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Abstract

The non-equilibrium process is generally found in almost all systems in
nature. Nevertheless, the understanding of universal properties in non-
equilibrium systems is still lacking in contrast to equilibrium systems and a
systematical approach has not yet been established. In this thesis, our pri-
mary purpose is to investigate some universal properties of non-equilibrium
systems. In order to do this, we focus on non-equilibrium phase transitions
and critical phenomena in a system of a non-equilibrium steady state. As
seen in equilibrium phase transitions, it has been known that the system
exhibits universal behaviors in critical phenomena of non-equilibrium phase
transitions.

In this thesis, we study non-equilibrium phase transitions and criti-
cal phenomena within the framework of the gauge/gravity duality. The
gauge/gravity duality has been proposed as a duality between a strongly
coupled gauge field theory and the gravity theory in the context of the su-
perstring theory. This duality enables us to analyze the non-equilibrium
steady state beyond the linear response regime.

We analyze critical phenomena in a current-driven system, which un-
dergoes non-equilibrium phase transitions. We define a susceptibility as the
variation of order parameter with respect to the current density. We also
find that the critical exponents agree with those of the Landau theory.

Moreover, we also analyze another non-equilibrium phase transition,
which is associated with spontaneous symmetry breaking of the U(1) chi-
ral symmetry. We discover the novel tricritical point that appears only in
the non-equilibrium steady state. We also find that critical exponents agree
with those of the Landau theory.

Our findings imply that the non-equilibrium phase transitions in our
setup are described by a Landau-like phenomenological theory. We hope
that our results provide some clues to reveal the universal properties of
non-equilibrium steady states.

1



Acknowledgement

Firstly, I would like to express my sincere gratitude to my supervisor Prof.
Shin Nakamura for the continuous support of my Ph.D. research and related
research, for his patience, motivation, and immense knowledge. His guidance
helped me in all the time of research and writing of this thesis.

Besides my advisor, I am grateful to the rest of my thesis commit-
tee: Prof. Shunji Tsuchiya, Prof. Kenji Yonemitsu, Prof. Kotaro Tsugawa,
and Prof. Satoshi Iso, for their insightful comments and encouragement, but
also for the hard questions which incented me to widen my research from
various perspectives.

I would like to thank my co-authors: Prof. Ryosuke Yoshii and Mr.Takuya
Imaizumi for their collaborative efforts.

My sincere thanks also go to Prof. Shunichiro Kinoshita, Dr.Hironori
Hoshino, Dr. Tomoya Hayata and Dr.Yuichi Fukazawa, who provides me
the helpful discussions and comments for my thesis. Without their precious
support, it would not be possible to conduct this research.

I am thankful to the group members for the stimulating discussions, for
the sleepless nights we were working together before deadlines, and for all
the fun we have had in the last four years.

Last but not the least, I would like to thank my family:my parents and
to my brother and sister for supporting me spiritually throughout writing
this thesis and my life in general.

2



Contents

Abstract 1

Acknowledgement 2

1 Introduction 5

2 Critical Phenomena 7
2.1 Landau Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Tricritical point . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Correlation function . . . . . . . . . . . . . . . . . . . . . . . 14
2.4 Dynamical critical phenomena . . . . . . . . . . . . . . . . . . 16

3 Gauge/Gravity duality 20
3.1 AdS/CFT correspondence . . . . . . . . . . . . . . . . . . . . 20

3.1.1 Effective action of D-branes . . . . . . . . . . . . . . . 21
3.1.2 D-branes in supergravity . . . . . . . . . . . . . . . . . 22
3.1.3 AdS5/CFT4 correspondence . . . . . . . . . . . . . . 23
3.1.4 Finite temperature . . . . . . . . . . . . . . . . . . . . 28

3.2 GKP-Witten relation . . . . . . . . . . . . . . . . . . . . . . . 28
3.2.1 Scalar field . . . . . . . . . . . . . . . . . . . . . . . . 29
3.2.2 Vector field . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3 Probe brane model . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3.1 D3-Dp system . . . . . . . . . . . . . . . . . . . . . . . 34
3.3.2 D3-D7 model . . . . . . . . . . . . . . . . . . . . . . . 34
3.3.3 Other models . . . . . . . . . . . . . . . . . . . . . . . 37

4 Non-equilibrium phase transition 39
4.1 D3-D7 setup for model of conductor . . . . . . . . . . . . . . 39

4.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 39
4.1.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3



4.1.3 Nonlinear conductivity and non-equilibrium phase tran-
sitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.1.4 Critical phenomena . . . . . . . . . . . . . . . . . . . 46
4.1.5 Spectral function for the transverse fluctuation . . . . 53
4.1.6 Conclusion and outlook . . . . . . . . . . . . . . . . . 57

4.2 Spontaneous symmetry breaking in D3-D7 model . . . . . . . 59
4.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 59
4.2.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.2.3 Non-equilibrium phase transition . . . . . . . . . . . . 61
4.2.4 Phase diagram . . . . . . . . . . . . . . . . . . . . . . 64
4.2.5 Critical exponent . . . . . . . . . . . . . . . . . . . . . 67
4.2.6 Analytical approach . . . . . . . . . . . . . . . . . . . 69
4.2.7 Conductivity . . . . . . . . . . . . . . . . . . . . . . . 70
4.2.8 Conclusion and outlook . . . . . . . . . . . . . . . . . 71

5 Summary and future perspectives 73

Appendix A Anti-de Sitter spacetime 75

Appendix B Counterterms for themodynamic potential 79

4



Chapter 1

Introduction

Non-equilibrium phenomena have wider variety compared to equilibrium
phenomena. In nature, most phenomena are far away from equilibrium.
However, the theoretical understanding of the non-equilibrium process is
still lacking in contrast to equilibrium statistical mechanics. The construc-
tion of non-equilibrium statistical mechanics or the understanding of the
fundamental principle in non-equilibrium is a great challenge for modern
theoretical physics. For example, the non-equilibrium steady state (NESS)
is a simple extension of the equilibrium state, which can be considered as a
rather special case of the class of steady states. In the NESS, there is no time
variation of physical quantities, but entropy production and some flows are
non-zero. Nevertheless, it has not been known whether a thermodynamic
description of systems in a NESS exists.

As in equilibrium states, non-equilibrium phenomena are of particular
interest if the system exhibits a phase transition. It has been known that a
large variety of phenomenological non-equilibrium phase transitions appear
in nature, for example, the absorbing-state transitions, the morphological
transitions of growing surface, and so on (for example, see Ref. [1, 2] for
reviews). The universality, which has been successful in equilibrium crit-
ical phenomena, can be applied to non-equilibrium critical phenomena as
well. It has been known that there are various non-equilibrium universality
class. However, it is expected that the universality of non-equilibrium crit-
ical phenomena has a wide variety since the non-equilibrium systems have
more control parameters than those of the equilibrium systems. Therefore,
further studies are required to find out some universal properties of non-
equilibrium systems.

The aim of this thesis is primarily to investigate non-equilibrium phase
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transitions and critical phenomena by using the gauge/gravity duality1. The
gauge/gravity duality is a duality between a gravity theory and a strongly
coupled quantum gauge field theory [3, 4, 5], which has been proposed in
the framework of the superstring theory. The gauge/gravity duality pro-
vides a computational method for the strongly coupled gauge field theory
in terms of general relativity. Up to now, there are vast applications of the
gauge/gravity duality into several areas of physics such as condensed mat-
ter physics, quantum information, quantum chromodynamics (QCD), and
so on (for example, see Refs. [6, 7, 8, 9]). In this thesis, we will particularly
focus on the non-equilibrium phenomena of the strongly coupled gauge field
theory that is realized by the gauge/gravity duality, which enables us to
analyze the NESS regime beyond the linear response theory.

This thesis is organized as follows. In Chapter 2, we present a review
of critical phenomena in equilibrium phase transitions. These fundamental
properties are important in later results. In Chapter 3, we devote to re-
view the idea and applications of the gauge/gravity duality. Chapter 4 is
the main part in this thesis. This part is separated into two bodies. One
is the computation of the critical exponents in the non-equilibrium phase
transitions. These results are based on our published paper [10]. The other
part is the analysis of the spontaneous symmetry breaking associated with
the non-equilibrium phase transitions. This part is based on our work [11].
In Chapter 5, we present summary and future perspectives of this thesis.

1A review on application of the gauge/gravity duality to non-equilibrium physics is
Ref. [12].
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Chapter 2

Critical Phenomena

In this chapter, we present a brief review of critical phenomena in equilib-
rium phase transitions. In Sec. 2.1, we explain the general and phenomeno-
logical theory of equilibrium phase transitions, which is the so-called Landau
theory. Some results in the Landau theory agree with critical phenomena
in our non-equilibrium phase transitions as we discuss later. In Sec. 2.2, we
introduce the tricritical point in equilibrium phase transitions. The tricriti-
cal point is a special point where the three-phase coexistence terminates. In
Sec. 2.3, we analyze the behavior of the correlation function near the critical
point by extending the Landau theory. It is shown that a certain correla-
tion function also captures the universal properties of critical phenomena.
In Sec. 2.4, we introduce dynamical critical phenomena, which characterize
critical behaviors of the non-equilibrium state near the critical point.

2.1 Landau Theory

In this section, we will briefly review the Landau theory for equilibrium phase
transitions. The Landau theory is based on rather general considerations
of symmetry and analyticity. Nevertheless, this theory provides us crucial
insights into phase transitions. It has been known that the Landau theory
is a phenomenological model that corresponds to the mean-field theory and
is derived from the microscopic model with the mean-field approximation.

Here we consider an example of a phase transition of ferromagnets. In
this case, the order parameter and the external field corresponds to the
magnetization and the external magnetic field, respectively. In the Landau
theory, we assume the free energy to be an even function of the magnetization
because of the symmetry under the spin-flip which stems from the time-
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reversal symmetry. Since we are interested in the vicinity of the critical
point, we assume that the magnetization is sufficiently small. Then we can
expand the free energy as a power series in the magnetization up to the
fourth power and ignore the higher-order terms:

F (M) = F0 + aM2 + bM4, (2.1)

where M is the magnetization. F0 is a constant and we assume that b is a
positive constant here, whereas a = k(T − Tc)/Tc with a positive constant
k. Tc is the critical temperature of the second-order phase transition.

Since a thermal equilibrium state is realized as a minimum of the free
energy, the following equation determines the thermal equilibrium magneti-
zation M0

∂F (M)

∂M


M0

= 2aM0 + 4bM3
0 = 0 (2.2)

Thus, M0 = 0 for T > Tc and

M0 =


− a

2b
=


k(Tc − T )

2bTc
, (2.3)

for T < Tc. This result describes the appearance of the magnetization and
thus exhibits the spontaneous symmetry breaking below Tc. If there is an
external magnetic field in this system, the free energy is written as

F (M) = F0 + aM2 + bM4 −HM, (2.4)

where H is the external magnetic field. Then, the thermal equilibrium state
is determined by the following relation:

∂F (M)

∂M


M0

= 2aM0 + 4bM3
0 −H = 0. (2.5)

Although the solution of Eq. (2.5) is complicated, M0 becomes simple for
T = Tc:

M0 =


H

4b

 1
3

. (2.6)

The magnetic susceptibility is defined as χ = ∂M/∂H. We obtain this
from Eq. (2.5) as

χ =
1

2a+ 12bM2
. (2.7)
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For T > Tc with M = 0, we have

χ =
1

2a
=

Tc

2k(T − Tc)
≡ χT>Tc

, (2.8)

whereas

χ =
1

2a+ 12b(−a/2b)
=

Tc

4k(Tc − T )
≡ χT<Tc

, (2.9)

for T < Tc. From Eqs. (2.8) and (2.9), the ratio of the coefficients of |T−Tc|,
which is called as critical amplitude ratio, becomes two:χT>Tc

/χT<Tc
= 2.

