∣∣
x=a

= −H0

√
µ0

ε0
cosϕ0e

−ik(a cosϕ0+y sinϕ0)ẑ, (4.127)

J3 = −ŷ × (−H i)
∣∣∣
y=−b

= H0e
−ik(x cosϕ0+b sinϕ0)x̂, (4.128)

M 3 = (−Ei)× (−ŷ)
∣∣∣
y=−b

= H0

√
µ0

ε0
sinϕ0e

−ik(x cosϕ0+b sinϕ0)ẑ, (4.129)

J4 = (−x̂)× (−H i)
∣∣∣
x=−a

= −H0e
−ik(−a cosϕ0+y sinϕ0)ŷ, (4.130)

M 4 = (−Ei)× (−x̂)
∣∣∣
x=−a

= H0

√
µ0

ε0
cosϕ0e

−ik(−a cosϕ0+y sinϕ0)ẑ. (4.131)

The scattering field can be obtained by integrating J1 ∼ M 4 with the two-dimensional

Green’s function G as

HJ1
z =

∫
S

i

4
J1

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=b

dS, (4.132)

HM1
z = −

∫
S

ωµ0

4
M1H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=b

dS, (4.133)

HJ2
z = −

∫
S

i

4
J2

∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=a

dS, (4.134)

HM2
z = −

∫
S

ωµ0

4
M2H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=a

dS, (4.135)
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HJ3
z =

∫
S

i

4
J3

∂

∂y′
H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=−b

dS, (4.136)

HM3
z = −

∫
S

ωµ0

4
M3H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
y′=−b

dS, (4.137)

HJ4
z = −

∫
S

i

4
J4

∂

∂x′H
(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=−a

dS, (4.138)

HM4
z = −

∫
S

ωµ0

4
M4H

(1)
0 (k

√
(x− x′)2 + (y − y′)2)

∣∣∣
x′=−a

dS. (4.139)

From Eqs. (4.124)–(4.131), we have

HJ1
z = ±

∫ a

−a

[
H0

1

4π
e−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]
dx′

= ±H0
i

4π
e−ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ

∓H0
i

4π
e−ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

k cosϕ0 + ξ
dξ, (y ≷ b), (4.140)

HM1
z =

∫ a

−a

[
H0

k

4π
sinϕ0e

−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−b|√
k2 − ξ2

dξ
]
dx′

= H0
ik

4π
sinϕ0e

−ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√

k2 − ξ2
dξ

−H0
ik

4π
sinϕ0e

−ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

(k cosϕ0 + ξ)
√
k2 − ξ2

dξ, (y ≷ b), (4.141)

HJ2
z =

∫ b

−b

[
H0

1

4π
e−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= H0
i

4π
e−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ

−H0
ik

4π
e−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ,

(y ≷ y′), (4.142)

HM2
z =

∫ b

−b

[
H0

k

4π
cosϕ0e

−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= H0
ik

4π
cosϕ0e

−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

−H0
ik

4π
cosϕ0e

−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√

k2 − ξ2)
√
k2 − ξ2

dξ,

(y ≷ y′), (4.143)
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HJ3
z = ±

∫ a

−a

[
H0

1

4π
e−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]
dx′

= ±H0
i

4π
eikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

k cosϕ0 + ξ
dξ

∓H0
i

4π
eikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

k cosϕ0 + ξ
dξ, (y ≷ −b), (4.144)

HM3
z = −

∫ a

−a

[
H0

k

4π
sinϕ0e

−ik(x cosϕ0+b sinϕ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y+b|√
k2 − ξ2

dξ
]
dx′

= −H0
ik

4π
sinϕ0e

ikb sinϕ0e−ika cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 + ξ)
√

k2 − ξ2
dξ

+H0
ik

4π
sinϕ0e

ikb sinϕ0eika cosϕ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

(k cosϕ0 + ξ)
√

k2 − ξ2
dξ, (y ≷ −b), (4.145)

HJ4
z =

∫ b

−b

[
H0

1

4π
e−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= H0
i

4π
e−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ

−H0
ik

4π
e−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ,

(y ≷ y′), (4.146)

HM4
z = −

∫ b

−b

[
H0

k

4π
cosϕ0e

−ik(a cosϕ0+y sinϕ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|√
k2 − ξ2

dξ
]
dy′

= −H0
ik

4π
cosϕ0e

−ika cosϕ0e−ikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ

+H0
ik

4π
cosϕ0e

−ika cosϕ0eikb cosϕ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosϕ0 +
√
k2 − ξ2)

√
k2 − ξ2

dξ,

(y ≷ y′). (4.147)

Similarly, converting to complex angle w plane using the transformation ξ = k sinw,

and using saddle point method with far-filed approximation in Eq. (4.109), then Eqs.

(4.140)–(4.147) becomes

HJ1
z = −i2H0e

−ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ

cosϕ0 + cosϕ
C(kρ), (4.148)

HM1
z = −i2H0e

−ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ0

cosϕ0 + cosϕ
C(kρ),(4.149)

HJ2
z = −i2H0e

−ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ

sinϕ0 + sinϕ
C(kρ), (4.150)
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HM2
z = −i2H0e

−ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ0

sinϕ0 + sinϕ
C(kρ),(4.151)

HJ3
z = −i2H0e

ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ

cosϕ0 + cosϕ
C(kρ), (4.152)

HM3
z = i2H0e

ikb(sinϕ+sinϕ0) sin[ka(cosϕ0 + cosϕ)]
sinϕ0

cosϕ0 + cosϕ
C(kρ), (4.153)

HJ4
z = −i2H0e

ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ

sinϕ0 + sinϕ
C(kρ), (4.154)

HM4
z = i2H0e

ika(cosϕ+cosϕ0) sin[kb(sinϕ0 + sinϕ)]
cosϕ0

sinϕ0 + sinϕ
C(kρ). (4.155)

Then, the total scattering field is

Hs
z = HJ1

z +HM1
z +HJ2

z +HM2
z +HJ3

z +HM3
z +HJ4

z +HM4
z

= −i4H0 sinϕ0
sin[ka(cosϕ0 + cosϕ)]

cosϕ0 + cosϕ
e−ikb(sinϕ+sinϕ0)C(kρ)

− i4H0 cosϕ0
sin[kb(sinϕ0 + sinϕ)]

sinϕ0 + sinϕ
e−ika(cosϕ+cosϕ0)C(kρ). (4.156)

After some manipulation, this total result is found to match with the one obtained by the

PO approximation in Eq. (3.60) (see Appendix A).

In this section, the scattering fields by a conducting wedge and rectangular cylinder

are formulated. In case of the conducting wedge, the equivalent currents JA, MA at

surface OA are approximated by the GO reflected wave, and currents JB, MB at surface

OB are calculated from the minus incident wave. Then, the total scattering field is

given by summing up four contributions derived from these currents. While the diffracted

component of this result is found to match with the one obtained by the PO approximation

in Section 3.1, the internal field inside the wedge is found to be asymptotically zero due

to the virtue of the surface equivalent theorem. For the conducting rectangular cylinder,

eight equivalent currents J1 ∼ J4 and M 1 ∼ M 4 are approximated by the GO reflected

and incident rays. When the resulting scattering fields radiating from these currents are

combined, the final result is found to be exactly the same as the result obtained by the PO

in Section 3.2. Therefore, from our derivation, one concludes that the results by surface

equivalence theorem match with those obtained by the PO in Chapter 3, which utilized

the induced electric currents on the illuminated physical surfaces. Then, when applying

this method to estimate the scattering by the dielectric objects, one expects that this

method could have the similar accuracy as PO formulation.
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4.2 Scattering by a Dielectric Edged Object

In this section, the outside scattering formulations for the dielectric wedge and rectangular

cylinder have been derived. Here, the situation becomes more complicated than the

conducting case in Section 4.1. When the incident wave impinges on the illuminated

surfaces, it excites the GO reflected wave (Er, Hr), the GO transmitted waves (Et, H t),

and diffracted wave (Ed, Hd). Since the diffracted wave is weaker than the GO ray fields,

the scattering wave (Es, Hs) on the illuminated region may be approximately given by

the GO reflected wave (Er, Hr) and the GO transmitted wave (Et, H t), if any. On the

shadowed region, it is no incident wave observed, and the GO transmitted wave (Et, H t)

and the diffracted wave (Ed, Hd). Then the scattering wave may be approximately given

by Es = −Ei +Et, Hs = −H i +H t.

Accordingly, the equivalent current may be approximated as

J s = n̂×Hs ≃











n̂× (Hr +H t) on illuminated S,

n̂× (−H i +H t) on shadowed S,

(4.157)

M s = Es × n̂ ≃











(Er +Et)× n̂ on illuminated S,

(−Ei +Et)× n̂ on shadowed S,

(4.158)

where n̂ denotes the outward normal unit vector.

4.2.1 Diffraction by a Dielectric Wedge

Figure 4.4 shows a two-dimensional dielectric wedge of the wedge angle φw illuminated

by a plane wave. For simplicity, let us assume that the incident plane wave illuminates

surface OA only (0 < φ0 < φw − π) and the observation angle is taken as 0 < φ < 2π.

When the incident plane wave impinges on the illuminated surfaces of a dielectric cylinder,

it excites the reflected wave at the illuminated surfaces and transmitted waves inside the

wedge. In addition, the originally transmitted wave excites the internal reflected and

transmitted waves Et, H t due to the multiple bouncing effects and they radiate again

from the body. Then, the contribution from the transmitted waves Et, H t should be

treated carefully, since they propagate with multiple internal bouncing in the dielectric

body, then they depart from the body to all direction, as shown in Fig. 4.4. Then, the
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Figure 4.4: Ordinary rays traced in physical region.

total scattering field becomes

Es
z = E0

z +
(

cont. from (Et, H t)
)

, (4.159)

Hs
z = H0

z +
(

cont. from (Et, H t)
)

, (4.160)

with E0
z and H0

z are the primary contribution derived from the reflected wave at the

illuminated surface and the minus incident wave at the shadowed surface.