It should be emphasized that this value is universal in the sense that it does
not depend on the specific values of k and Tc which reflect the depending on
the microscopic parameters of the specific system. Thus it is tremendously
important to determine such universal values since the critical phenomena
for huge numbers of systems in the same universality class can be understood
once those values are obtained.

Let us derive the specific heat from the free energy. The specific heat is
defined by Cv = −T∂2F (M0)/∂T

2. For T < Tc and H = 0,

F (M0) = F0 + aM2
0 + bM4

0 = F0 −
k2(T − Tc)

2

4bT 2
c

. (2.10)

Thus, we find that the specific heat is constant.
The characteristic behaviors of various quantities at the critical point

are characterized by the critical exponents. The definitions of the critical
exponents in ferromagnets are given by

M0 ∝ |T − Tc|β (T < Tc), (2.11)

M0 ∝ |H|1/δ (T = Tc), (2.12)

χ ∝ |T − Tc|−γ (T < Tc), (2.13)

χ ∝ |T − Tc|−γ′
(T > Tc), (2.14)

Cv ∝ |T − Tc|−α (T < Tc). (2.15)

In the Landau theory, the critical exponents are determined by Eqs. (2.3),
(2.6), (2.8), (2.9), and (2.10) as:

β =
1

2
, δ = 3, γ = γ′ = 1, α = 0, (2.16)

and these values are the same as those in the mean-field theory. Note that
there are further two critical exponents η and ν, which are related to the
behavior of correlation functions near the critical point as we will introduce
later.
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2.2 Tricritical point

A tricritical point is defined as the point in the phase diagram at which
three-phase coexistence terminates. In this section, we derive the tricritical
point from the Landau theory and review the difference compared to the
critical point.

Hitherto we have assumed that the coefficient of the quartic term b to be
positive. However, if b becomes negative, the free energy does not minima
for finite M . Thus, one needs to consider the expansion of the Landau free
energy up to the sixth power of the order parameter.

F (M) = F0 + aM2 + bM4 + cM6, (2.17)

where c is a positive constant. In this case, c must be a positive constant
since the free energy must maintain stability. If b > 0, the sixth power
term is just a correction to results of the previous section and it does not
change critical phenomena. If b < 0, however, it turns out that results are
qualitatively different.

Assuming that b < 0 and c > 0, we consider the a dependence of the
free energy. A minimum of the free energy is determined by the following
equation

∂F (M)

∂M


M0

= 2aM0 + 4bM3
0 + 6cM5

0 = 0. (2.18)

If we assume that there exist real roots which give a minimum value of the
free energy except for M0 = 0, each coefficient must satisfy the relation a <
b2/3c (≡ a0). Furthermore, if a < b2/4c (≡ a1), the free energy of M0 ∕= 0
becomes smaller than that of M0 = 0. Therefore, the order parameter in the
thermal equilibrium state jumps from M0 = 0 to M0 ∕= 0 discontinuously.
This corresponds to the first-order phase transition. The free energy with
each value of a is plotted in Fig. 2.1.

When a1 < a < a0, the order parameter in the thermal equilibrium
state is M0 = 0. However, the order parameter of M0 ∕= 0 also has a local
stability near the local minimum. This state is referred to the metastable
state. Whereas, for 0 < a < a1, M0 = 0 becomes metastable. For a > a0
and a < 0, metastable states dissappear.

In summary, we show the phase diagram in Fig. 2.2. If b > 0, the critical
point is located at a = 0 and the order parameter becomes finite in a < 0.
If b < 0, however, the metastable state appears at a = a0 and the first-order
phase transition occurs at a = a1.

The special point a = b = 0 corresponds to the tricritical point for the
following reason. If we perform the above analysis with a finite external
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Figure 2.1: The Landau free energy with each value of a as a function of
the order parameter M .

Figure 2.2: The phase diagram with respect to parameters a and b. The
gray shaded region indicates the parameter region where the order param-
eter has finite value M0 ∕= 0. The dashed line denotes a0 at which the
metastable state appears. The solid line denotes a1 at which the first-order
phase transition occurs.
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field H, we have to add the extra axis of H in the phase diagram. Then, the
first-order phase transition line a = a1 forms a plane along both directions
of H > 0 and H < 0. In other words, the phase diagram shown in Fig. 2.2
is considered as a cross-section along the H = 0 plane. If we consider a slice
with H ∕= 0, there are the first-order phase transition line and the second-
order phase transition point, which is called the critical point. Namely,
the second-order phase transition points form a line in the phase diagram
with three parameters. The second-order phase transition line exists in each
direction of H > 0 and H < 0 and these lines terminate the origin point.
Thus, three coexistence lines terminate at the origin, which is referred to
as the tricritical point. Fig. 2.3 shows an example of the three-dimensional
phase diagram which contains the tricritical point. The tricritical point can
also be considered as the point where the second-order phase transition is
switched to the first-order phase transition as shown in Fig. 2.2.

Tricritical point
<latexit sha1_base64="I1fcBTIFrJshrEgoBK7yN1cZH7U="></latexit>

Second-order
<latexit sha1_base64="OLKTAW6i3/xocP2wzN5My8zZ56A="></latexit>

First-order
<latexit sha1_base64="1VMpTe7oUR9x6X0LZMOAH8Dbbn0="></latexit>

T
<latexit sha1_base64="B2IdcCVELm9c/gYKnEjV1NXLMuc="></latexit>

H
<latexit sha1_base64="QEsxYm1rYXJZkETrg06L/UYEl/g="></latexit>

µ
<latexit sha1_base64="RkeKdMA+dHVeFh0b/uoXGFrlIao="></latexit>

Figure 2.3: The three-dimensional phase diagram which contains the tri-
critical point. In general, parameters (T, µ,H) depend on what the phase
transition we suppose.

Let us compute critical exponents at the tricritical point. Setting b =
H = 0 in Eq. (2.18), the order parameter is given by

M0 =

− a

3c

1/4
=


k(Tc − T )

3cTc

1/4

, (2.19)
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and we obtain β = 1/4. If we impose an external field, the free energy is
rewritten as

F (M) = F0 + aM2 + bM4 + cM6 −HM, (2.20)

and the thermal equilibrium is determined by the following equation

∂F (M)

∂M


M0

= 2aM0 + 4bM3
0 + 6cM5

0 −H = 0. (2.21)

At the tricritical point, Eq. (2.21) is rewritten by

M0 =


H

6c

1/5

. (2.22)

Thus, we obtain δ = 5. The magnetic susceptibility is obtained by differen-
tiating Eq. (2.21) with respect to H. In the vicinity of the tricritical point,
the magnetic susceptibility takes the form of

χ =
1

2a+ 30cM4
0

. (2.23)

For T > Tc with M0 = 0, we have

χ =
1

a
=

Tc

k(T − Tc)
, (2.24)

whereas for T < Tc

χ =
1

2a+ 30c(−a/3c)
= − 1

8a
=

Tc

8k(Tc − T )
. (2.25)

Therefore, we obtain γ = 1 for both T > Tc and T < Tc. Note that the
critical amplitude ratio is given by χT>Tc

/χT<Tc
= 8. The specific heat is

obtained by the second derivative of the free energy. For T < Tc with H = 0,
where the order parameter becomes M4

0 = −a/c, it turns out that the free
energy takes the form of F ∝ |T − Tc|3/2. Thus, we obtain

Cv ∝ |T − Tc|−1/2 (2.26)

and we find that α = 1/2.
Summarizing the above discussion, we obtain each value of critical ex-

ponents at the critical point and the tricritical point in the framework of
the Landau theory as shown in Table. 2.1. The Ising model with spin-1 has
been known as an example of the model having the tricritical point.
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Table 2.1: The values of critical exponents at the critical point and the
tricritical point.

critical exponents critical point tricritical point

β 1/2 1/4
δ 3 5
γ 1 1
α 0 1/2

2.3 Correlation function

In this section, we take account of the spatial dependence of the order pa-
rameter by generalizing the Landau theory shown in Sec. 2.1. We write the
order parameter as the function of d-dimensional space coordinates:M(x),
which describes the average of the magnetization near the position x. Then,
the correlation function is defined by

G(x) = 〈M(x)M(0)〉 . (2.27)

We begin with the following form of the free energy instead of Eq. (2.1)

F =


ddx


aM(x)2 + b (∇M(x))2


, (2.28)

where a = k(T − Tc)/Tc ≡ kt and b is a positive constant. Since the free
energy becomes small if the magnetization is spatially homogeneous, the
second term describes the ferromagnetic interaction. We can ignore the
fourth-order term of the order parameter for the purpose of analyzing the
critical phenomena for T > Tc. Then, we drop the fourth-order term of the
magnetization in the free energy for simplicity. This model is referred to as
the Gaussian model.

Let us consider the Fourier transformation of the magnetization

M(x) =
1

(2π)d


ddqeiq·xM̃(q). (2.29)

Then, the free energy is rewritten by

F =


ddq

(2π)d

kt+ bq2


M̃(q)M̃(−q). (2.30)
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The Fourier transform of the correlation function is given by

G(x) = 〈M(x)M(0)〉 = 1

(2π)d


ddq


M̃(q)M̃(−q)


eiq·x, (2.31)

where M̃(−q) = M̃(q)∗ is satisfied since M(x) must be real. Thus, we
would like to compute

G̃(q) ≡
M̃(q)


2


(2.32)

in order to obtain the correlation function. Since the free energy is given
by the quadratic form, we can calculate the expectation value by using the
Gaussian integral. The integral variable is {M̃(q)} and we have to integrate

with respect to both the absolute value
M̃(q)

 ≡ yq and the phase. Since

the free energy does not contain the phase, integration with respect to the
phase provides just a constant. If we consider the free energy as the coarse-
grained Hamiltonian,

G̃(q) =

 

q′

dM̃(q)
M̃(q)


2
e−βF

 

q′

dM̃(q)e−βF
=


dyqy

2
q exp


−βcqy

2
q




dyq exp


−βcqy

2
q

 , (2.33)

where cq = (kt+ bq2)/(2π)2. Thus, we obtain

G̃(q) =
1

2βcq
=

(2π)3T

2(kt+ bq2)
. (2.34)

By performing the inverse Fourier transformation, we obtain the correlation
function

G(x) =
T

2


ddqeiq·x

1

kt+ bq2
. (2.35)

Moreover, we can evaluate this integration and the r dependence of the
correlation function turns out to be

G(x) ∝ r−(d−1)/2e−r/ξ (r ≫ 1), (2.36)

where ξ is the correlation length given by

ξ =


b

kt
=


bTc

k(T − Tc)
. (2.37)
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The relation of Eq. (2.36) is known as the Ornstein-Zernike formula. At the
critical point t = 0, where ξ diverges, we obtain

G(x) ∝ r−d+2. (2.38)

Let us define the critical exponents ν and η by

ξ ∝ |T − Tc|−ν (T > Tc), (2.39)

G(r) ∝ r−d+2−η (T = Tc). (2.40)

From Eqs. (2.37) and (2.38), we find that ν = 1/2 and η = 0.
In the section, we discuss critical exponents in the framework of the

Landau theory. These results are reliable if we can ignore the effect of the
fluctuations around the mean value of the order parameter. It has been
known that these values of the critical exponents are exact for d > 4, which
is referred to as the upper critical dimension. On the other hand, since
we cannot ignore the effect of the fluctuations for d < 4, the values of
critical exponents are different from those of the above discussion in lower
dimensional space. Note that the upper critical dimension for the tricritical
point is three i.e., the values of critical exponents at the tricritical point
shown in Table 2.1 are reliable for d > 3.

2.4 Dynamical critical phenomena

In this section, we review the characteristic behavior of the non-equilibrium
state near the critical point, so-called dynamical critical phenomena. Here,
we demonstrate the dynamical critical phenomena by using the Gaussian
model. Let us begin with the following equation of motion for a single
particle

dp(t)

dt
= −Γ

∂H

∂p
+ ζ(t), (2.41)

where ζ(t) is a random force whose mean is zero and variance is given by

ζ(t)ζ(t′)


= 2Dδ(t− t′) (2.42)

with a constant D. If we use Hamiltonian for a free particle, the equation
of motion can be written as

dp(t)

dt
= −Γv(t) + ζ(t). (2.43)

This equation is known as Langevin equation, which models the Brownian
motion of a single particle. Let us generalize Eq. (2.41) to a system with

16



multi-degrees of freedom. We assume that the time-dependent order pa-
rameter M(t,x) is evolved by the following equation

∂M(t,x)

∂t
= −


ddx′ Γ(x− x′)

δF

δM(t,x′)
+ ζ(t,x), (2.44)

where F is a free energy and ζ(t,x) is a random force satisfying


ζ(t,x)ζ(t′,x′)


= 2TΓ(x− x′)δ(t− t′). (2.45)

The equation (2.44) has been known as time-dependent Ginzburg-Landau
(TDGL) equation. The TDGL equation has often been used to describe the
dynamical behavior of a macroscopic quantity phenomenologically.

The free energy of the Gaussian model is given by Eq. (2.28). Integrating
by parts, the free energy is written as

F =


ddx


aM(t,x)2 − bM(t,x)∇2M(t,x)


. (2.46)

Then, we obtain

δF

δM(t,x′)
= 2aM(t,x′)− b∇2M(t,x′). (2.47)

Substituting (2.47) into (2.44) and performing the Fourier transformation,
the TDGL equation is rewritten by

∂M(t, q)

∂t
= −(2a+ bq2)Γ̃(q)M̃(t, q) + ζ̃(q). (2.48)

If we take the average of this equation, we obtain

∂ 〈M(t, q)〉
∂t

= −(2a+ bq2)Γ̃(q)

M̃(t, q)


. (2.49)

Thus, we find that the expectation value of the order parameter behaves as


M̃(t, q)


∝ e−t/τq , (2.50)

where τq is the relaxation time given by

τq =
1

(2a+ bq2)Γ̃(q)
. (2.51)
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If Γ̃(q) becomes finite in the limit of q → 0, the relaxation time in the long
wavelength limit becomes

τ0 =
1

2aΓ̃(0)
∝ (T − Tc)

−1. (2.52)

In this case, we find that the relaxation time diverges at the critical point.
In other words, since the fluctuations become large near the critical point,
the relaxation into the equilibrium state slows down. This phenomenon is
called critical slowing down. The relaxation time is also written as

τ0 ∝ ξz, (2.53)

where z is the dynamical critical exponent. By using the previous result of
ν = 1/2, we find that z = 2.

If the total value of the order parameter in the system is a conserved
quantity, we find that

∂M̃(0, t)

∂t
= 0, (2.54)

which means that Γ̃(q) goes to zero in the limit of q → 0 as can be seen
from Eq. (2.49). Moreover, Γ̃(q) should be an even function of q because
of the inversion symmetry Γ(x) = Γ(−x). Thus, small q expansion would
yield Γ̃(q) = γq2 +O(q4). Therefore, the relaxation time is

τq =
1

(2a+ bq2)γq2
=

ξ4/γ

c(ξq)2 + b(ξq)2
, (2.55)

where we use a ∝ (T − Tc) ∝ ξ−2 and c is a constant. Provided we consider
the spatial region in which ξq is small, we find that τq is proportional to ξ4

and z = 4. In Table 3.1, we summarize the dynamical critical exponents in
the Gaussian model.

Table 2.2: The values of dynamical critical exponent at the critical point in
the Gaussian model

critical exponent Gaussian model

z 2 (non-conserved)
z 4 (conserved)

As we mentioned in the previous section, we have to note that these
results are obtained from the mean-field theory. If we are interested in the
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dynamical critical phenomena beyond the mean-field theory, we have to take
care of another relaxation mode or the presence of other conserved quanti-
ties. The dynamical critical phenomena have been systematically studied by
using the renormalization group technique by Hohenberg and Halperin [13].
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Chapter 3

Gauge/Gravity duality

In this chapter, we introduce the gauge/gravity duality, which is a funda-
mental idea for our study. This duality was originally proposed as the corre-
spondence between the gravity theory in the anti-de Sitter (AdS) spacetime
and the conformal field theory (CFT) in the Minkowski spacetime [3]. There-
fore, this duality is also called the AdS/CFT correspondence. In Sec. 3.1,
we briefly review the AdS/CFT correspondence by following the original
conjecture in Ref. [3]. In Sec. 3.2, we show the relationship of the partition
function between two different theories following Refs. [4, 5]. In Sec. 3.3, we
consider the probe brane model, which provides the flavor degree of freedom
into the dual gauge theory.

3.1 AdS/CFT correspondence

In this section, we briefly review the AdS/CFT correspondence, which is
originally proposed in Ref. [3]. In the superstring theory, in addition to
fundamental strings there exist non-perturbative solitonic objects, which are
calledD-branes [14]. The physical meaning of the D-brane can be understood
from two different aspects. First, we consider the D-brane as the hyperplane
in which open strings can end. In this case, the D-brane plays a role of the
Dirichlet boundary condition for open strings. Second, the D-brane can also
be regarded as a dynamical object which is a source of closed strings. In
the low-energy limit, the D-brane becomes a source of the gravitational field
which deforms the spacetime in the supergravity theory.
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3.1.1 Effective action of D-branes

Let us start from the first aspect of the D-brane. Hereafter, we refer the
(p + 1)-dimensional D-brane as Dp-brane. We consider the flat (9+1)-
dimensional spacetime background. It has been known that the low energy
dynamics of a single Dp-brane in the flat (9+1)-dimensional spacetime is
given by the Dirac-Born-Infeld (DBI) action

SDBI = −TDp


dp+1ξ e−δΦ


− det(γab + 2πα′Fab +Bab), (3.1)

where γab is the pull-back of the spacetime metric onto the worldvolume
given by

γab =
∂Xµ

∂ξa
∂Xν

∂ξb
ηµν . (3.2)

The other fields δΦ = Φ− 〈Φ〉, Fab, and Bab denote the shift of the dilaton
field Φ from the vacuum expectation value 〈Φ〉, the U(1) gauge field, and
the Kalb-Ramond field, respectively. The overall factor TDp is the tension
of the Dp-brane, which is given by

TDp =
1

(2π)pgsα
′ p+1

2

. (3.3)

Also, ξa are the worldvolume coordinates on the brane with a = 0, 1, · · · p
and Xµ are the target-space coordinates with µ = 0, 1, · · · 9.

Here, we consider the case that the vacuum expectation value of dilaton
field is constant eΦ = gs, δΦ = 0, and the Kalb-Ramond field vanishes, for
simplicity. It is useful to use the static gauge

Xa = ξa, (3.4)

then the pull-back metric depends only on the transverse fluctuations XI

γab = ηab +
∂XI

∂ξa
∂XJ

∂ξb
δIJ , (3.5)

where I, J = p+ 1, · · · , 9− p. If we expand the DBI action in α′, we obtain

SDBI = −(2πα′)2Tp


dp+1ξ


1

4
FabF

ab +
1

2
∂aφ

I∂aφI + · · ·

, (3.6)

where we define scalar fields by φI = XI/(2πα′). Other terms denoted by
dots are the higher order contributions in α′. Note that we have ignored the
constant term in the action.
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So far, we have considered the case of a single Dp-brane. Let us generalize
the action to the case of the stack of Nc Dp-branes. Since it has been known
that coincident Nc branes give rise to a U(Nc) gauge symmetry, the field
strength should be given as the U(Nc) gauge covariant form

Fab ≡ Fn
abTn = ∂aAb − ∂bAa + i[Aa, Ab], (3.7)

where Tn is the generator in the fundamental representation in U(Nc). In
addition, the scalar field is also transformed in the U(Nc) group, φ

I = φInTn.
We have to replace the partial derivatives of the scalar field by the covariant
derivatives of that in order to hold the gauge invariance of the action. Thus,
we obtain the DBI action to the leading order in α′,

SDBI = −(2πα′)2Tp


dp+1ξTr



1

4
FabF

ab +
1

2
Daφ

IDaφI − 1

4



I ∕=J


φI ,φJ

2


 .

(3.8)
Here, the covariant derivative is given by Daφ

I = ∂aφ
I + i


Aa,φ

I

. This

action corresponds to the bosonic part of the N = 4 U(Nc) supersymmetric
Yang-Mills action, where N denotes the number of supersymmetry. Since
the overall coefficient of this action should correspond to the coupling con-
stant 1/g2YM in order that the DBI action reduces to the supersymmetric
Yang-Mills action in the proper limit, we find that

g2YM =
1

(2πα′)2TDp
= (2π)p−2gsα

′ p−3
2 = (2π)p−2gsl

p−3
s , (3.9)

where ls is the length of the string and we have used the relation of α′ = l2s .

3.1.2 D-branes in supergravity

Let us now move to the second aspect of the Dp-brane. A flat Dp-brane has
the symmetry SO(1, p)×SO(9−p). This can be also seen from the low energy
effective action of the Dp-brane Eq. (3.8);SO(1, p) is the Lorentz group and
SO(9−p) is a global symmetry which rotates the scalar fields φI . Moreover,
if we consider the type IIB superstring theory, there exist 32 supercharges in
total. A flat Dp-brane is invariant under half of them, which often referred as
the Bogomolny-Prasad-Sommerfield (BPS) state [15, 16] . It has been known
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that a flat Dp-brane is a BPS solution in type IIB supergravity given by

ds2 = Hp(r)
−1/2ηµνdx

µdxν +H1/2
p dxIdxI , (3.10)

e−Φ = gsHp(r)
(3−p)/4, (3.11)

C(p+1) =

Hp(r)

−1 − 1

dx0 ∧ dx1 ∧ · · · ∧ dxp, (3.12)

BMN = 0, (3.13)

where r is defined by r2 =
9

I=p+1 x
2
I . Hp(r) is a harmonic function

Hp(r) = 1 +


L

r

7−p

, (3.14)

where L is a characteristic length determined by the charge of the Dp-brane.
In the case of Nc coincident Dp-branes, L is given by

L7−p = (4π)(5−p)/2Γ


7− p

2


gsNcl

7−p
s . (3.15)

In supergravity theory, there are also near-extremal non-BPS solutions,
the so-called black p-brane solutions given by

ds2 = Hp(r)
−1/2


−f(r)dt2 + (dxi)2


+H1/2

p


dr2

f(r)
+ r2dΩ2

8−p


,

(3.16)

f(r) = 1−
rH

r

7−p
, (3.17)

where rH is the location of the event horizon. The dilaton and Ramond-
Ramond field C(p+1) are the same forms as in the Dp-brane case.

3.1.3 AdS5/CFT4 correspondence

Now we study the type IIB superstring theory with Nc coincident flat D3-
branes in the flat (9+1)-dimensional Minkowski spacetime. Here, we con-
sider the open and closed strings as small perturbations, i.e., the coupling
constant of strings is sufficiently small; gs ≪ 1. Moreover, we have to con-
sider the effective coupling constant gsNc for the open strings on the Nc

D3-branes.
For gsNc ≪ 1, D3-branes can be considered as the (3+1)-dimensional

objects where the open strings can end. In this case, the effective action for
all string modes in this theory is written by

S = Sclosed + SD3 + Sint, (3.18)
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where Sclosed contains the closed string modes, SD3 contains the open string
modes, and Sint describes the interactions between the closed string modes
and the open string modes. If we take the low energy limit of α′ → 0,
we can ignore the massive string modes. Besides, the open string modes
and closed string modes are decoupled since the leading term of Sint is the
order of α′ 1. In this decoupling limit, the closed string modes become just
free supergravity in (9+1)-dimensional Minkowski spacetime and the open
string modes are described by the low energy effective action of D3-branes.
From Eq. (3.8) the bosonic part of the DBI action in the decoupling limit is
written by

SD3 = − 1

2πgs


d4ξTr



1

4
FabF

ab +
1

2
Daφ

IDaφI − 1

4



I ∕=J


φI ,φJ

2


 .