The scattering formulation may be separated into two polarizations.

E Polarization

When a E polarized incident plane wave impinges on the wedge’s surface OA, it excites

the reflected waves at illuminated surface and the transmitted wave inside the wedge.

The original transmitted wave continues to experience the internal reflection and emit

the outgoing transmitted waves.
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At surface OA, the first reflected wave can be defined as

Er = Γ0E0e
ik(x cosφr

0
+y sinφr

0
)ẑ, (4.161)

Hr = Γ0E0

√

ε0
µ0

eik(x cosφr

0
+y sinφr

0
)(sinφr

0x̂− cosφr
0ŷ), (4.162)

with φi
0, φ

r
0, φ1 are the incident and reflected/transmitted angles, and Γ0 is the reflected

coefficient as

φi
0 = π + φ0, (4.163)

φr
0 = π − φ0, (4.164)

φ1 = cos−1
[cosφi

0√
εr

]

, (4.165)

Γ0 =
sinφ0 −

√

εr − cos2 φ0

sinφ0 +
√

εr − cos2 φ0

. (4.166)

Comparing the reflected waves in Eqs. (4.161), (4.162) with those by conducting case in

Eqs. (4.5), (4.6), the formulas of the reflected waves from the dielectric wedge have only

a difference with those by conducting case at the reflection coefficient. Therefore, the

contribution of the reflected waves can be obtained from Eq. (4.35) as

E0r
z = −Γ0E0

sinφr
0 + sinφ

cosφr
0 − cosφ

C(kρ)− Γ0E0e
ikx cosφr

0
+iky sinφr

0U(π − φ0 − φ)U(φ).(4.167)

Also, the contribution from the minus incident wave at the shadowed surface OB is the

same as the one in Eq. (4.36)

E−i
z = E0

sin(φi
0 − φw) + sin(φ− φw)

cos(φi
0 − φw)− cos(φ− φw)

C(kρ)

− E0e
ikx cosφi

0
+iky sinφi

0U(φ+ π − φ0)U(−φ− 2π + φw). (4.168)

The internal reflection inside the dielectric can be defined at two surfaces OA, OB, sepa-

rately.

Internal Reflection at Surface OB Figure 4.5 shows the internal reflection at the

surface OB. Here, φ2n−1, φ2n and φt
2n−1 are the incident, reflected and outgoing trans-

mitted angles of the (2n − 1)-th internal reflection, respectively. Also φ2n is the (2n)-th

internal reflection angle. These angles and the reflected/transmitted coefficients are de-
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Figure 4.5: Internal reflection at surface OB.

fined as

φ2n = 2φw − φ2n−1 − 2π, (4.169)

φt
2n−1 = φw + cos−1

[√
εrcos(φ2n−1 − φw)

]

, (4.170)

Γ2n−1 =
sin(φw − φ2n−1)−

√

εr − cos2(φw − φ2n−1)

sin(φw − φ2n−1) +
√

εr − cos2(φw − φ2n−1)
, (4.171)

Then, the (2n− 1)-th outgoing transmitted wave is expressed as

E(2n−1)t = T2n−1E0e
ik(x cosφt

2n−1
+y sinφt

2n−1
)ẑ, (4.172)

H (2n−1)t = T2n−1E0

√

ε0
µ0

eik(x cosφt

2n−1
+y sinφt

2n−1
)(sinφt

2n−1x̂− cosφt
2n−1ŷ), (4.173)

and the (2n)-th internal reflected wave is

E2n = R2n−1E0e
ikw(x cosφ2n+y sinφ2n)ẑ, (4.174)

H2n = R2n−1E0

√

ε0εr
µ0

eikw(x cosφ2n+y sinφ2n)(sinφ2nx̂− cosφ2nŷ), (4.175)

with kw = k
√
εr, and

T2n−1 = (1 + Γ0)Γ1 · · · Γ2n−2(1 + Γ2n−1), (4.176)

R2n−1 = (1 + Γ0)Γ1 · · · Γ2n−2Γ2n−1. (4.177)
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Then, the (2n − 1)-th equivalent currents J (2n−1)t, M (2n−1)t generated can be derived

from from the (2n− 1)-th outgoing transmitted wave as

J (2n−1)t = n̂×H (2n−1)t
∣

∣

∣

y=x tanφw

= E0T2n−1

√

ε0
µ0

sin(φt
2n−1 − φw)e

ikx(cosφt

2n−1
+tanφw sinφt

2n−1
)ẑ, (4.178)

M (2n−1)t = E(2n−1)t × n̂

∣

∣

∣

y=x tanφw

= E0T2n−1e
ikx(cosφt

2n−1
+tanφw sinφt

2n−1
)(cosφwx̂+ sinφwŷ). (4.179)

The scattering field can be obtained by integrating J (2n−1)t, M (2n−1)t with the two-

dimensional Green’s function G

EJ(2n−1)t
z = −

∫

S

ωµ0

4
J(2n−1)tH

(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=x′ tanφw

dS

= −
∫ ∞

0

[ωµ0

4
T2n−1E0

√

ε0
µ0

sin(φt
2n−1 − φw)e

ikx′(cosφt

2n−1
+tanφw sin 2n−1t)

· 1
π

∫ ∞

−∞

eiξ(x−x′)±i
√

k2−ξ2(y−x′ tanφw)

√

k2 − ξ2
dξ
]

√

1 + tan2 φw dx′

= −T2n−1E0
k

4π

sin(φt
2n−1 − φw)

cosφw

·
∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n−1
+k tanφw sinφt

2n−1
−ξ∓

√
k2−ξ2 tanφw) dx′

)eiξx±i
√

k2−ξ2y

√

k2 − ξ2
dξ

= −T2n−1E0
ik

4π

sin(φt
2n−1 − φw)

cosφw

·
∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosφt
2n−1 + k tanφw sinφt

2n−1 − ξ ∓
√

k2 − ξ2 tanφw)
√

k2 − ξ2
dξ, (4.180)
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EM(2n−1)t
z = −

∫

S

i

4
(M(2n−1)tx

∂

∂y′
−M(2n−1)ty

∂

∂x′ )

·H(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=x′ tanφw

dS

=

∫ ∞

0

[ 1

4π
T2n−1E0e

ikx′(cosφt

2n−1
+tanφw sinφt

2n−1
)

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2(y−x′ tanφw)

·
(

∓ cosφw + sinφw

ξ
√

k2 − ξ2
dξ
)]

√

1 + tan2 φw dx′

= ∓T2n−1E0

4π

∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n−1
+k tanφw sinφt

2n−1
−ξ∓

√
k2−ξ2 tanφw) dx′

)

·
(

eiξx±i
√

k2−ξ2y dξ ∓ sinφw

cosφw

ξeiξx±i
√

k2−ξ2y

√

k2 − ξ2

)

dξ

= ∓ i

4π
T2n−1E0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosφ2n−1 + k tanφw sinφt
2n−1 − ξ ∓

√

k2 − ξ2 tanφw

·
(

1± sinφw

cosφw

ξ
√

k2 − ξ2

)

dξ, (y ≷ x′ tanφw). (4.181)

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (ρ, θ) with x = ρ cosφ, y = ρ sinφ, Eqs. (4.180), (4.181) can be

expressed as

EJ(2n−1)t
z = −T2n−1E0

ik

4π

sin(φt
2n−1 − φw)

cosφw

·
∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n−1 + k tanφw sinφt

2n−1 − k sinw ∓ k cosw tanφw)k cosw
k cosw dw

= − i

4π
T2n−1E0

∫

C

sin(φt
2n−1 − φw)

cos(φt
2n−1 − φw)− sin(w ± φw)

eikρ(sin(w±φ) dw, (4.182)

EM(2n−1)t
z = ∓ i

4π

∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n−1 + k tanφw sinφt

2n−1 − k sinw ± k cosw tanφw)

·T2n−1E0

(

1± sinφw

cosφw

k sinw

k cosw

)

k cosw dw

= ∓ i

4π
T2n−1E0

∫

C

cos(w ± φw)

cos(φt
2n−1 − φw)− sin(w ± φw)

eikρ(sin(w±φ) dw. (4.183)

Then, the contribution of the (2n − 1)-th transmitted wave is the summation of the

radiations from the currents J (2n−1)t, M (2n−1)t

E(2n−1)t
z = EJ(2n−1)t

z + EM(2n−1)t
z

= −T2n−1E0
i

4π

∫

C

sin(φt
2n−1 − φw)± cos(w ± φw)

cos(φt
2n−1 − φw)− sin(w ± φw)

eikρ(sin(w±φ) dw. (4.184)
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Figure 4.6: Internal reflection at surface OA.

Using saddle point method with ws = π/2∓ φ, then Eq. (4.184) becomes

E(2n−1)t
z = −T2n−1E0

sin(φt
2n−1 − φw) + sin(φ− φw)

cos(φt
2n−1 − φw)− cos(φ− φw)

C(kρ)

+T2n−1E0e
ikx cosφt

2n−1
+iky sinφt

2n−1U(φ+ π − φ0)U(−φ− 2π + φw). (4.185)

Internal Reflection at Surface OA Figure 4.6 shows the internal reflection at the

surface OA. Here, φ2n, φ2n+1 and φt
2n are the incident, reflected and outgoing transmitted

angles of the (2n)-th internal reflection, respectively. Also φ2n+1 is the (2n+1)-th internal

reflection angle. These angles and the reflected/transmitted coefficients are defined as

φ2n+1 = 2π − φ2n, (4.186)

φt
2n = cos−1

[√
εrcosφ2n

]

, (4.187)

Γ2n =
sinφ2n −

√

εr − cos2 φ2n

sinφ2n +
√

εr − cos2 φ2n

, (4.188)

Then, the (2n)-th outgoing transmitted wave is expressed as

E(2n)t = T2nE0e
ik(x cosφt

2n
+y sinφt

2n
)ẑ, (4.189)

H(2n)t = T2nE0

√

ε0
µ0

eik(x cosφt

2n
+y sinφt

2n
)(sinφt

2nx̂− cosφt
2nŷ), (4.190)
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and the (2n+ 1)-th internal reflected wave is

E(2n+1)r = R2nE0e
ikw(x cosφ2n+1+y sinφ2n+1)ẑ, (4.191)

H (2n+1)r = R2nE0

√

ε0εr
µ0

eik(x cosφ2n+1+y sinφ2n+1)(sinφ2n+1x̂− cosφ2n+1ŷ),(4.192)

with

T2n = (1 + Γ0)Γ1 · · · Γ2n−1(1 + Γ2n), (4.193)

R2n = (1 + Γ0)Γ1 · · · Γ2n−1Γ2n. (4.194)

Then, the (2n)-th equivalent currents J (2n)t, M (2n)t generated can be derived from from

the (2n)-th outgoing transmitted wave as

J (2n)t = ŷ ×H(2n)t
∣

∣

∣

y=0
= T2nE0

√

ε0
µ0

sinφt
2ne

ikx cosφt

2n ẑ, (4.195)

M (2n)t = E(2n)t × ŷ

∣

∣

∣

y=0
= T2nE0e

ikx cosφt

2nx̂, (4.196)

The scattering field can be obtained by integrating J (2n)t, M (2n)t with two-dimensional

Green’s function G as

EJ(2n)t
z = −

∫

S

ωµ0

4
J(2n)tH

(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=0

dS

= −
∫ ∞

0

[ωµ0

4
T2nE0

√

ε0
µ0

sinφt
2ne

ikx′ cosφt

2n
1

π

∫ ∞

−∞

eiξ(x−x′)±i
√

k2−ξ2y

√

k2 − ξ2
dξ
]

dx′

= −T2nE0
k

4π
sinφt

2n

∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n
−ξ) dx′

)eiξx±i
√

k2−ξ2y

√

k2 − ξ2
dξ

= −T2nE0
ik

4π
sinφt

2n

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosφt
2n − ξ)

√

k2 − ξ2
dξ, (4.197)

EM(2n)t
z = −

∫

S

i

4
M(2n)tx

∂

∂y′
H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=x′ tanφw

dS

= ∓
∫ ∞

0

1

4π
T2nE0e

ikx′ cosφt

2n

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2y dξ dx′

= ∓T2nE0

4π

∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n
−ξ) dx′

)

eiξx±i
√

k2−ξ2y dξ

= ∓ i

4π
T2nE0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosφt
2n − ξ

dξ, (y ≷ 0). (4.198)

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (ρ, θ) with x = ρ cosφ, y = ρ sinφ, Eqs. (4.197), (4.198) can be
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expressed as

EJ(2n)t
z = −T2nE0

ik

4π
sinφt

2n

∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n − k sinw)k cosw

k cosw dw

= −T2nE0
i

4π

∫

C

sinφt
2n

cosφt
2n − sinw

eikρ(sin(w±φ) dw, (4.199)

EM(2n)t
z = ∓T2nE0

i

4π

∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n − k sinw)

k cosw dw

= ∓T2nE0
i

4π

∫

C

cosw

cosφt
2n − sinw

eikρ(sin(w±φ) dw. (4.200)

Then, the contribution of the (2n)-th transmitted wave is the summation of the radiations

from the currents J (2n)t, M (2n)t

E(2n)t
z = EJ(2n)t

z + EM(2n)t
z = −T2nE0

i

4π

∫

C

sinφt
2n ± cosw

cosφt
2n − sinw

eikρ(sin(w±φ) dw.(4.201)

Using saddle point method with ws = π/2∓ φ, Eq. (4.201) becomes

E(2n)t
z = −T2nE0

sinφt
2n + sinφ

cosφt
2n − cosφ

C(kρ)

+T2n−1E0e
ikx cosφt

2n
+iky sinφt

2nU(π − φ0 − φ)U(φ) (4.202)

Then, the scattering field outside the dielectric wedge is defined as in Eq. (4.159 )

Es
z = E0r

z + E−i
z +

N
∑

1

E(n)t
z . (4.203)

with N is the number of internal reflections.

H Polarization

When a H polarized incident plane wave impinges on the wedge’s surface OA, it excites

the reflected waves at illuminated surface and the transmitted wave inside the wedge.

The original transmitted wave continues to experience the internal reflection and emit

the outgoing transmitted waves.

At surface OA, the first reflected wave can be defined as

Hr = Γ̄0H0e
ik(x cosφr

0
+y sinφr

0
)ẑ, (4.204)

Er = Γ̄0H0

√

ε0
µ0

eik(x cosφr

0
+y sinφr

0
)(− sinφr

0x̂+ cosφr
0ŷ). (4.205)
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with φi
0, φ

r
0, φ1 are the incident and reflected/transmitted angles, and Γ̄0 is the reflected

coefficient as

φi
0 = π + φ0, (4.206)

φr
0 = π − φ0, (4.207)

φ1 = cos−1
[cosφi

0√
εr

]

, (4.208)

Γ̄0 =
−√

εr sinφ0 +
√

εr − cos2 φ0√
εr sinφ0 +

√

εr − cos2 φ0

. (4.209)

Comparing the reflected waves in Eqs. (4.161), (4.162) with those by conducting case in

Eqs. (4.41), (4.42), the formulas of the reflected waves from the dielectric wedge have

only a difference with those by conducting case at the reflection coefficient. Then, the

contribution of the reflected waves can be given as in Eq. (4.55),

H0r
z = Γ̄0H0

sinφr
0 + sinφ

cosφr
0 − cosφ

C(kρ) + Γ̄0H0e
ikx cosφr

0
+iky sinφr

0U(π − φ0 − φ)U(φ),(4.210)

Also, the contribution from the minus incident wave at the shadowed surface OB is

H−i
z = −H0

sin(φi
0 − φw) + sin(φ− φw)

cos(φi
0 − φw)− cos(φ− φw)

C(kρ)

−H0e
ikx cosφi

0
+iky sinφi

0U(φ+ π − φ0)U(−φ− 2π + φw). (4.211)

The internal reflection inside the dielectric can be defined at two surfaces OA, OB, sepa-

rately.

Internal Reflection at Surface OB Figure 4.5 shows the internal reflection at the

surface OB. Here, φ2n−1, φ2n and φt
2n−1 are the incident, reflected and outgoing trans-

mitted angles of the (2n − 1)-th internal reflection, respectively. Also φ2n is the (2n)-th

internal reflection angle. These angles and the reflected/transmitted coefficients are de-

fined as

φ2n = 2φw − φ2n−1 − 2π, (4.212)

φt
2n−1 = φw + cos−1

[√
εrcos(φ2n−1 − φw)

]

, (4.213)

Γ̄2n−1 =
− sin(φw − φ2n−1) +

√

εr − ε2r sin
2(φw − φ2n−1)

sin(φw − φ2n−1) +
√

εr − ε2r sin
2(φw − φ2n−1)

, (4.214)

Then, the (2n− 1)-th outgoing transmitted wave is expressed as

H(2n−1)t = T̄2n−1H0e
ik(x cosφt

2n−1
+y sinφt

2n−1
)ẑ, (4.215)

E(2n−1)t = T̄2n−1H0

√

µ0

ε0
eik(x cosφt

2n−1
+y sinφt

2n−1
)(− sinφt

2n−1x̂+ cosφt
2n−1ŷ), (4.216)
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and the (2n)-th internal reflected wave is

H2n = R̄2n−1H0e
ikw

√
εr(x cosφ2n+y sinφ2n)ẑ, (4.217)

E2n = R̄2n−1H0

√

µ0

ε0εr
eikw(x cosφ2n+y sinφ2n)(− sinφ2nx̂+ cosφ2nŷ), (4.218)

with kw = k
√
εr, and

T̄2n−1 = (1− Γ̄0)Γ̄1 · · · Γ̄2n−2(1− Γ̄2n−1), (4.219)

R̄2n−1 = (1− Γ̄0)/
√
εrΓ̄1 · · · Γ̄2n−2Γ̄2n−1. (4.220)

Then, the (2n − 1)-th equivalent currents J (2n−1)t, M (2n−1)t generated can be derived

from from the (2n− 1)-th outgoing transmitted wave as

J (2n−1)t = n̂×H(2n−1)t
∣

∣

∣

y=x tanφw

= H0T̄2n−1e
ikx(cosφt

2n−1
+tanφw sinφt

2n−1
)(cosφwx̂+ sinφwŷ), (4.221)

M (2n−1)t = E(2n−1)t × n̂

∣

∣

∣

y=x tanφw

= −H0T̄2n−1

√

µ0

ε0
sin(φt

2n−1 − φw)e
ikx(cosφt

2n−1
+tanφw sinφt

2n−1
)ẑ. (4.222)

The scattering field can be obtained by integrating J (2n−1)t, M (2n−1)t with the two-

dimensional Green’s function G as

HJ(2n−1)t
z =

∫

S

i

4
(J(2n−1)tx

∂

∂y′
− J(2n−1)ty

∂

∂x′ )H
(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=x′ tanφw

dS

=

∫ ∞

0

[ 1

4π
T̄2n−1H0e

ikx′(cosφt

2n−1
+tanφw sinφt

2n−1
)