(3.19)
Here we use Eq. (3.9) and we find

g2YM = 2πgs. (3.20)

This relation gives
λ ≡ g2YMNc = 2πgsNc, (3.21)

where λ is the ’tHooft coupling. Therefore, we find that the D-brane de-
scription is valid only if λ ≪ 1. The action (3.19) corresponds to the bosonic
part of the U(Nc) supersymmetric Yang-Mills theory with N = 4 , which
contains 9− p = 6 scalar fields φI and the gauge field Aa. Note that N = 4
supersymmetric Yang-Mills theory is the maximally supersymmetric theory
in the four spacetime dimensions, which has the 16 supercharges. These
descend from those of the D3-brane which is the BPS state and also has the
16 supercharges. As a result, the Nc coincident D3-branes for λ ≪ 1 are
described by the N = 4 U(Nc) supersymmetric Yang-Mills theory in the
low energy limit. This theory contains a gauge field, four Weyl fermions,
and six real scalar fields.

In the above discussion, we naively take the limit of α′ → 0 as the
low energy limit. However, we have to fix r/α′ in this limit, where r is
any distance, for the following reason. Suppose that we add a single D3-
brane at x9 = r, while coincident Nc D3-branes are located at x9 = 0.
This system is described by a U(Nc + 1) gauge theory but reduced to a
U(Nc)× U(1) gauge theory by considering an open string between the D3-
brane at x9 = r and one of D3-branes at x9 = 0. This provides the Higgs

1
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expectation value

φ9


= r/(2πα′). In the limit of α′ → 0, we have to keep

this arbitrary energy scale r/α′, which corresponds to fixing the massive
degrees of freedom. As a result, the precise low energy limit is given by

α′ → 0 with
r

α′ fixed. (3.22)

This limit is referred to as the Maldacena limit.
For gsNc ≫ 1, the D-brane description is not valid. However, we can

consider the D3-branes as the source of the gravitational field as shown in
the previous discussion. This description is valid if the curvature of the
D3-branes geometry characterized by L is sufficiently small compared to the
string scale ls. From Eq. (3.15), the characteristic length is given by

L4 = 4πgsNcα
′2. (3.23)

Therefore, we require

1 ≪ L4

α′2 = 4πgsNc = 2λ, (3.24)

and this is consistent with the fact that the validity of D-brane descrip-
tion (λ ≪ 1) is broken in that region. Thus, we can employ the supergravity
solution of Nc D3-branes

ds2 = H(r)−1/2(−dt2 + dx2) +H(r)1/2

dr2 + r2dΩ2

5


, (3.25)

eΦ = gs, (3.26)

C(4) = (1−H(r)−1)dx0 ∧ dx1 ∧ · · · , (3.27)

H(r) = 1 +


L

r

4

, (3.28)

where x = (x1, x2, x3) and dΩ2
5 is the metric on S5 with unit radius. The

radial coordinate is defined by r2 =
9

I=4 x
2
I . Now let us separate the back-

ground geometry into two different regions. If r ≫ L, we can approximate
H(r) ∼ 1. Then, the background metric is reduced to the ten-dimensional
flat spacetime. On the other hand, if we focus on the so-called near horizon
region with r ≪ L, H(r) is approximated by H(r) ∼ L4/r4 and the metric
becomes

ds2 =
r2

L2


−dt2 + dx2


+

L2

r2

dr2 + r2dΩ2

5


. (3.29)

This metric (3.29) corresponds to the AdS5 × S5 geometry. Here if we take
the low energy limit in this background, the closed string excitations in two

25



different regions are decoupled from each other. This can be checked as
follows. Let us consider the energy Er measured by an observer at a point
r and the energy of the string E∞ measured by an observer at infinitely far
from the origin. These are related by the redshift factor

Er ∼
d

dτ
=

1√
−gtt

d

dt
∼ 1√

−gtt
E∞ = H(r)1/4E∞. (3.30)

In the near horizon region, we obtain

E∞ ∼ r

L
Er → 0 (3.31)

for Er fixed and r ≪ L. Thus, we find that the closed string excitation in
the near horizon region is measured as the low energy mode by an observer
at infinity. This can be understood from the fact that the excitations in
the near horizon region become hard to climb the gravitational potential to
escape to the asymptotic region. In summary, in the low energy limit, there
are two different low energy excitations for an observer at infinity. One is
the supergravity modes propagating in flat ten-dimensional spacetime. The
other is the excitations in the near horizon region given by the AdS5 × S5

spacetime. These excitations are decoupled from each other due to the low
energy limit. Note that in this limit, we have

L4

r4
= 4πgsNc

α′2

r4
= 4πgsNc

α′4

r4
1

α′2 → ∞ (3.32)

with α′/r fixed and α′ → 0. Therefore, the Maldacena limit corresponds to
taking the limit of r/L → 0 with α′/r fixed, which is referred to as the near
horizon limit.

To summarize, there are two different perspectives of coincident Nc D3-
branes in the flat ten-dimensional Minkowski spacetime. These provide two
decoupled effective theories in the low energy limit (see Fig. 3.1).

• For λ ≪ 1, N = 4 U(Nc) supersymmetric Yang-Mills theory on flat
(3+1)-dimensional spacetime and type IIB supergravity on flat (9+1)-
dimensional spacetime.

• For λ ≫ 1, type IIB supergravity on AdS5 × S5 spacetime and type
IIB supergravity on flat (9+1)-dimensional spacetime.

These two perspectives should exhibit the same physics. Since type IIB su-
pergravity on flat (9+1)-dimensional spacetime is identical in both theories,
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Figure 3.1: Two different perspectives of Nc coincident D3-branes for λ ≪
1 (left) and λ ≫ 1 (right), respectively.

we are led to the conjecture that N = 4 U(Nc) supersymmetric Yang-Mills
theory in flat (3+1)-dimensional spacetime is dual to type IIB supergravity
on AdS5 × S5 spacetime.

We have to note that a U(Nc) gauge field is separated into a free U(1)
vector multiplet and an SU(Nc) gauge theory. Since all string modes in-
teract with gravity in the dual string theory, the bulk AdS theory is de-
scribed by the SU(Nc) part of the gauge theory. The U(1) vector multiplet
contains six scalar fields, which are related to the center of mass motion of
D3-branes. These modes correspond to singleton fields in the gravity theory,
which are only located at the boundary. Then, we consider the U(1) part
decouples from the SU(Nc) part. Therefore, the AdS5/CFT4 correspon-
dence states that N = 4 SU(Nc) supersymmetric Yang-Mills theory in flat
(3+1)-dimensional spacetime is dual to type IIB supergravity on AdS5 × S5

spacetime [3].
Let us check the duality from the viewpoint of symmetries. In the N = 4

SU(Nc) supersymmetric Yang-Mills theory, the β function vanishes and this
theory is conformal. For example, let us check the β function for 1-loop
diagram given by

β(gYM) = − g3YM

48π2
Nc


11− 2nf − 1

2
ns


, (3.33)

where nf and ns are the number of Weyl fermions and real scalar fields,
respectively. We find β = 0 because of nf = 4 and ns = 6 in N = 4
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supersymmetric Yang-Mills theory. The conformal group in (3+1) dimen-
sion is given by SO(2, 4). Moreover, the theory has 16 supercharges since
it preserves N = 4 supersymmetry. The supersymmetry yields the global
SO(6) symmetry which corresponds to the rotational transformation of six
scalar fields. It can be checked that the AdS5 × S5 geometry has the same
symmetry;AdS5 part has the SO(2, 4) symmetry and S5 part has the SO(6)
symmetry. Consequently, the symmetries of these different theories coincide
with each other.

3.1.4 Finite temperature

Hitherto we have considered that the dual field theory at zero temperature.
However, we can extend it to the finite temperature case by using the near-
extremal black 3-brane solution [17] as in Eqs. (3.16) and (3.17) in the gravity
theory side. In the near horizon limit, we obtain the metric

ds2 =
 r

L

2 
−f(r)dt2 + dx2


+


L

r

2 dr2

f(r)
+ r2dΩ2

5


, (3.34)

f(r) = 1−
rH

r

4
, (3.35)

where rH denotes the location of the black hole horizon. This solution is
the Schwarzschild AdS5 black hole. In the AdS/CFT correspondence, the
thermodynamic quantities of the black hole can be interpreted as those of the
strongly coupled dual field theory. For example, the heat bath temperature
in the dual gauge field theory is given by the Hawking temperature of the
black hole given by TH = rH/(πL2).

3.2 GKP-Witten relation

The gauge/gravity duality proposes a map between two different theories
as shown in the example of the AdS5/CFT4 correspondence. This map
provides a field-operator map between the fields in the gravity theory and
operators in the dual gauge field theory. In general, the field-operator map
for generating functionals is known as Gubser-Klebanov-Polyakov (GKP)-
Witten relation [4, 5] which is described by


exp


ddxφ(0)O


= e−S[φbdy=φ(0)]. (3.36)

Here, the left-hand side of Eq. (3.36) describes the partition function of
d-dimensional gauge theory with a source term and the right-hand side of
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Eq. (3.36) describes the partition function of (d+1)-dimensional supergravity
theory. φ(0) is a source field and O is the dual operator in the gauge theory.
Note that the strong form of the gauge/gravity duality proposes that the
right-hand side of Eq. (3.36) is replaced by Zstring, which is the superstring
partition function. However, in the weak form of the duality, we approximate
the superstring partition function by

Zstring ≈ e−S , (3.37)

where S is the on-shell action in the supergravity theory. This relation
enables us to compute the correlation functions in the gauge theory by eval-
uating the on-shell action in the supergravity theory.

3.2.1 Scalar field

Let us check the relation by considering a couple of examples. We consider
the action in the supergravity theory given by

S =
1

16πG5


d5x

√
−g(R− 2Λ) + Smatter, (3.38)

where Smatter is the action for matter fields such as scalar fields or vector
fields. One of the solutions of the equation of motion from the action (3.38)
is the asymptotically AdS5 spacetime given by

ds2 =
 r

L

2 
−dt2 + dx2


+


L

r

2

dr2 (r → ∞) (3.39)

=


L

u

2 
−dt2 + dx2 + du2


(u → 0), (3.40)

where u ≡ L2/r. Hereafter, we employ the coordinate system used in
Eq. (3.40).

We consider the massless scalar field as the bulk field. The action for
matter fields is given by

S = −1

2


d5x

√
−g (∇φ)2 . (3.41)

Here we assume φ = φ(u) and L = 16πG5 = 1 for simplicity. Since we need
the action at AdS boundary (u → 0), we consider the asymptotic form of
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the action2

S ∼


d4xdu


− 1

2u3
φ′2


(3.42)

=


d4x

 ∞

0
du


− 1

2u3
φφ′

′
+


1

2u3
φ′
′

φ


(3.43)

=


d4x

1

2u3
φφ′


u=0

+


d4xdu


1

2u3
φ′
′

φ. (3.44)

Here, we used integration by parts in the second line. The second term of
(3.44) vanishes for on-shell action since the equation of motion for the scalar
field at the AdS is given by


1

2u3
φ′
′

∼ 0. (3.45)

Thus, the asymptotic solution of the scalar field is given by

φ ∼ φ(0)

1 + φ(1)u4


, (u → 0). (3.46)

By using the equation of motion and substituting the asymptotic solution
of the scalar field into the action, we obtain the on-shell action

S

φ(0)


= 2


d4x


φ(0)

2
φ(1). (3.47)

If we use the GKP-Witten relation, we obtain the 1-point function of the
dual operator O

〈O〉 =
δS


φ(0)



δφ(0)
= 4φ(1)φ(0). (3.48)

As a result, the asymptotic form of the scalar field is rewritten by

φ ∼ φ(0) +
1

4
〈O〉u4, (u → 0). (3.49)

In this example, we find that the first term φ(0) can be considered as the
source term and the coefficient of the second term 〈O〉 can be considered as
the expectation value of the conjugate operator in the asymptotic form of
the bulk field.