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2(y−x′ tanφw)

·
(

± cosφw − sinφw

ξ
√

k2 − ξ2
dξ
)]

√

1 + tan2 φw dx′

= ± T̄2n−1H0

4π

∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n−1
+k tanφw sinφt

2n−1
−ξ∓

√
k2−ξ2 tanφw) dx′

)

·
(

eiξx±i
√

k2−ξ2y dξ ∓ sinφw

cosφw

ξeiξx±i
√

k2−ξ2y

√

k2 − ξ2

)

dξ

= ± i

4π
T̄2n−1H0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosφ2n−1 + k tanφw sinφt
2n−1 − ξ ∓

√

k2 − ξ2 tanφw

·
(

1± sinφw

cosφw

ξ
√

k2 − ξ2

)

dξ, (y ≷ x′ tanφw), (4.223)

58



HM(2n−1)t
z = −

∫

S

ωε0
4

M(2n−1)tH
(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=x′ tanφw

dS

=

∫ ∞

0

[ωε0
4

T̄2n−1H0

√

µ0

ε0
sin(φt

2n−1 − φw)e
ikx′(cosφt

2n−1
+tanφw sinφt

2n−1
)

· 1
π

∫ ∞

−∞

eiξ(x−x′)±i
√

k2−ξ2(y−x′ tanφw)

√

k2 − ξ2
dξ
]

√

1 + tan2 φw dx′

= T̄2n−1H0
k

4π

sin(φt
2n−1 − φw)

cosφw

·
∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n−1
+k tanφw sinφt

2n−1
−ξ∓

√
k2−ξ2 tanφw) dx′

)eiξx±i
√

k2−ξ2y

√

k2 − ξ2
dξ

= T̄2n−1H0
ik

4π

sin(φt
2n−1 − φw)

cosφw

·
∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosφt
2n−1 + k tanφw sinφt

2n−1 − ξ ∓
√

k2 − ξ2 tanφw)
√

k2 − ξ2
dξ. (4.224)

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (ρ, θ) with x = ρ cosφ, y = ρ sinφ, Eqs. (4.223), (4.224) can be

expressed as

HJ(2n−1)t
z = ± i

4π

∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n−1 + k tanφw sinφt

2n−1 − k sinw ± k cosw tanφw)

· T̄2n−1H0

(

1± sinφw

cosφw

k sinw

k cosw

)

k cosw dw

= ± i

4π
T̄2n−1H0

∫

C

cos(w ± φw)

cos(φt
2n−1 − φw)− sin(w ± φw)

eikρ(sin(w±φ) dw, (4.225)

HM(2n−1)t
z = T̄2n−1H0

ik

4π

sin(φt
2n−1 − φw)

cosφw

·
∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n−1 + k tanφw sinφt

2n−1 − k sinw ∓ k cosw tanφw)k cosw
k cosw dw

=
i

4π
T̄2n−1H0

∫

C

sin(φt
2n−1 − φw)

cos(φt
2n−1 − φw)− sin(w ± φw)

eikρ(sin(w±φ) dw. (4.226)

Then, the contribution of the (2n − 1)-th transmitted wave is the summation of the

radiations from the currents J (2n−1)t, M (2n−1)t

H(2n−1)t
z = HJ(2n−1)t

z +HM(2n−1)t
z

= T̄2n−1H0
i

4π

∫

C

sin(φt
2n−1 − φw)± cos(w ± φw)

cos(φt
2n−1 − φw)− sin(w ± φw)

eikρ(sin(w±φ) dw

= T̄2n−1H0

sin(φt
2n−1 − φw) + sin(φ− φw)

cos(φt
2n−1 − φw)− cos(φ− φw)

C(kρ)

+T̄2n−1H0e
ikx cosφt

2n−1
+iky sinφt

2n−1U(φ+ π − φ0)U(−φ− 2π + φw). (4.227)
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Internal Reflection at Surface OA Figure 4.6 shows the internal reflection at the

surface OA. Here, φ2n, φ2n+1 and φt
2n are the incident, reflected and outgoing transmitted

angles of the (2n)-th internal reflection, respectively. Also φ2n+1 is the (2n+1)-th internal

reflection angle. These angles and the reflected/transmitted coefficients are defined as

φ2n+1 = 2π − φ2n, (4.228)

φt
2n = cos−1

[√
εrcosφ2n

]

, (4.229)

Γ̄2n =
− sinφ2n−1 +

√

εr − ε2r cos
2 φ2n

sinφ2n +
√

εr − ε2r cos
2 φ2n

, (4.230)

Then, the (2n)-th outgoing transmitted wave is expressed as

E(2n)t = T̄2nH0e
ik(x cosφt

2n
+y sinφt

2n
)ẑ, (4.231)

H (2n)t = T̄2nH0

√

ε0
µ0

eik(x cosφt

2n
+y sinφt

2n
)(sinφt

2nx̂− cosφt
2nŷ), (4.232)

and the (2n+ 1)-th internal reflected wave is

E(2n+1)r = R̄2nH0e
ikw(x cosφ2n+1+y sinφ2n+1)ẑ, (4.233)

H (2n+1)r = R̄2nH0

√

ε0εr
µ0

eik(x cosφ2n+1+y sinφ2n+1)(sinφ2n+1x̂− cosφ2n+1ŷ),(4.234)

with

T̄2n = (1− Γ̄0)Γ̄1 · · · Γ2n−1(1− Γ̄2n), (4.235)

R̄2n = (1− Γ̄0)/
√
εrΓ̄1 · · · Γ̄2n−1Γ̄2n. (4.236)

Then, the (2n)-th equivalent currents J (2n)t, M (2n)t generated can be derived from from

the (2n)-th outgoing transmitted wave as

J (2n)t = ŷ ×H(2n)t
∣

∣

∣

y=0
= T̄2nH0e

ikx cosφt

2nx̂, (4.237)

M (2n)t = E(2n)t × ŷ

∣

∣

∣

y=0
= −T̄2nH0

√

ε0
µ0

sinφt
2ne

ikx cosφt

2n ẑ, (4.238)

The scattering field can be obtained by integrating J (2n)t,M (2n)t with the two-dimensional

Green’s function G as
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HJ(2n)t
z =

∫

S

i

4
J(2n)tx

∂

∂y′
H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=x′ tanφw

dS

= ±
∫ ∞

0

1

4π
T̄2nH0e

ikx′ cosφt

2n

∫ ∞

−∞
eiξ(x−x′)±i

√
k2−ξ2y dξ dx′

= ± T̄2nH0

4π

∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n
−ξ) dx′

)

eiξx±i
√

k2−ξ2y dξ

= ± i

4π
T̄2nH0

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

k cosφt
2n − ξ

dξ, (y ≷ 0), (4.239)

HM(2n)t
z = −

∫

S

ωµ0

4
M(2n)tH

(1)
0 (k

√

(x− x′)2 + (y − y′)2)

∣

∣

∣

∣

y′=0

dS

=

∫ ∞

0

[ωµ0

4
T̄2nH0

√

ε0
µ0

sinφt
2ne

ikx′ cosφt

2n
1

π

∫ ∞

−∞

eiξ(x−x′)±i
√

k2−ξ2y

√

k2 − ξ2
dξ
]

dx′

= T̄2nH0
k

4π
sinφt

2n

∫ ∞

−∞

(

∫ ∞

0

eix
′(k cosφt

2n
−ξ) dx′

)eiξx±i
√

k2−ξ2y

√

k2 − ξ2
dξ

= T̄2nH0
ik

4π
sinφt

2n

∫ ∞

−∞

eiξx±i
√

k2−ξ2y

(k cosφt
2n − ξ)

√

k2 − ξ2
dξ. (4.240)

Converting to complex angle w plane using the transformation ξ = k sinw, with the

cylindrical coordinates (ρ, θ) with x = ρ cosφ, y = ρ sinφ, Eqs. (4.239), (4.240) can be

expressed as

HJ(2n)t
z = ∓T̄2nH0

i

4π

∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n − k sinw)

k cosw dw

= ∓T2nH0
i

4π

∫

C

cosw

cosφt
2n − sinw

eikρ(sin(w±φ) dw, (4.241)

HM(2n)t
z = T̄2nH0

ik

4π
sinφt

2n

∫

C

eikρ(cosφ sinw±sinφ cosw)

(k cosφt
2n − k sinw)k cosw

k cosw dw

= T̄2nH0
i

4π

∫

C

sinφt
2ncosφ

t
2n − sinweikρ(sin(w±φ) dw. (4.242)

Then, the contribution of the (2n)-th transmitted wave is the summation of the radiations

from the currents J (2n)t, M (2n)t

H(2n)t
z = HJ(2n)t

z +HM(2n)t
z

= T̄2nH0
i

4π

∫

C

sinφt
2n ± cosw

cosφt
2n − sinw

eikρ(sin(w±φ) dw

= T̄2nH0
sinφt

2n + sinφ

cosφt
2n − cosφ

C(kρ)

+T̄2nH0e
ikx cosφt

2n
+iky sinφt

2nU(π − φ0 − φ)U(φ). (4.243)

61



Then, the total scattering field is defined as in Eq. (4.159 )

Hs
z = H0r

z +H−i
z +

N
∑

1

H(n)t
z (4.244)

with N is the number of internal reflections.

4.2.2 Scattering by a Dielectric Rectangular cylinder

 

Figure 4.7: Scattering by a rectangular cylinder. (a) An incident plane wave. (b) Radia-

tion from equivalent current sources J , M on the cylinder surface.

Let us consider that a transverse plane wave impinges upon a dielectric rectangular

cylinder whose dimensions are 2a× 2b, and its relative dielectric constant is εr, as shown

in Fig. 4.7(a).
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(a)

Inc. wave, E i

Refl. wave, E r

1st trans. wave, E t1

2nd trans. wave, E t2

3rd trans. wave, E t3

4th trans. wave, E t4

ε
r

(b)

Figure 4.8: Scattering waves with multiply bouncing effect inside the dielectric rectangular

cylinder. (a) Only incident wave on the upper surface. (b) Only incident wave on the

side surface.
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Figure 4.9: Scattering waves with multiply bouncing effect inside the dielectric rectangular

cylinder. Incident wave on the upper and side surfaces.

E polarization

An E polarization incident plane wave can be written as

Ei = E0e
−ik(x cosφ0+y sinφ0)ẑ, (4.245)

H i = E0

√

ε0
µ0

e−ik(x cosφ0+y sinφ0)(− sinφ0x̂+ cosφ0ŷ). (4.246)

Then, the reflected waves at the illuminated surfaces are expressed for surface AB as

ErAB = ΓABE0e
−ik(x cosφ0+(2b−y) sinφ0)ẑ, (4.247)

HrAB = ΓABE0

√

ε0
µ0

e−ik(x cosφ0+(2b−y) sinφ0)(sinφ0x̂+ cosφ0ŷ), (4.248)

and for surface AC as

ErAC = ΓACE0e
−ik((2a−x) cosφ0+y sinφ0)ẑ, (4.249)

HrAC = ΓACE0

√

ε0
µ0

e−ik((2a−x) cosφ0+y sinφ0)(− sinφ0x̂− cosφ0ŷ), (4.250)
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where ΓAB and ΓAC are the reflection coefficient at the surfaces AB and AC, and are

given by:

ΓAB =
sinφ0 −

√

εr − cos2 φ0

sinφ0 +
√

εr − cos2 φ0

, (4.251)

ΓAC =
cosφ0 −

√

εr − sin2 φ0

cosφ0 +
√

εr − sin2 φ0

. (4.252)

The contribution from the transmitted waves Et, H t should be treated carefully, since

they propagate with multiple internal bouncing in the dielectric body, then they depart

from the body to all direction, as shown in Fig. 4.9. Then, the total scattering field

becomes

Es
z = E0

z +
(

cont. from (Et, H t)
)

, (4.253)

E0
z = EAB

z + EAC
z + ECD

z + EBD
z . (4.254)

The primary scattering fields EAB
z , EAC

z , ECD
z , EBD

z in Eq. (4.254) are derived from the

reflected waves on surfaces AB, AC and the minus incident waves on surfaces CD, BD.

The radiation integrals due to the equivalent currents can be derived by saddle point

method as the same as the conducting case.

Considering four surfaces of the dielectric rectangular cylinder, the equivalent currents

J1 ∼ J4 and M 1 ∼ M 4 in Fig. 4.7(b) excited from the reflected and minus incident

waves can be obtained from Eqs. (2.12) and (2.13) as

J1 = ŷ ×HrAB
∣

∣

∣

y=b
= ΓABE0

√

ε0
µ0

sinφ0 e−ikx cosφ0−ikb sinφ0 ẑ, (4.255)

M 1 = ErAB × ŷ

∣

∣

∣

y=b
= ΓABE0e

−ikx cosφ0−ikb sinφ0x̂, (4.256)

J2 = x̂×HrAC
∣

∣

∣

x=a
= ΓACE0

√

ε0
µ0

cosφ0 e−ika cosφ0−iky sinφ0ẑ, (4.257)

M 2 = ErAC × x̂

∣

∣

∣

x=a
= −ΓACE0e

−ika cosφ0−iky sinφ0ŷ, (4.258)

J3 = (−ŷ)× (−H i)
∣

∣

∣

y=−b
= E0

√

ε0
µ0

sinφ0e
−ikx cosφ0+ikb sinφ0 ẑ, (4.259)

M 3 = (−Ei)× (−ŷ)
∣

∣

∣

y=−b
= −E0e

−ikx cosφ0+ikb sinφ0x̂, (4.260)

J4 = (−x̂)× (−H i)
∣

∣

∣

x=−a
= −E0

√

ε0
µ0

cosφ0 eika cosφ0−iky sinφ0 ẑ, (4.261)

M 4 = (−Ei)× (−x̂)
∣

∣

∣

x=−a
= E0e

ika cosφ0−iky sinφ0ŷ. (4.262)

The radiation fields due to the above currents can be derived by integrating along the

cylinder surface S using the Green’s function as [22]
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EJ1
z = −

∫ a

−a

[

ΓABE0
k

4π
sinφ0e

−ik(x cosφ0+b sinφ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y−b|
√

k2 − ξ2
dξ
]

dx′

= −ΓABE0
ik

4π
sinφ0e

−ikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ

+ ΓABE0
ik

4π
sinφ0e

−ikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ, (y ≷ b),(4.263)

EM1
z = ∓

∫ a

−a

[

ΓABE0
1

4π
e−ik(x cosφ0+b sinφ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]

dx′

= ∓ΓABE0
i

4π
e−ikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

k cosφ0 + ξ
dξ

± ΓABE0
i

4π
e−ikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

k cosφ0 + ξ
dξ, (y ≷ b), (4.264)

EJ2
z = −

∫ b

−b

[

ΓACE0
k

4π
cosφ0e

−ik(a cosφ0+y sinφ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|
√

k2 − ξ2
dξ
]

dy′

= −ΓACE0
ik

4π
cosφ0e

−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

+ ΓACE0
ik

4π
cosφ0e

−ika cosφ0eikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′), (4.265)

EM2
z = −

∫ b

−b

[

ΓACE0
1

4π
e−ik(a cosφ0+y sinφ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|
√

k2 − ξ2
dξ
]

dy′

= −ΓACE0
i

4π
e−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

+ ΓACE0
ik

4π
e−ika cosφ0eikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′), (4.266)

EJ3
z = −

∫ a

−a

[

E0
k

4π
sinφ0e

−ik(x cosφ0+b sinφ0)

∫ ∞

−∞

eiξ(x−x′)+i
√

k2−ξ2|y+b|
√

k2 − ξ2
dξ
]

dx′

= −E0
ik

4π
sinφ0e

ikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ

+ E0
ik

4π
sinφ0e

ikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ, (y ≷ −b), (4.267)
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EM3
z = ±

∫ a

−a

[

H0
1

4π
e−ik(x cosφ0+b sinφ0)

∫ ∞

−∞
eiξ(x−x′)+i

√
k2−ξ2|y−b| dξ

]

dx′

= ±E0
i

4π
eikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

k cosφ0 + ξ
dξ

∓ E0
i

4π
eikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

k cosφ0 + ξ
dξ, (y ≷ −b), (4.268)

EJ4
z =

∫ b

−b

[

E0
k

4π
cosφ0e

−ik(a cosφ0+y sinφ0)

∫ ∞

−∞

eiξ(x−a)+i
√

k2−ξ2|y−y′|
√

k2 − ξ2
dξ
]

dy′

= −E0
ik

4π
cosφ0e

−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

+ E0
ik

4π
cosφ0e

−ika cosφ0eikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′), (4.269)

EM4
z =

∫ b

−b

[

E0
1

4π
e−ik(a cosφ0+y sinφ0)

∫ ∞

−∞

ξeiξ(x−a)+i
√

k2−ξ2|y−y′|
√

k2 − ξ2
dξ
]

dy′

= E0
i

4π
e−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

− E0
ik

4π
e−ika cosφ0eikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′). (4.270)

While the above integral cannot evaluate analytically,the saddle point technique may be

used for the high frequency asymptotic evaluation for a large k [22] as in section [cond.cyl].

Then, the radiation fields from the equivalent currents J1 ∼ M 4 becomes

EJ1
z = i2ΓABE0e

−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ
C(kρ), (4.271)

EM1
z = i2ΓABE0e

−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ
C(kρ), (4.272)

EJ2
z = i2ΓACE0e

−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ
C(kρ), (4.273)

EM2
z = i2ΓACE0e

−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ
C(kρ), (4.274)

EJ3
z = i2E0e

ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ
C(kρ), (4.275)

EM3
z = −i2E0e

ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ
C(kρ), (4.276)

EJ4
z = i2E0e

ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ
C(kρ), (4.277)

EM4
z = −i2E0e

ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ
C(kρ). (4.278)
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Then, the corresponding electric far fields of four surfaces AB, AC, CD, BD are given

by:

EAB
z = EJ1

z + EM1
z

= i2ΓAB

sinφ0 + sinφ

cosφ0 + cosφ
sin[ka(cosφ0 + cosφ)]ejkb(sinφ+sinφ0)C(kρ), (4.279)

EAC
z = EJ2

z + EM2
z

= i2ΓAC

cosφ0 + cosφ

sinφ0 + sinφ
sin[kb(sinφ0 + sinφ)]ejka(cosφ+cosφ0)C(kρ), (4.280)

ECD
z = EJ3

z + EM3
z

= i2
sinφ0 − sinφ

cosφ0 + cosφ
sin[ka(cosφ0 + cosφ)]e−jkb(sinφ+sinφ0)C(kρ), (4.281)

EBD
z = EJ4

z + EM4
z

= i2
cosφ0 − cosφ

sinφ0 + sinφ
sin[kb(sinφ0 + sinφ)]e−jka(cosφ+cosφ0)C(kρ). (4.282)

When the incident plane wave impinges on the illuminated surfaces of a dielectric

cylinder, it excites the reflected wave at the illuminated surfaces and transmitted waves

inside the cylinder. In addition, the originally transmitted wave excites the internal

reflected and transmitted waves due to the multiple bouncing effects and they radiate

again from the body. Because of the finite dimension, one may also notice that the

internal bouncing waves eventually experience the reflection at the side interfaces, and

depart from the scattering body as seen in Fig. 4.9. Then, the scattering field Etn
z due

to the multiply bouncing effect can be calculated as the summation of the radiations

from the equivalent sources due to these n-th transmitted waves. One notes that these

equivalent currents flow a part of the surface, in accord to the incident angle, so that the

integration range varies.