2For simplicity, we discuss near the AdS boundary. However, the result is not changed
if we consider all region of the bulk.
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In general case of the scalar field in (d+1)-dimensional AdS background
spacetime, the action for matter fields is given by

S = −1

2


dd+1x

√
−g


(∇φ)2 +m2φ2


, (3.50)

where m is the mass of the scalar field. The equation of motion is given by
the Klein-Gordon equation


□−m2


φ = 0, (3.51)

□φ =
1√
−g

∂µ
√

−ggµν∂νφ


(3.52)

Eq. (3.52) is explicitly given by

□φ =
1

L2


u2∂u − (d− 1)u∂u + u2ηij∂

i∂j

φ, (3.53)

where µ, ν = 0, 1, · · · , d + 1 and i, j = 0, 1, · · · , d. Note that we again use
L as the AdS radius to discuss general case. It is convenient to perform a
Fourier decomposition in the xi directions with a plane wave ansatz φ(u, x) =
eip

ixiφp(u). Then, the Klein-Gordon equation for the mode φp(u) is written
by

u2φ′′
p(u)− (d− 1)uφ′

p(u)− (m2L2 + p2u2)φp(u) = 0, (3.54)

where p2 = ηijp
ipj . The equation of motion provides two different asymp-

totic solutions
φp(u) ∼ u∆± , (3.55)

where ∆± are given by the roots of m2L2 = ∆(∆− d):

∆± =
d

2
±


d2

4
+m2L2. (3.56)

Thus, the asymptotic form of the scalar field can be written by

φ(u, x) ∼ φ(0)u∆− + c 〈O〉u∆+ , (u → 0) (3.57)

where c is a constant. The first term and the second term of Eq. (3.57) are
referred to as non-normalizable mode and normalizable mode, respectively.
In general, we can identify the normalizable mode 〈O〉 as the vacuum ex-
pectation value for a dual operator with conformal dimension ∆+ and the
non-normalizable mode φ(0) as the source for this operator. Here, this termi-
nology is derived from the finiteness of the action evaluated on the solution.
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Let us check this for the action (3.50) for a scalar field φ = φ(u). The action
is written as

S = −Ld−1

2


dd+1x

1

ud+1


u2φ′2 +m2L2φ2


. (3.58)

If we substitute φ ∼ u∆ into the action and integrate from u = 0 to u = ε,
we obtain

S ′ = −Ld−1

2


ddx

 ε

0
du


∆2 +m2L2


u2∆−d−1

= −Ld−1

2


ddx

∆2 +m2L2

2∆− d
u2∆−d


u=ε

u=0

. (3.59)

Thus, we find that the action is finite for normalizable mode ∆ = ∆+ > d/2,
while diverges for non-normalizable mode ∆ = ∆− < d/2.

Note that in flat spacetime fields with negative m2 leads to instability,
while in (d+1)-dimensional AdS spacetime scalar fields are still stable even
for negative m2 if the following condition is satisfied:

m2L2 ≥ −d2

4
. (3.60)

This lower bound is referred to as the Breitenlohner-Freedman bound [18].

3.2.2 Vector field

We consider a vector field as another example of the GKP-Witten relation.
We assume that the action for matter fields contains the U(1) gauge field
whose action is given by

S = −1

4


d5x

√
−gFµνFµν . (3.61)

Here we consider the following ansatz for the gauge field

Aµdx
µ = A0(u)dt. (3.62)

In a similar way with the previous section, the asymptotic form of the action
in the asymptotic AdS spacetime is given by

S ∼ 1

2


d4xdu

1

u


A′

0

2

=
1

2


d4x

 ∞

0
du


1

u
A′

0A0

′
−


1

u
A′

0

′
A0



=


d4x

1

2u
A′

0A0


u=0

+


d4xdu


1

2u
A′

0

′
A0. (3.63)
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Here we set L to be unity again. Since the equation of motion is given by

1

u
A′

0

′
= 0, (3.64)

the asymptotic solution of the gauge field is written as

A0 ∼ A
(0)
0


1 +A

(1)
0 u2


. (u → 0) (3.65)

The second term of the action (3.63) vanishes by using the equation of
motion. Thus, the GKP-Witten relation leads to the expectation value of
the dual operator J0


J0


=

δS

A

(0)
0



δA
(0)
0

= 2A
(0)
0 A

(1)
0 . (3.66)

As a result, we obtain

A0 ∼ µ+

J0


u2, (u → 0) (3.67)

where µ ≡ A
(0)
0 , which corresponds to the chemical potential. Similarly, we

can obtain the asymptotic form of the gauge field Ax

Ax ∼ A(0)
x + 〈Jx〉u2, (u → 0) (3.68)

where the dual operator 〈Jx〉 is the expectation value of the current density.
These relations corresponds to the results obtained from the linear response
theory.

3.3 Probe brane model

In this section, we consider the gravity model which is dual to the gauge
theory containing flavor degrees of freedom. To realize this system, we
consider additional D-branes which are placed in the dual geometry after
we have taken the near horizon limit. The additional D-branes modify the
original AdS/CFT correspondence and give rise to degrees of freedom that
transform as the fundamental representation of the gauge group [19]. This is
in contrast to the fields in N = 4 supersymmetric Yang-Mills theory, which
transform as the adjoint representation of the gauge group. In general, the
additional D-branes change the geometry of D3-branes. However, by taking
an appropriate limit, we can treat the additional D-branes as probes, which
does not affect the D3-brane geometry. This system is referred to as the
probe brane model.
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3.3.1 D3-Dp system

Let us consider a stack of Nc D3-branes and a stack of Nf Dp-branes. In
this setup, there are four types of open strings. We have already mentioned
the 3-3 strings which end on a stack of D3-branes. The others are the 3-p,
p-3, and p-p strings. The 3-p strings end on a stack of D3-branes and a stack
of Dp-branes. In the p-3 strings, the beginning point and the ending point
are interchanged in contrast to the 3-p strings. The p-p strings end on a
stack of Dp-branes.

Let us compare the ’t Hooft coupling of the gauge theory on the Dp-
branes to that on the D3-branes. For the D3-branes, we have already seen

λD3 ≡ 2πgsNc. (3.69)

On the other hand, for the Dp-branes we have

λDp ≡ (2π)p−2α′(p−3)/2gsNf . (3.70)

As a result, we obtain

λDp

λD3
=

Nf

Nc
(2π)p−3α′(p−3)/2. (3.71)

For p > 3, since the quotient vanishes in the Maldacena limit α′ → 0, the
p-p strings are non-dynamical. For p < 3, it diverges in the Maldacena limit
i.e. we have to consider the gauge bosons which arise from p-p strings.

To consider the stable D3-Dp system, we require that the D3-Dp intersec-
tion is supersymmetric. This condition is satisfied by requiring the number
of Neumann-Dirichlet directions is 0, 4, or 8. Moreover, the Dp-branes must
extend the time-direction and at least one direction perpendicular to the
D3-branes. These conditions restrict the possible Dp-brane embeddings in
a stack of D3-branes.

3.3.2 D3-D7 model

An important example of probe brane models is the D3-D7 model, which
has widespread applications in the AdS/CFT correspondence. Let us see the
D-brane perspective in this system. It has been known that the dual field
theory of the D3-D7 model is (3+1) dimensional N = 4 Super Yang-Mills
theory coupled to flavor fields preserving N = 2 supersymmetry. In the
D3-D7 model, the Nc D3-branes and the Nf D7-branes are extended along
each direction as shown in Table. 3.1. We denote  as directions which are
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Table 3.1: Embedding directions of the D3-branes and the D7-branes

0 1 2 3 4 5 6 7 8 9

D3     - - - - - -
D7         - -

filled by the D3-branes and the D7-branes and − as directions perpendicular
to these branes.

After the Maldacena limit has been taken, the 7-7 strings decoupled from
the 3-3, 3-7, and 7-3 strings. The 3-3 strings gives rise to the degrees of
freedom of N = 4 supersymmetric Yang-Mills theory as we explained in the
previous section. On the other hand, the 3-7 and 7-3 strings correspond to
excitations in the N and N̄ of SU(Nc), respectively. Thus, these excitations
transform in the fundamental and anti-fundamental representation of the
SU(Nc) gauge theory.

Symmetries in the gravity description of the D3-D7 model correspond
to those in the dual field theory. First, the local gauge symmetry of U(Nf )
in the D3-D7 model is mapped to the global U(Nf ) flavor symmetry in
the dual field theory. The U(1)B symmetry is a subgroup of the U(Nf )
flavor group. This global U(1)B symmetry provides the baryon charge in
the dual field theory Moreover, the D3-D7 model has an SO(4) × SO(2)
isometry in the directions perpendicular to the D3-branes. The SO(4) group
rotates the 4567 directions which is filled by the D7-branes and the SO(2)
group rotates the 89 directions which is perpendicular to the D7-branes.
The SO(4) rotational symmetry can be decomposed into two SU(2) groups,
denoted by SU(2)L and SU(2)R. The SU(2)R symmetry is mapped to the
N = 2 R-symmetry SU(2)R on the field theory side. On the other hand,
the SU(2)L symmetry is identified with SU(2)Φ, which rotates two complex
scalars in the adjoint hypermultiplet.

If we separate the D7-branes from the D3-branes in the 89 directions,
the SO(2) rotational symmetry is explicitly broken. For example, by placing
the D7-branes at x8 = lq and x9 = 0, this provides the quark mass in the
dual gauge field theory given by

mq =
lq

2πα′ . (3.72)

In other words, if we consider the massive quark in the dual gauge field
theory, SO(2) rotational symmetry in the gravity theory side, which corre-
sponds to the U(1)R chiral symmetry in the dual gauge field theory side, is
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broken.
On the supergravity side, the action of the D3-D7 model is described by

S = SIIB + SD7, (3.73)

where SIIB shows the D3-branes part in type IIB supergravity theory and
SD7 is the DBI action of the D7-branes. In general, we have to consider the
backreaction from the D7-branes, which give rise to the source terms in the
equation of motion of type IIB supergravity.

To analyze the D3-D7 model on the gravity theory side, we take the
probe limit, i.e. Nf/Nc → 0 in the near horizon limit. In other words, we
consider the small number of D7-branes and treat them as the probe branes.
In this limit, we can neglect the backreaction from the D7-branes on the
near horizon geometry to the D3-branes.

Let us consider a single probe D7-brane in AdS5 × S5 which is obtained
from the near horizon limit of the D3-branes. The low energy effective
dynamics of the probe D7-brane is described by the DBI action

SD7 = −TD7

gs


d8ξ


− det (gab + 2πα′Fab), (3.74)

where TD7 is the D7-brane tension given by Eq. (3.3). gab and Fab are the
pullback of a bulk field to the worldvolume of the brane and the field strength
associated with a U(1) gauge field on the D7-brane, respectively. We write
the metric of AdS5 × S5 spacetime in the following form

ds2 =
r2

L2


−dt2 + dx2


+

L2

r2

dρ2 + ρ2dΩ2

3 + dw2
5 + dw2

6


, (3.75)

where we write the six coordinates perpendicular to the D3-branes as w1, · · ·w6.
Then we define ρ2 = w2

1 + · · ·w2
4 and r2 = ρ2 + w2

5 + w2
6. In addition, we

use the static gauge in which the D-brane worldvolume coordinates ξa are
identified with the spacetime coordinates x0, · · · , x3 and w1, · · · , w4. The
induced metric obtained from the pullback of the metric to the worldvolume
of the D7-brane is

ds2D7 =
ρ2 + w2

5 + w2
6

L2


−dt2 + dx2


+

L2

ρ2 + w2
5 + w2

6

dρ2 +
L2ρ2

ρ2 + w2
5 + w2

6

dΩ2
3.