The intensity of these internal reflected waves depends on the dielectric constant and the

dimension of scattering objects, and becomes weak when the number of internal reflections

increases. This bouncing process continues until all the incident energy dissipates or leaks

out. Accordingly, one needs to add these contributions Etn
z .

The effect of the multiple internal bouncing may be considered by using a collective

form, which is derived from the corresponding reflection/transmission coefficient for di-

electric slab geometry. For example, the reflection coefficient ΓAB, ΓAC in Eqs. (4.251),
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(4.252) at the surfaces AB, AC may be modified by [39]

ΓABm =
ΓAB(1− ei4kb

√
εr−cos2 φ0)

1− Γ 2
AB(φ0)e

i4kb
√

εr−cos2 φ0

, (4.283)

ΓACm =
ΓAC(1− ei4ka

√
εr−sin2 φ0)

1− Γ 2
AC(φ0)e

i4ka
√

εr−sin2 φ0

. (4.284)

However, the above collective coefficients ΓABm, ΓABm is valid only around the normal

incident direction or for the case which the reflected surfaces are infinitely long. For

the oblique incident direction, the expressions of these contributions Etn
z become more

complex than the primary one, then these formulations are omitted here.

H polarization

A H polarization incident plane wave can be written as

H i = H0e
−ik(x cosφ0+y sinφ0)ẑ, (4.285)

Ei = H0

√

µ0

ε0
e−ik(x cosφ0+y sinφ0)(sinφ0x̂− cosφ0ŷ). (4.286)

Then, the reflected waves at the illuminated surfaces are expressed for surface AB as

HrAB = Γ̄ABH0e
−ik(x cosφ0+(2b−y) sinφ0)ẑ, (4.287)

ErAB = Γ̄ABH0

√

µ0

ε0
e−ik(x cosφ0+(2b−y) sinφ0)(− sinφ0x̂− cosφ0ŷ), (4.288)

and for surface AC as

ErAC = Γ̄ACE0e
−ik((2a−x) cosφ0+y sinφ0)ẑ, (4.289)

HrAC = Γ̄ACH0

√

µ0

ε0
e−ik((2a−x) cosφ0+y sinφ0)(sinφ0x̂+ cosφ0ŷ), (4.290)

where Γ̄AB and Γ̄AC are the reflection coefficient at the surfaces AB and AC, and are

given by:

Γ̄AB = −εr sinφ0 −
√

εr − cos2 φ0

εr sinφ0 +
√

εr − cos2 φ0

, (4.291)

Γ̄AC = −εr cosφ0 −
√

εr − sin2 φ0

εr cosφ0 +
√

εr − sin2 φ0

. (4.292)

The contribution from the transmitted waves Et, H t should be treated carefully, since

they propagate with multiple internal bouncing in the dielectric body, then they depart
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ϕ0

εr

Inc. wave, H i

Refl. wave, H r

1st trans. wave, H t1

2nd trans. wave, H t2

3rd trans. wave, H t3

4th trans. wave, H t4

Figure 4.10: Scattering waves with multiply bouncing effect inside the dielectric rectan-

gular cylinder. Incident wave on the upper surface is only shown here.

from the body to all direction, as shown in Fig. 4.9. Then, the total scattering field

becomes

Hs
z = H0

z +
(

cont. from (Et, H t)
)

, (4.293)

H0
z = HAB

z +HAC
z +HCD

z +HBD
z . (4.294)

The primary scattering fields HAB
z , HAC

z , HCD
z , HBD

z in Eq. (4.294) are derived from

the reflected waves on surfaces AB, AC and the minus incident waves on surfaces CD,

BD. The radiation integrals due to the equivalent currents can be derived by saddle point

method as the same as the conducting case.

Considering four surfaces of the dielectric rectangular cylinder, the equivalent currents

J1 ∼ J4 and M 1 ∼ M 4 in Fig. 4.7(b) excited from the reflected and minus incident
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waves can be obtained from Eqs. (2.12) and (2.13) without effect of transmitted waves as

J1 = ŷ ×HrAB
∣

∣

∣

y=b
= Γ̄ABH0e

−ik(x cosφ0+b sinφ0)x̂, (4.295)

M 1 = ErAB × ŷ

∣

∣

∣

y=b
= −Γ̄ABH0

√

µ0

ε0
sinφ0e

−ik(x cosφ0+b sinφ0)ẑ, (4.296)

J2 = x̂×HrAC
∣

∣

∣

x=a
= −Γ̄ACH0e

−ik(a cosφ0+y sinφ0)ŷ, (4.297)

M 2 = ErAC × x̂

∣

∣

∣

x=a
= −Γ̄ACH0

√

µ0

ε0
cosφ0e

−ik(a cosφ0+y sinφ0)ẑ, (4.298)

J3 = −ŷ × (−H i)
∣

∣

∣

y=−b
= H0e

−ik(x cosφ0+b sinφ0)x̂, (4.299)

M 3 = (−Ei)× (−ŷ)
∣

∣

∣

y=−b
= H0

√

µ0

ε0
sinφ0e

−ik(x cosφ0+b sinφ0)ẑ, (4.300)

J4 = (−x̂)× (−H i)
∣

∣

∣

x=−a
= −H0e

−ik(−a cosφ0+y sinφ0)ŷ, (4.301)

M 4 = (−Ei)× (−x̂)
∣

∣

∣

x=−a
= H0

√

µ0

ε0
cosφ0e

−ik(−a cosφ0+y sinφ0)ẑ. (4.302)

The radiation fields due to the above currents can be derived by integrating along the

cylinder surface S using the Green’s function as [22]

HJ1
z =

∫

S

i

4
J1

∂

∂y′
H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

y′=b
dS,

= ±Γ̄ABH0
i

4π
e−ikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

k cosφ0 + ξ
dξ

∓ Γ̄ABH0
i

4π
e−ikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

k cosφ0 + ξ
dξ, (y ≷ b), (4.303)

HM1
z = −

∫

S

i

4
J2

∂

∂x′H
(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

x′=a
dS

= Γ̄ABH0
ik

4π
sinφ0e

−ikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ

− Γ̄ABH0
ik

4π
sinφ0e

−ikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y−b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ,

(y ≷ b), (4.304)

HJ2
z = −

∫

S

i

4
J2

∂

∂x′H
(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

x′=a
dS,

= Γ̄ACH0
i

4π
e−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

− Γ̄ACH0
ik

4π
e−ika cosφ0eikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′), (4.305)
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HM2
z = −

∫

S

ωµ0

4
M2H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

x′=a
dS,

= Γ̄ACH0
ik

4π
cosφ0e

−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

− Γ̄ACH0
ik

4π
cosφ0e

−ika cosφ0eikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′), (4.306)

HJ3
z =

∫

S

i

4
J3

∂

∂y′
H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

y′=−b
dS,

= ±H0
i

4π
eikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

k cosφ0 + ξ
dξ

∓H0
i

4π
eikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

k cosφ0 + ξ
dξ, (y ≷ −b), (4.307)

HM3
z = −

∫

S

ωµ0

4
M3H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

y′=−b
dS,

= −H0
ik

4π
sinφ0e

ikb sinφ0e−ika cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ

+H0
ik

4π
sinφ0e

ikb sinφ0eika cosφ0

∫ ∞

−∞

eiξ(x+a)±i
√

k2−ξ2(y+b)

(k cosφ0 + ξ)
√

k2 − ξ2
dξ, (y ≷ −b), (4.308)

HJ4
z = −

∫

S

i

4
J4

∂

∂x′H
(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

x′=−a
dS,

= H0
i

4π
e−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

−H0
ik

4π
e−ika cosφ0eikb cosφ0

∫ ∞

−∞

ξeiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′), (4.309)

HM4
z = −

∫

S

ωµ0

4
M4H

(1)
0 (k

√

(x− x′)2 + (y − y′)2)
∣

∣

∣

x′=−a
dS

= −H0
ik

4π
cosφ0e

−ika cosφ0e−ikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y−b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ

+H0
ik

4π
cosφ0e

−ika cosφ0eikb cosφ0

∫ ∞

−∞

eiξ(x−a)±i
√

k2−ξ2(y+b)

(k cosφ0 +
√

k2 − ξ2)
√

k2 − ξ2
dξ,

(y ≷ y′). (4.310)

While the above integral cannot evaluate analytically,the saddle point technique may be

used for the high frequency asymptotic evaluation for a large k [22] as in section [cond.cyl].
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Then, the radiation fields from the equivalent currents J1 ∼ M 4 becomes

HJ1
z = −i2Γ̄ABH0e

−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ
C(kρ), (4.311)

HM1
z = −i2Γ̄ABH0e

−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ
C(kρ),(4.312)

HJ2
z = −i2Γ̄ACH0e

−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ
C(kρ), (4.313)

HM2
z = −i2Γ̄ACH0e

−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ
C(kρ), (4.314)

HJ3
z = −i2H0e

ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ
C(kρ), (4.315)

HM3
z = i2H0e

ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ
C(kρ), (4.316)

HJ4
z = −i2H0e

ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ
C(kρ), (4.317)

HM4
z = i2H0e

ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ
C(kρ). (4.318)

Then, the corresponding electric far fields of four surfaces AB, AC, CD, BD are given

by:

HAB
z = HJ1

z +HM1
z

= −i2Γ̄AB

sinφ0 + sinφ

cosφ0 + cosφ
sin[ka(cosφ0 + cosφ)]e−ikb(sinφ+sinφ0)C(kρ),(4.319)

HAC
z = HJ2

z +HM2
z

= −i2Γ̄AC

cosφ0 + cosφ

sinφ0 + sinφ
sin[kb(sinφ0 + sinφ)]e−ika(cosφ+cosφ0)C(kρ),(4.320)

HCD
z = HJ3

z +HM3
z

= −i2
sinφ0 − sinφ

cosφ0 + cosφ
sin[ka(cosφ0 + cosφ)]eikb(sinφ+sinφ0)C(kρ), (4.321)

HBD
z = HJ4

z +HM4
z

= −i2
cosφ0 − cosφ

sinφ0 + sinφ
sin[kb(sinφ0 + sinφ)]eika(cosφ+cosφ0)C(kρ). (4.322)

The effect of the multiple internal bouncing may be considered by using a collective form,

which is derived from the corresponding reflection/transmission coefficient for dielectric

slab geometry. For example, the reflection coefficient ΓAB, ΓAC in Eqs. (4.251), (4.252)

at the surfaces AB, AC may be modified by [39]

Γ̄ABm =
Γ̄AB(1− ei4kb

√
εr−cos2 φ0)

1− Γ̄ 2
AB(φ0)e

i4kb
√

εr−cos2 φ0

, (4.323)

Γ̄ACm =
Γ̄AC(1− ei4ka

√
εr−sin2 φ0)

1− Γ̄ 2
AC(φ0)e

i4ka
√

εr−sin2 φ0

. (4.324)
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The expressions of these contributions H tn
z are more complex than the primary one, then

these formulations are omitted here.

Numerical Results

Let us now discuss the effect of higher order transmitted waves Etn
z , H tn

z in Figs. 4.11.

Here, the incident angle φ0 = 45o, the relative permittivity εr = 6 and ka = kb = 15 are

chosen as an example. Since this example is lossless dielectric case, so that one can expect

relatively strong contribution from internal transmitted waves. In Fig. 4.11, the contri-

butions of each transmitted wave are plotted separately. It can be seen that the primary

contributions E0
z for E polarization incident wave and H0

z for H polarization incident wave

yield a maximum peak at the forward direction (φ =–135o), and two secondary peaks at

the specular reflection directions (φ =135o, –45o) from the reflected waves. While two

polarizations have the same contributions at the forward direction, the contributions for E

incidence case have much larger than those for H incidence case at the specular reflection

directions due to the larger reflection coefficient.

The effect of the first transmitted waves Et1
z , H t1

z are strong at the transmission direc-

tion, and their values are smaller than the primary contributions but do contribute to

the total field. The second transmitted waves Et2
z , H t2

z contribute at the specular reflec-

tion directions as shown in Fig. 4.9. The third transmitted waves Et3
z , H t3

z affect at the

backscattering direction (φ = 45o), and the fourth waves Et4
z , H t4

z contribute a little at

the forward scattering direction. While the fifth transmitted waves Et5
z , H t5

z have small

contributions at the backscattering direction, the sixth waves Et6
z , H t6

z contribute weakly

to the total field and its value is mostly 40 dB below the primary contribution. Due to

the smaller transmitted coefficient, the values of the transmitted waves Etn
z are smaller

than those of H tn
z . Therefore, the effects of the contributions of the transmitted waves

H tn
z to the total scattering field are stronger than those of Etn

z .

The partial summations of these contributions are shown in Fig. 4.12. It is easy to find

that the summation result converges by the sixth transmitted wave, so that we can omit

the effect of the subsequent transmitted waves. Also, due to the stronger bouncing effects,

the results for the H polarization case are more oscillative than those for E polarization

case. This discussion is true even for the lossy dielectric cases, since all transmitted waves

experience additional decay as they pass through the cylinder.
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Let us now discuss the accuracy of our formulation by comparing the numerical results

with those obtained from the HFSS simulation. Figures 4.13–4.15 show the far-field

scattering patterns from the dielectric rectangular cylinders for the nearly conducting case

εr = 6 + 1000i. One can easily observe that our results for nearly conducting case coincide

with those derived by the PEC case. Because of the high loss in the dielectric cylinders,

one needs only the primary contributions and those from the transmitted waves can be

omitted. These results calculated using the collective form are included in all figures as

EPO(c). This also matches with the PEC results. Additionally, one may observed that

the results for E and H polarizations have almost the same main reflection and forward

direction lobes, and a difference arises at the boundary direction owing to the difference

in the boundary condition.

The far-field scattering patterns from the dielectric rectangular cylinders for high lossy

case εr = 6 + 1i are shown in Figs. 4.16–4.18. As the loss of the dielectric material

decreases, the lobes in the specular reflection directions become smaller than PEC cases

due to the smaller reflection coefficient while the lobe at forward scattering direction is

still same as one by PEC case. Also because of high dielectric loss, the effect of multiple

bouncing is weak. Then, the contributions of the high order transmitted waves are small.

Therefore, we still only need the contributions from the primary ones and the results

by the collective approximation are still valid. Additionally, one may observed that the

results for E and H polarizations have almost the same main forward direction lobes, but

a difference arises at the reflection direction lobes due to the different reflection coefficient.

Figures 4.19–4.21 show the far-field scattering patterns from the dielectric rectangular

cylinders for almost lossless case εr = 6 + 0.1i. Also because of the slight dielectric

loss, the effect of multiple bouncing becomes stronger. Then, the lobes becomes more

oscillatory due to the interference between the multiply bouncing transmitted waves.

Also, the results by the collective approximation are not valid, except the normal incident

case, due to the fact that the effects of the multiply bouncing transmitted waves are

pretty strong and their phases should be taken into the calculation. The E polarization

scattering field patterns have a same beam-like radiation with the H polarization cases

at the forward direction because of the strong contribution of the minus incident wave,

but some differences arise at the specular reflection directions. Here, the results of E

polarization cases are somewhat stronger and less oscillatory than that of H polarization
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cases due to the stronger reflection coefficient.

The normal incidence (φ0 = 90o) is shown Figs. 4.13, 4.16 and 4.19. A symmetric

pattern can be seen with respect to the vertical (y) axis due to the symmetry of the

problem. As the incident wave penetrates into the dielectric cylinder, the reflected wave

with multiply internal bouncing interfere with the primary surface-reflected wave to lower

the backscattering lobe. However, the level of the forward scattering lobe does not change

too much. One also observes that the main scattering lobes in the forward and the specular

reflection directions coincide the HFSS simulation results, while some differences can be

noticed at the minor lobes.

A different incidence (φ0 = 45o) is selected in Figs. 4.14, 4.17 and 4.20. Again a

symmetric pattern with respect to the incident angle (φ0 = 45o) can be seen. As the loss

of the dielectric material decreases, the lobes in the specular reflection directions become

smaller and more oscillatory. A different side ratio, ka = 15 and kb = 10 are shown in

Figs. 4.15, 4.18 and 4.21. Same observations can be found, except that the symmetric

pattern does not exist for this cylinder. Additionally, the beam-like radiations are smaller

than those in ka = kb = 15 cases. The beam width is inverse proportional to the length

of the transmission/reflection surfaces; namely, the wider the surface is, the sharper the

beam is. All of these results are good agreement with those by HFSS simulation.

Figures 4.22–4.24 show the far-field scattering patterns from the dielectric rectangular

cylinders for lossless case εr = 6. While the same observation with the almost lossless

case εr = 6 + 0.1i can be seen, the analytical results have some differences with those by

HFSS simulation. Since the results by the HFSS simulation are obtained by the 3D to 2D

conversion, these results may also contain some error due to this conversion. Accordingly,

we need further comparison with other reference solution.

The case of the smaller size of the rectangular cylinder ka = kb = 8 are selected in

Figs. 4.25, 4.26. While the analytical results have a good agreement with HFSS simulation

results at the forward and specular reflection directions, some differences arise at other

directions. It is not clear so far for these differences. It may be from the HFSS simulation

or the size limit of the approximation. Then we may need some evaluations to verify the

accuracy of the approximation method for the smaller size rectangular cylinder.

We may need some evaluations to verify the accuracy of the approximation method
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Figure 4.11: Contribution of each internal multiple bouncing waves from a dielectric

cylinder. ka = kb = 15, φ0 = 45o, εr = 6. (a) E polarization incident wave. (b) H

polarization incident wave.
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Figure 4.12: Summation of the contributions of internal multiple bouncing waves from a

dielectric cylinder. ka = kb = 15, φ0 = 45o, εr = 6. (a) E polarization incident wave. (b)

H polarization incident wave.
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Figure 4.13: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

90o. εr = 6 + 1000i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.14: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

45o. εr = 6 + 1000i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.15: Radiation pattern of a dielectric rectangular cylinder. ka = 15, kb = 10, φ0

= 45o. εr = 6 + 1000i. (a) E polarization incident wave. (b) H polarization incident

wave.
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Figure 4.16: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

90o. εr = 6 + 1i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.17: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

45o. εr = 6 + 1i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.18: Radiation pattern of a dielectric rectangular cylinder. ka = 15, kb = 10, φ0

= 45o. εr = 6 + 1i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.19: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

90o. εr = 6 + 0.1i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.20: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

45o. εr = 6 + 0.1i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.21: Radiation pattern of a dielectric rectangular cylinder. ka = 15, kb = 10, φ0

= 45o. εr = 6 + 0.1i. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.22: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

90o. εr = 6 . (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.23: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 15, φ0 =

45o. εr = 6. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.24: Radiation pattern of a dielectric rectangular cylinder. ka = 15, kb = 10, φ0

= 45o. εr = 6. (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.25: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 8, φ0 =

45o. εr = 6+1i . (a) E polarization incident wave. (b) H polarization incident wave.
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Figure 4.26: Radiation pattern of a dielectric rectangular cylinder. ka = kb = 8, φ0 =

45o. εr = 6+0.1i . (a) E polarization incident wave. (b) H polarization incident wave.
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Chapter 5

Conclusion

A new high frequency approximation method to analyze the electromagnetic scattering by

edged objects has been proposed. This method is based on the assumption that scattering

far field is generated by the equivalent electric and magnetic currents calculated from

reflected/transmitted GO waves.