(3.76)

Here, we assume that w5 = w5(ρ) and w6 = 0 by using the symmetry in the
w5 and w6 plane. The AdS boundary is located at ρ → ∞. For simplicity,
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we set the U(1) gauge field to be zero. In this setup, the DBI action is
written as

SD7 = −TD7

gs
Vol(R1,3)Vol(S3)


dρρ3


1 + ẇ5

2, (3.77)

where ẇ5 = dw5/dρ. The configuration of the D7-brane corresponds to the
solution of the equation of motion

d

dρ


ρ3

1 + ẇ5
2
ẇ5


= 0. (3.78)

If we consider the asymptotic form of the solution of (3.78), we obtain

w5 = mq +
c

ρ2
+ · · · , (3.79)

where mq and c correspond to the quark mass and the chiral condensate in
the dual field theory.

3.3.3 Other models

So far, we focus on the D3-D7 model. However, there are several other
probe brane models, for example the D3-D5 model. In the D3-D5 model,
the D5-brane is embedded as shown in Table. 3.2. We find that this model
also satisfies the conditions of intersections, i.e. there are four Neumann-
Dirichlet directions. The crucial difference is that this model has a co-

Table 3.2: Embedding directions of the D3-branes and the D5-branes

0 1 2 3 4 5 6 7 8 9

D3     - - - - - -
D5    -    - - -

dimension one intersection: there is one dimension in which the D3-brane
extend, but not the D5-brane. This implies that the fundamental flavor
fields live in the (2+1)-dimensional spacetime. As a result, the associated
field theory becomes a defect field theory where (2+1)-matter fields defects
couple to a (3+1)-dimensional gauge theory [20].

In the D3-D5 model, the brane intersection preserves 8 supercharges.
Hence the dual field theory is N = 4 supersymmetric Yang-Mills theory
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in (3+1)-dimensional spacetime coupled to flavor fields preserving (2+1)-
dimensional N = 4 supersymmetry. Then, the (3+1)-dimensional N = 4
vector multiplet is decomposed into the (2+1)-dimensional N = 4 vector
multiplet and the (2+1)-dimensional hypermultiplet. The bosonic con-
tents of the vector multiplet in the vector field Ak and the three scalars
XV = (X7, X8, X9). The bosonic contents of the hypermultiplet are the
scalar field A3 and the three scalars XH = (X4, X5, X6). The flavor fields
form a (2+1)-dimensional hypermultiplet, which contains two fermions and
two complex scalars. For massless flavor fields, the D3-D5 model preserves
SO(2, 3) conformal symmetry. On the other hand, the SO(6) R-symmetry
is broken down to a subgroup SU(2)H × SU(2)V , which corresponds to the
symmetries of XH and XV , respectively.
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Chapter 4

Non-equilibrium phase
transition

In this chapter, we show that the non-equilibrium phase transition appears
in the NESS regime analyzed by the D3-D7 model. In Sec. 4.1, we study the
non-equilibrium phase transitions and critical phenomena in the presence of
the current density J and the external electric field E. This non-equilibrium
phase transition is associated with the non-linear J-E relation. We find
that our non-equilibrium phase transition is both the first-order and the
second-order depending on parameters. We analyze critical phenomena of it,
focusing on critical exponents. In Sec. 4.2, we study another non-equilibrium
phase transition in the same model. Particularly, we find that this phase
transition is associated with the U(1) chiral symmetry breaking. Moreover,
we discover the novel tricritical point which is realized only in the NESS
regime.

4.1 D3-D7 setup for model of conductor

4.1.1 Introduction

In non-equilibrium steady states, the typical additional parameter that is
absent in equilibrium systems is current. For example, a system attached
to two heat baths of different temperatures has a heat current. In this case,
the heat current is the “new” parameter, which is special to non-equilibrium
systems. Another example is an electric current along an electric field in a
conductor. In this case, the equilibrium state is realized in the limiting case
that the current vanisehes.
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These new parameters, for example, the heat current and the electric
current, measure the rate of entropy production (when the electric field or
the temperatures of two heat baths are kept fixed), hence they represent
the “distance” from the equilibrium states. A primary question in non-
equilibrium physics is how these parameters control the systems. In partic-
ular, investigation of phase transitions under the presence of current is one
important research subject.1

In this section, we study non-equilibrium critical phenomena driven by
an electric current density J . When a system exhibits a second-order phase
transition under the presence of J , a natural question is how the new pa-
rameter J affects the critical phenomena. More specifically, the following
questions can be addressed. 1) Is it possible to define a susceptibility with
respect to J in a proper way? 2) If yes, how does it behave near the critical
point? Are there any critical phenomena associated with the new param-
eter J? If it is the case, what are the critical exponents? 3) Do we have
more critical exponents for non-equilibrium phase transitions than what we
have for equilibrium systems? Can we construct a theory for these critical
exponents? We try to answer these questions by using the gauge/gravity
duality.

4.1.2 Setup

In this section, we realize a conducting system in the D3-D7 model [21].
In the D3-D7 model, the dual field theory contains the gauge particles in
the adjoint representation (gluon sector) and the charged particles (quark
sector) in the fundamental and anti-fundamental representation. Here the
charge is that of the global U(1)B symmetry, and not that of the color. In
this sense, the gluon sector is neutral. We apply a constant external electric
field acting on this charge. We take the large-Nc limit to analyze a NESS.
The NESS is realized in the limit since the degree of freedom of the gluon
sector, which is O(N2

c ), becomes sufficiently larger than that of the quark
sector, which is O(Nc). Then we can ignore the backreaction to the gluon
sector from the quark sector in this limit. As a result, the gluon sector
acts as a heat bath for the quark sector. This situation is considered as
a NESS with a constant current of the charge. The gravity dual of this
situation is described by the D3-D7 setup [19]. The D7-brane is embedded
in the background geometry which is a direct product of a 5-dimensional
AdS-Schwarzschild black hole (AdS-BH) and S5. The gluon sector and the

1A first-order phase transition in the presence of heat current has been studied in [22].
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quark sector correspond to AdS-BH and the D7-brane, respectively.
The metric of the AdS-BH part is given by

ds2 = − 1

z2
(1− z4/z4H)2

1 + z4/z4H
dt2 +

1 + z4/z4H
z2

dx2 +
dz2

z2
, (4.1)

where z (0 ≤ z ≤ zH) is the radial coordinate of the geometry. For conve-
nience, we use the Fefferman-Graham coordinate. The boundary is located
at z = 0, whereas the horizon is located at z = zH . The Hawking temper-
ature is given by T =

√
2/(πzH). t and x denote the (3+1)-dimensional

spacetime coordinates of the gauge theory. The metric of the S5 part is
given by

dΩ2
5 = dθ2 + sin2 θdψ2 + cos2 θdΩ2

3, (4.2)

where 0 ≤ θ ≤ π/2 and dΩd is the volume element of a d-dimensional unit
sphere. For simplicity, the radius of the S5 part is taken to be 1. This is
equivalent to set the ’t Hooft coupling λ of the gauge theory at λ = (2π)2/2.

In our setup, the D7-brane is wrapped on the S3 part of the S5. Since the
radius of the S3 part is cos θ, the configuration of the D7-brane is determined
by the function θ(z). The asymptotic form of θ(z) is found to be

θ(z) = mqz +
1

2


〈q̄q〉
N

+
m3

q

3


z3 +O(z5), (4.3)

where 〈q̄q〉 denotes the chiral condensate andmq is the current quark mass [23,
24]. (See also Ref. [21].) Here, we define N = TD7(2π

2) = Nc/(2π)
2 in our

convention.
The D7-brane action is given by the Dirac-Born-Infeld (DBI) action:

SD7 = −TD7


d8ξ


− det(gab + (2πα′)Fab). (4.4)

Here TD7 is the D7-brane tension, ξ are the worldvolume coordinates, gab is
the induced metric and Fab is the U(1) field strength on the D7-brane. The
Wess-Zumino term does not contribute in our setup. Assuming the external
electric field E is applied along the x direction, the asymptotic form of the
gauge field Ax on the D7-brane is related to E as

Ax(z, t) = −Et+ const. +
J

2N
z2 +O(z4). (4.5)

Here we have employed the gauge ∂zAt = 0, which corresponds to the con-
dition that the system has no charge carriers. Thus, the Lagrangian density
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in the D7-brane action (4.4) is explicitly written as

LD7 = −N cos3 θgxx


|gtt|gxxgzz − gzz(Ȧx)2 + |gtt|(A′

x)
2, (4.6)

where the prime and the dot stand for the differentiation with respect to
z and t, respectively. The induced metric agrees with the metric of AdS-
BH (4.1) except for gzz = 1/z2 + θ′(z)2. According to the AdS/CFT dictio-
nary, the current density J (in the x direction) is given by J = ∂LD7/∂A

′
x

[25].
To make J to be a control parameter, let us perform a Legendre trans-

formation

L̃D7 = LD7 −A′
x

∂LD7

∂A′
x

= −


gzz
|gtt|gxx


ξχ, (4.7)

where

ξ = N2|gtt|g2xx cos6 θ − J2, (4.8)

χ = gttg
2
xx − gxxE

2. (4.9)

The Euler-Lagrange equation for θ yields

∂

∂z

∂L̃D7

∂θ′
− ∂L̃D7

∂θ
= 0. (4.10)

In addition, requiring the on-shell D7-brane action (4.7) to be real, the func-
tions ξ and χ in the square-root must change the sign at the same location
on the z-axis, say z = z∗, simultaneously. Thus, (i) ξ = 0 and (ii)χ = 0 are
satisfied at z = z∗, which we refer effective horizon. The condition (ii) gives
us the location of the effective horizon explicitly,

z∗ = (


e2 + 1− e)1/2zH , (4.11)

where e is defined as dimensionless quantity: e = 2E/(π
√
2λT 2). The con-

dition (i) provides the explicit form of the current density

J = πNT (e2 + 1)1/4 cos3 θ(z∗)E. (4.12)
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4.1.3 Nonlinear conductivity and non-equilibrium phase tran-
sitions

We need to solve the equation of motion (EOM) (4.10) to obtain the relation
between J and E. We specify two boundary conditions:

θ(z)/z|z=0 = mq, (4.13)

θ′|z=z∗ = [C −


C2 +D2]/(Dz∗). (4.14)

Here C = 3z8H + 2z4Hz4∗ + 3z8∗ and D = 3(z8∗ − z8H) tan θ(z∗). The second
boundary condition is derived from the EOM at z = z∗ [26]. (See also
Ref. [27].) Now the problem is reduced to be simple: EOM(4.10), which is
the second order non-linear differential equation, and two boundary condi-
tions (4.13) and (4.14).

We have shown that the extremely complicated problem in the field
theory side can be reduced to be the simple problem. However, it is generally
difficult to solve analytically. Thus, we employ the numerical method. To
solve the EOM numerically, we employ the shooting method by using the
Mathematica’s NDSolve command. Since the numerical analysis becomes
unstable at z = 0, z = zH and z = z∗, we avoid these points by introducing
cutoffs and check the cutoff independence. For simplicity, we set N = 1. For
technical reasons, after we impose θ(z∗) = θ0 for 0 ≤ θ0 ≤ π/2 instead of the
first boundary condition of (4.13) and solve the EOM for each θ0, we pick
out solutions so that mq agrees with the designated value. In Fig. 4.1, we
show the massmq as a function of the current density J , which are computed
from Eq. (4.3) and Eq. (4.12), respectively. We choose mq = 1 for simplicity.
As can be seen from Fig. 4.1, there can be two solutions having different
values of J for each E. In other words, it shows that there are two possible
solutions for given E and mq. We show the J-E characteristics at several
temperatures in Fig. 4.2. Note that since we consider the current density
J as the control parameter, we choose the horizontal axis for J . The J-E
characteristics show that there are two kinds of regions in our conductor
system, namely the negative differential conductivity (NDC) region and the
positive differential conductivity (PDC) region.

For T < Tc the NDC region, where the slope of the J-E curve is negative,
is smoothly connected to the PDC region, where the slope is positive. On
the other hand, for T > Tc there is an intermediate region between the NDC
region and the PDC region, where E has three different possible values at
a given J . Since we assume that the value of E has to be selected to one of
them, E must jump to another value at some point in this region. It was pro-
posed that the transition point is determined by a thermodynamic potential
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Figure 4.1: The quark mass mq as a function of the current density J for
several E at T = 0.34285.

defined by using the Hamiltonian of the D7-brane [28]2. The Hamiltonian
density is given by

H̃D7 = Ȧx
∂L̃D7

∂Ȧx

− L̃D7

= gxx


|gtt|gzz


N2 cos6 θ|gtt|g2xx − J2

|gtt|gxx − E2
. (4.15)

Then the thermodynamic potential is defined as

F̃D7(T, J ;mq) = lim
→0

 zH


dzH̃D7 − Lcount()


, (4.16)

where Lcount denotes the counterterms that regularize the divergence at the
boundary z = 0. Lcount is given by

Lcount = L1 + L2 − LF + Lf , (4.17)

2See also [29], for similar proposal.
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Figure 4.2: The J-E characteristics at various temperatures: T = 0.34378 >
Tc (circle), T = 0.34365 = Tc (box), and T = 0.34356 < Tc (triangle).

where each term of (4.17) is given in Ref. [21] as

L1 =
1

4


− det{γij}, (4.18)

L2 = −1

2


− det{γij}θ()2, (4.19)

Lf =
5

12


− det{γij}θ()4, (4.20)

LF =
1

2
E2 log κ. (4.21)

Here γij is the induced metric on the z =  slice and κ is a factor in order to
make the argument of the logarithm dimensionless. The value of κ is scheme
dependent, and we have chosen this value as one of the possible choices so
that ∂2LD7/∂E

2 = 0 for vacuum (T = 0, E = 0, mq ∕= 0). This condition
shows that the polarizability vanishes in vacuum. It is natural to require
the stable state to have the lowest E at a given J [28]. As a result, the
transition point between the NDC phase and the PDC phase is the point
indicated by the arrow between A and B in Fig. 4.2. Thus, if we control the
current density, the system exhibits the phase transition. In this sense, we
consider this phase transition as the non-equilibrium phase transition. We
call the transition for T > Tc the first-order transition because E changes

45



discontinuously. We call the transition for T = Tc the second-order transi-
tion because the differential resistivity ∂E/∂J diverges there while σ = J/E
changes continuously [28].

4.1.4 Critical phenomena

In this subsection, we consider the critical behavior of the non-equilibrium
phase transition given in the previous section.

Evaluation of β and δ

In our nonequilibrium phase transition, the critical exponents β and δ are
defined in Ref. [28] as

∆σ ∝ |T − Tc|β , |σ − σc| ∝ |J − Jc|1/δ, (4.22)

where T is the heat-bath temperature and ∆σ is the difference of the con-
ductivity between the PDC phase and the NDC phase at a transition point.
σc and Jc are the conductivity and the current density at the critical point,
respectively. ∆σ is evaluated along the line of the first-order phase transi-
tion. The value of δ is evaluated along the line of T = Tc. These definitions
correspond to Eqs. (2.11) and (2.12) in the Landau theory: the definitions
(4.22) were proposed by using an assumption that σ− σc and J − Jc play a
role of the order parameter and that of the external field, respectively. Our
numerical data are shown in Fig. 4.3. We obtain β = 0.505 ± 0.008 and
δ = 3.008± 0.032.

It has been proposed in Ref. [28] that the chiral condensate 〈q̄q〉 is another
candidate for the order parameter. Then we have another definition of the
critical exponents:

∆ 〈q̄q〉 ∝ |T − Tc|βchiral , | 〈q̄q〉 − 〈q̄q〉c | ∝ |J − Jc|1/δchiral , (4.23)

where 〈q̄q〉c is 〈q̄q〉 at the critical point. We show the numerical results
for chiral condensate in Fig. 4.4. We find that these critical exponents are
βchiral = 0.515 ± 0.029 and δchiral = 2.999 ± 0.061. We have reconfirmed the
results found in Ref. [28]. Note that all of these values agree with those of
the Landau theory, β = 1/2 and δ = 3, given in (2.16) within the numerical
error.

Evaluation of γ

This is the main part of this section which is about the definition and calcu-
lation of the critical exponent γ. First, we define the critical exponent γ for
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Figure 4.3: (a) Critical behavior of the difference of the conductivity ∆σ
near the critical point and (b) that of σ − σc.

our non-equilibrium phase transition. In Sec. 2.1, we have reviewed that the
critical exponent γ in the Landau theory is defined by using the magnetic
susceptibility χ = ∂M/∂H, where M is the magnetization and H is the
external magnetic field. Near the critical point, the magnetic susceptibility
behaves as χ ∝ |T−Tc|−γ . In our non-equilibrium phase transition, since we
use either the conductivity or the chiral condensate as the order parameter,
it is natural to generalize the definition of χ as

χ̃ =
∂(σ − σc)

∂J
, χ̃chiral =

∂(〈q̄q〉 − 〈q̄q〉c)
∂J

, (4.24)

where J is again assumed to act as the external field. We can rewrite χ̃ by
using the definition of conductivity σ = J/E,

χ̃ =
1

E
− J

E2

∂E

∂J
, (4.25)
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Figure 4.4: (a) Critical behavior of the difference of the chiral condensate
〈q̄q〉 near the critical point and (b) that of 〈q̄q〉 − 〈q̄q〉c.

so that it can be calculated from the J-E characteristics.
We propose to define the critical exponent γ as

χ̃ ∝ |T − Tc|−γ (4.26)

in our non-equilibrium phase transition.3 There are two possible definitions
of χ̃ for T > Tc in the NDC phase and in the PDC phase

χ̃NDC =
∂(σNDC − σc)

∂J
, χ̃PDC =

∂(σPDC − σc)

∂J
. (4.27)

As shown in Fig. 4.5, the behaviors of the susceptibilities in these phases
are similar to each other and it is found that each value of γ is γNDC =
1.018± 0.043 and γPDC = 1.014± 0.042. We find that they agree with that
from the Landau theory (2.16), γ = 1, within the numerical error.

3 Note that if the state with larger E were more stable, the transition point would
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Figure 4.5: Critical behaviors of χ̃ for T > Tc (a) in the NDC phase and (b)
in the PDC phase.

In addition, we evaluate the critical exponent γ for T < Tc. The coun-
terpart of this situation for the equilibrium phase transition would be the
liquid-vapor phase transition in which the susceptibility should be calcu-
lated along the critical isochore in the crossover region. From the analogy,
we determine the line that corresponds to the critical isochore for our non-
equilibrium phase transition. In analogy with the ferromagnet phase tran-
sition or the liquid-vapor transition, we choose this point as the inflection
point in the J-σ curve. The phase diagram is shown in Fig. 4.6 and it is found
that the inflection point for T < Tc is nearly constant with σ = σc = 0.0156.

We show the relationship between the values of χ̃ and the temperature
along the σ = σc line in Fig. 4.7. The numerical data gives γcrossover =
1.022 ± 0.025. Furthermore, if we assume that γNDC = γPDC = γcrossover, we

be at C in Fig. 4.2. However, we cannot calculate χ̃ at this point because ∂E/∂J always
diverges there.
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Figure 4.6: The phase diagram for our non-equilibrium phase transition.
The filled circles are on the line of the first-order phase transition. The
critical point (CP) is at Tc = 0.34365. The open circles are the inflection
points where σ = σc = 0.0156.

find χ̃crossover/χ̃NDC = 2.2± 0.4 and χ̃crossover/χ̃PDC = 2.0± 0.4. These results
agree with the fact that the critical amplitude ratio in the Landau theory is
2. The critical phenomena are exhibited in Fig. 4.7.

All of the above arguments go along with the chiral condensate instead
of the conductivity. The obtained values of the corresponding critical ex-
ponents are γNDC

chiral = 1.015 ± 0.028, γPDC
chiral = 1.007 ± 0.022, and γcrossover

chiral =
0.979±0.029. They agree with (2.16), again. The corresponding critical am-
plitude ratios are χ̃crossover

chiral /χ̃NDC
chiral = 2.0 ± 0.3 and χ̃crossover

chiral /χ̃PDC
chiral = 1.9 ± 0.3

which agree with 2 within the numerical error.
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PDC phase, and (c) in the crossover region.
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Evaluation of α

The last but not least static critical exponent is α, which is related to the
critical behavior of the specific heat. Although it is difficult to compute the
specific heat in our model, there are models of equilibrium phase transitions
in which a deviation of the law of rectilinear diameter gives the critical
exponent α [30, 31, 32, 33]. Let us see how it goes for our case. If we assume
that the foregoing method is valid in our system, we may define α as

σave = σc +A|T − Tc|1−α, (4.28)

where A is a constant, σave = (σNDC + σPDC)/2 and σc is the critical conduc-
tivity at T = Tc. In Fig. 4.9, we show the conductivities in the PDC phase,
those in the NDC phase, and their averages. We obtain the value of the
exponent α = 0.048± 0.111, which agrees with (2.16) of the Landau theory.
We may define αchiral as

〈q̄q〉
ave

= 〈q̄q〉c +B|T − Tc|1−αchiral , (4.29)

where B is a constant, 〈q̄q〉
ave

= (〈q̄q〉
NDC

+ 〈q̄q〉
PDC

) /2 and 〈q̄q〉c is the
critical value of the chiral condensate. However, our numerical data shows
that B ≃ 0: the values of the chiral condensates in each phase are arranged
symmetrically with respect to the critical value, as is the case with the
ferromagnet phase transition. For this reason, we cannot determine the
value of αchiral accurately in this manner. We leave more concrete definition
of the critical exponent α for our phase transition to future work.4

4.1.5 Spectral function for the transverse fluctuation

So far, we have studied the static critical phenomena of the non-equilibrium
phase transition. Furthermore, we are also interested in dynamical critical
phenomena, In our case, it describes a characteristic behavior of the relax-
ation into the non-equilibrium steady state near the critical point instead of
that into the equilibrium state.

To analyze the dynamical critical phenomena in our non-equilibrium
phase transition, we compute the spectral function which is defined by

χµν(k) = −2 ImGR
µν , (4.30)

where GR
µν is the retarded Green function. The spectral function in the

D3-D7 model has been studied in Refs. [34, 35]. Following these papers, we

4Note that it is not straightforward to define α by using the heat capacity, since the
notion of the heat capacity in NESS is not clear.
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Figure 4.9: Critical behaviors of the conductivities in the NDC phase and
the PDC phase and the average of them.

analyze the behavior of the spectral function near the critical point in our
non-equilibrium phase transition.