Firstly, the scattering fields from the conducting wedge and rectangular cylinder illu-

minated by a transverse incident plane wave are formulated by using the physical optics

approximation in Chapter 3. Here, the scattering fields are approximated by the radiation

fields from the physical optics currents induced by the magnetic incident waves. While

the result by the con ducting wedge includes the edge diffracted field and the GO field

which gives a reflected field in the illuminated region or a field to cancel the incident

field in the shadow region, the one by conducting rectangular cylinder only include the

diffracted field and no GO components are necessary.

In chapter 4, the scattering fields by a conducting wedge and rectangular cylinder

are approximated by using surface equivalence theorem and the results are compared

with those obtained from the physical optic approximation. According to the surface

equivalence theorem, the corresponding equivalent electric and magnetic currents J s, M s

on the illuminated surfaces may be obtained from the GO reflected fields Er, Hr s, and

those on the shadow surfaces are obtained from the incident GO fields −Ei, −H i. The

total scattering fields given by summing up the contributions derived from these currents

are found to match with the those obtained by the PO approximation, excepted the GO

component from the conducting wedge due to the assumption of the surface equivalent

theorem. Therefore, from our derivation, one may include that the results by surface
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equivalence theorem are found to match with those obtained by the PO approximation

in Chapter 3, which utilizes the induced electric currents on the illuminated physical

surfaces. One may also expect that the field formulation as a radiation integral due to

these equivalent sources has the similar accuracy as PO formulation.

For the dielectric objects, due to the multiple bouncing effect, the equivalent currents

J s, M s on the illuminated surfaces may be obtained from the GO reflected/transmitted

fields Er + Et, Hr + H t, and those on the shadow surface are obtained from the inci-

dent/transmitted GO fields −Ei+Et, −H i+H t. While the expressions of the equivalent

currents J s, M s and the radiation field formulations due to the multiply bouncing trans-

mitted waves are derived for the dielectric wedge, those for the dielectric rectangular

cylinder are omitted, except the main results. Also some numerical results for the di-

electric rectangular cylinder are calculated to compare with those by HFSS simulation.

From our numerical results, it is found that the summation result by the lossless dielec-

tric rectangular cylinder converges by a limited transmitted wave, so that we can omit

the effect of the subsequent transmitted waves. For the nearly conducting case, one can

observe that our results coincide with those derived by the PEC case, then one needs only

the primary contributions due to the weak bouncing effect. As the loss of the dielectric

material decreases, the lobes in the specular reflection directions become smaller and more

oscillatory due to the stronger interference between the multiply bouncing transmitted

waves. Also the good agreements between our method and HFSS simulation have been

observed in the forward and specular reflection directions to verify the accuracy of our

method. It is also easy to extend our calculation to three dimensional scattering problems

and applicable for the scattering estimation from more general edged objects.
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Appendix A

A = e−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ

+e−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ

+e−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ

+e−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ

+eikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ

−eikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ

+eika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ

−eika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ

= {cos[kb(sinφ+ sinφ0)]− i sin[kb(sinφ+ sinφ0)]} sin[ka(cosφ0 + cosφ)]

· (sinφ+ sinφ0)(sinφ+ sinφ0)

(cosφ0 + cosφ)(sinφ+ sinφ0)

+ {cos[ka(cosφ0 + cosφ)]− i sin[ka(cosφ0 + cosφ)]} sin[kb(sinφ0 + sinφ)]

·(cosφ0 + cosφ)(cosφ0 + cosφ)

(cosφ0 + cosφ)(sinφ+ sinφ0)

+ {cos[kb(sinφ+ sinφ0)] + i sin[kb(sinφ+ sinφ0)]} sin[ka(cosφ0 + cosφ)]

· (sinφ0 − sinφ)(sinφ+ sinφ0)

(cosφ0 + cosφ)(sinφ+ sinφ0)

+ {cos[ka(cosφ0 + cosφ)] + i sin[ka(cosφ0 + cosφ)]} sin[kb(sinφ0 + sinφ)]

·(cosφ0 − cosφ)(cosφ0 + cosφ)

(cosφ0 + cosφ)(sinφ+ sinφ0)
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{

cos[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][(sinφ+ sinφ0)
2 + sin2 φ0 − sin2 φ]

− i sin[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][(sinφ+ sinφ0)
2 − sin2 φ0 + sin2 φ]

+ cos[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][(cosφ0 + cosφ)2 + cos2 φ0 − cos2 φ]

=
−i sin[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][(cosφ0 + cosφ)2 − cos2 φ0 + cos2 φ]

}

(cosφ0 + cosφ)(sinφ+ sinφ0)
{

cos[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][2 sinφ sinφ0 + 2 sin2 φ0]

− i sin[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][2 sinφ sinφ0 + 2 sin2 φ]

+ cos[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][2 cosφ0 cosφ+ 2 cos2 φ0]

=
−i sin[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][2 cosφ0 cosφ+ 2 cos2 φ]

}

(cosφ0 + cosφ)(sinφ+ sinφ0)
{

{cos[kb(sinφ+ sinφ0)]− i sin[kb(sinφ+ sinφ0)]}

· sin[ka(cosφ0 + cosφ)]2 sinφ0(sinφ0 + sinφ)

+ {cos[ka(cosφ0 + cosφ)]− i sin[ka(cosφ0 + cosφ)]}

=
· sin[kb(sinφ0 + sinφ)]2 cosφ0(cosφ+ cosφ0)

}

(cosφ0 + cosφ)(sinφ+ sinφ0)

= e−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
2 sinφ0

cosφ0 + cosφ

+ e−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
2 cosφ0

sinφ0 + sinφ
. (A.1)

B = e−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ

+e−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ

+e−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ

+e−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ

−eikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ0

cosφ0 + cosφ

+eikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
sinφ

cosφ0 + cosφ

−eika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ0

sinφ0 + sinφ

+eika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
cosφ

sinφ0 + sinφ

97



= {cos[kb(sinφ+ sinφ0)]− i sin[kb(sinφ+ sinφ0)]} sin[ka(cosφ0 + cosφ)]

· (sinφ+ sinφ0)(sinφ+ sinφ0)

(cosφ0 + cosφ)(sinφ+ sinφ0)

+ {cos[ka(cosφ0 + cosφ)]− i sin[ka(cosφ0 + cosφ)]} sin[kb(sinφ0 + sinφ)]

·(cosφ0 + cosφ)(cosφ0 + cosφ)

(cosφ0 + cosφ)(sinφ+ sinφ0)

+ {cos[kb(sinφ+ sinφ0)] + i sin[kb(sinφ+ sinφ0)]} sin[ka(cosφ0 + cosφ)]

· (sinφ− sinφ0)(sinφ+ sinφ0)

(cosφ0 + cosφ)(sinφ+ sinφ0)

+ {cos[ka(cosφ0 + cosφ)] + i sin[ka(cosφ0 + cosφ)]} sin[kb(sinφ0 + sinφ)]

·(cosφ− cosφ0)(cosφ0 + cosφ)

(cosφ0 + cosφ)(sinφ+ sinφ0)
{

cos[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][(sinφ+ sinφ0)
2 − sin2 φ0 + sin2 φ]

− i sin[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][(sinφ+ sinφ0)
2 + sin2 φ0 − sin2 φ]

+ cos[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][(cosφ0 + cosφ)2 − cos2 φ0 + cos2 φ]

=
−i sin[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][(cosφ0 + cosφ)2 + cos2 φ0 − cos2 φ]

}

(cosφ0 + cosφ)(sinφ+ sinφ0)
{

cos[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][2 sinφ sinφ0 + 2 sin2 φ]

− i sin[kb(sinφ+ sinφ0)] sin[ka(cosφ0 + cosφ)][2 sinφ sinφ0 + 2 sin2 φ0]

+ cos[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][2 cosφ0 cosφ+ 2 cos2 φ]

=
−i sin[ka(cosφ0 + cosφ)] sin[kb(sinφ0 + sinφ)][2 cosφ0 cosφ+ 2 cos2 φ0]

}

(cosφ0 + cosφ)(sinφ+ sinφ0)
{

{cos[kb(sinφ+ sinφ0)]− i sin[kb(sinφ+ sinφ0)]}

· sin[ka(cosφ0 + cosφ)]2 sinφ(sinφ0 + sinφ)

+ {cos[ka(cosφ0 + cosφ)]− i sin[ka(cosφ0 + cosφ)]}

=
· sin[kb(sinφ0 + sinφ)]2 cosφ(cosφ+ cosφ0)

}

(cosφ0 + cosφ)(sinφ+ sinφ0)

= e−ikb(sinφ+sinφ0) sin[ka(cosφ0 + cosφ)]
2 sinφ

cosφ0 + cosφ

+ e−ika(cosφ+cosφ0) sin[kb(sinφ0 + sinφ)]
2 cosφ

sinφ0 + sinφ
. (A.2)
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