Here we study the fluctuation of the gauge field perpendicular to the
current density since its equation of motion does not couple to those of
other fields. We employ the following ansatz for the gauge field

Aµdx
µ = Ax(z, t)dx+ δA⊥(z, t)dx⊥

= (−Et+ ax(z)) dx+ e−iωta⊥(z)dx⊥, (4.31)

where x⊥ is the coordinate perpendicular to x and  is a small constant.
If we expand the DBI Lagrangian in power of , we obtain the equation
of motion for the perturbation from the term of order 2. The equation of
motion becomes

a′′⊥ + ∂z log
√

−γγ⊥⊥γzz

a′⊥ − ω2γ00

γzz
a⊥ = 0, (4.32)

where γab = gab + Fab. In order to solve this equation of motion, we have
to impose appropriate boundary conditions. We require the regularity of
the solution at the black hole horizon. This condition can be achieved by
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performing a Frobenius expansion. There are two possibilities of boundary
conditions, namely outgoing or ingoing wave boundary conditions. Since the
gauge field fluctuation must not propagate from the inside of the horizon,
we choose the ingoing wave boundary condition which is given by

a⊥(z) = (zH − z)−
iω

4πT areg⊥ (z), (4.33)

where areg⊥ (z) is an analytic function at z = zH . After we obtain the solution,
the boundary action for the transverse fluctuation is written by

Sbdry = −1

2


d4x

√
−γγ⊥⊥γzza′⊥(z)a⊥(z)


z→0

. (4.34)

The Lorentzian prescription, which is proposed as a prescription to obtain
the retarded Green function (see Ref. [36]), provides the Green function for
the transverse gauge fluctuation

GR
⊥ =

√
−γγ⊥⊥γzz

a′⊥a
∗
⊥

|a⊥|2


z→0

. (4.35)

Since the optical conductivity is related to the Green function as follows

σ⊥(ω) = − 1

ω
ImGR

⊥(ω), (4.36)

we obtain the following relation

χ⊥(ω) = −2 ImGR
⊥ = 2ωσ⊥(ω). (4.37)

In Fig. 4.10, we show the spectral function as a function of ω for several
temperatures below Tc. As can be seen, several peaks are observed. In
dual gauge field theory, these peaks can be considered as the excited state
of the vector mesons without coupling to the electric current or the scalar
mesons. We find that the width of each peak becomes narrower for higher
temperature. If we write the retarded Green function for a single excited
state as the following form

GR(ω) ∼ 1

ω − ω0 + iΓ
, (4.38)

the spectral function has the form of

χ(ω) ∼ Γ

(ω − ω0)2 + Γ2
. (4.39)
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Figure 4.10: The spectral function for the transverse gauge fluctuation for
several temperatures along the crossover line in the phase diagram. From
bottom to up, the temperature for each plot is larger.

This form is a Lorentzian function which has the center of peak ω0 and
the peak width Γ. In general, the pole of the retarded Green function
becomes complex and the imaginary part of that is related to the lifetime
of a corresponding mode i.e. Γ = 1/τ , where τ is the lifetime.

To analyze the lifetime of the vector meson near the critical point, we
study the relation between the width of a peak of the spectral function and
the temperature along the crossover line in the phase diagram shown in
Fig. 4.6. For simplicity, we focus on the second excited mode as shown in
the bottom figure plot of Fig. 4.10. Assuming the shape of this mode follows
the Lorentzian function, we fit it for various temperatures. Fig. 4.12 shows
numerical plots and linear fitting of the temperature dependence of Γ2 near
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Figure 4.11: The temperature dependence of Γ2 near the critical point.

the critical point. We find that Γ2 is finite even in the critical temperature
as shown in Fig. 4.11. In other words, we obtain the relation

Γ2 − Γ2
c ∝ |T − Tc|, (4.40)

where Γc is the peak width at the critical point. Thus, we find that the
lifetime of the vector meson does not diverge at the critical point.

If we compute the spectral function along the first-order phase transition
line in the phase diagram, we find that each peak becomes much narrower
for higher temperature as shown in Fig. 4.12. These results show that the
vector mesons becomes more stable for higher temperature in the dual gauge
field theory.

4.1.6 Conclusion and outlook

In this section, we study the non-equilibrium phase transition and critical
phenomena in the D3-D7 conductor model. We find that the critical expo-
nents of our non-equilibrium phase transition agree with those in the Landau
theory: β = 1/2, δ = 3, and γ = 1. The critical amplitude ratio of χ̃ also
agreed with that of the Landau theory. Our results satisfy the scaling laws
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Figure 4.12: The spectral function for the transverse gauge fluctuations
for several temperatures along the first-order phase transition line. From
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such as the Widom scaling, γ = β(δ − 1), within the numerical error. In
our definitions of the critical exponents, we assumed that J − Jc plays the
role of the magnetic field H in (2.4). We find that the critical exponent and
the critical amplitude ratio of the susceptibility that we defined agree with
those of the Landau theory of equilibrium phase transitions. Together with
the results for β and δ, our results imply that the critical phenomena in the
non-equilibrium phase transition in question have remarkable similarities
with those in the Landau theory of equilibrium phase transition. Motivated
with the dynamical critical phenomena, we compute the spectral function
for the transverse gauge perturbation for the current density. Analyzing
the relation between the width of a peak of the spectral function and the
temperature near the critical point, we find that the Eq. (4.40) is satisfied
in our non-equilibrium phase transitions.

Coming back to the questions raised in section 4.1.1, we obtained the
answers to the questions of 1) and 2) as far as for the non-equilibrium
phase transitions considered in this paper: we can define the susceptibility
associated with J in a completely parallel manner to that in the Landau
theory, and the susceptibility shows critical phenomena with γ = 1. For
the question of 3), our results suggest that the critical exponents γ and δ
associated with J may be formulated by using a theory similar to the Landau
theory. However, further investigation is necessary to obtain a complete
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answer.
In the future perspective, it would be interesting to compute other static

critical exponents ν and η. To compute them, we have to consider the spa-
tial dependence of the order parameter as explained in Section 2.3. We are
also interested in the calculation of the specific heat. If we assume that
it is given by the second-order derivative of the Hamiltonian with respect
to the temperature, we might be able to compute the critical exponent α
straightforwardly. Moreover, further study of the dynamical critical expo-
nent would be required. As discussed in Section 4.1.5, the spectral function
for the transverse gauge fluctuation does not have a characteristic behavior
near the critical point. It might stem from the fact that the transverse gauge
fluctuation decouples from the current density or the scalar field. Therefore,
it is expected that we can observe some critical behaviors if we analyze the
gauge fluctuation which couples to the other fields.

4.2 Spontaneous symmetry breaking in D3-D7 model

4.2.1 Introduction

In this section, we study another non-equilibrium phase transition which
appears in the D3-D7 model. Particularly, we investigate a spontaneous
symmetry breaking of U(1) chiral symmetry of a strongly-coupled large-Nc

gauge theory under the presence of an electric current density J and a mag-
netic field B perpendicular to the current. Employing the D3-D7 model, the
gauge theory is SU(Nc) N = 4 supersymmetric Yang-Mills (SYM) theory
in (3+1) dimensions with N = 2 hypermultiplet. The quarks belong to
the hypermultiplet whereas the particles that form the heat bath belong to
the gluon sector of N = 4 SYM. The D3-D7 model with both an electric
field and a magnetic field has been studied in Ref. [37]. It has also been
known that non-equilibrium phase transitions are observed in the presence
of a magnetic field [38].

The quarks in our system are massless. This corresponds that we are
dealing with gapless systems in condensed matter physics when the system
has chiral symmetry. We find that the system exhibits first-order or second-
order phase transitions of the chiral symmetry breaking, which corresponds
to the appearance of the gap in the condensed matter system. A tricritical
point exists between the line of the first-order phase transition and the
second-order critical line. We stress that the newly discovered tricritical
point is located at finite J in the NESS regime on the phase diagram, hence
we call it as the non-equilibrium tricritical point. We present numerical

59



results for critical exponents at the critical points. Our results imply that
the phase transitions of the present system are described by a Landau-like
phenomenological model.

4.2.2 Setup

The setup is almost the same as that of the previous analysis. The ge-
ometry in the gravity side is a direct product of a five-dimensional AdS-
Schwarzschild black-hole and an S5 as given by Eqs. (4.1) and (4.2). In
the former part, we use z (0 ≤ z ≤ zH) for the radial direction, t and x =
(x1, x2, x3) for the coordinates in the (3+1) dimensions of the corresponding
gauge theory. For simplicity, we set the AdS radius and the radius of S5 to
be 1 again. The dynamics of the D7-brane is described by the DBI action
as given by Eq. (4.4).

Let us employ the following ansatz for the gauge fields:

A1(t, z) = −Et+ a1(z), (4.41)

A2(x
1) = Bx1 (4.42)

and Aa for a ∕= 1, 2 are zero. Then the non-vanishing components of the
field strength Fab are

F01 = −F10 = −E, (4.43)

F12 = −F21 = B, (4.44)

F1z = −Fz1 = a′1(z). (4.45)

From now, we denote x1 by x for simplicity. The Lagrangian density is
written by the same form as that in the previous section,

L̃D7 =


− gzz
gttgxx


ξχ, (4.46)

where

ξ = gxxE
2 − |gtt|g2xx − |gtt|B2, (4.47)

χ = N |gtt|g2xx cos6 θ − J2. (4.48)

Following the same discussion in the previous section, we require ξ = 0 and
χ = 0 simultaneously at the effective horizon. The first condition provides
the explicit form of the effective horizon

z4∗ =


F (e, b)−


(F (e, b)− 1)2 − 1− 1


z4H , (4.49)
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where

F (e, b) = 1 + e2 − b2 +


(e2 − b2)2 + 2 (e2 + b2) + 1. (4.50)

Here e and b are defined as dimensionless quantities: e = 2E/(π
√
λT 2) and

b = 2B/(π
√
λT 2), and λ is the ’t Hooft coupling of the gauge theory. The

second condition provides the explicit form of the current density

J2 = N |gtt|g2xx cos6 θ(z∗). (4.51)

The D7-brane embedding function θ(z) in the vicinity of the boundary can
be expanded as the same form with Eq. (4.3).

4.2.3 Non-equilibrium phase transition

Here, we set N = 1 and zH = 1 for simplicity. In order to solve the EOM for
θ(z) numerically, we impose the boundary conditions (4.13) and (4.14) at
the effective horizon. We solve the EOM numerically to obtain the solutions
θ(z) in ε ≤ z ≤ z∗ − εIR, where ε and εIR are cutoffs introduced to avoid
numerical divergence at the boundary and the effective horizon, respectively.

Once θ(z) is obtained for each parameter, one can compute mq and 〈q̄q〉.
Inversely, the configurations of the D7-brane and the parameters can be
found for the fixed mq. In this study, since we are interested in the system
of massless quarks and the spontaneous chiral symmetry breaking, we take
solutions for mq = 0 by using the shooting method. In Fig. 4.13, we show
the quark mass mq as a function of the current density J . As can be seen,
there are two possible solutions for mq = 0 if the magnetic field is sufficiently
large. We show the configurations of the D7-brane in Fig. 4.14. There exist
two possible branches: the flat branch and the bending branch as shown in
Fig. 4.14. The flat branch is a trivial solution: θ(z) = 0. The bending branch
is a non-trivial solution: θ(z) ∕= 0. These branches can be distinguished by
the chiral condensate: 〈q̄q〉 = 0 in the flat branch, and 〈q̄q〉 ∕= 0 in the
bending branch. In other words, the chiral symmetry is preserved in the flat
branch, whereas it is spontaneously broken in the bending branch.

To be more explicit, this spontaneous symmetry breaking is associated
with an internal U(1)R symmetry in gauge theory side. On the other hand,
in gravity side, the total system has an SO(4) × SO(2) symmetry in the
flat branch. The SO(4) group rotates four directions which are filled by the
D7-brane but perpendicular to the D3-brane. The SO(2) group rotates two
directions which are perpendicular to the D7-brane. In the gravity descrip-
tion, the SO(2) rotational symmetry is explicitly broken if the D7-brane
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Figure 4.13: The numerical plots of J and mq with E = 0.1 fixed for B = 12,
B = 13, and B = 14. Each point is specified by θ(z∗), which takes 0 to
π/2 (right to left).

Bending Branch
Flat Branch

0 1 2 3 4 5 6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Bending branch
<latexit sha1_base64="L1bfx59kp2KIfvTwzhMJdbe2Kvo="></latexit><latexit sha1_base64="L1bfx59kp2KIfvTwzhMJdbe2Kvo="></latexit><latexit sha1_base64="L1bfx59kp2KIfvTwzhMJdbe2Kvo="></latexit><latexit sha1_base64="L1bfx59kp2KIfvTwzhMJdbe2Kvo="></latexit><latexit sha1_base64="GE0RJd5Xcj4F5bz46o08cGAI6pA="></latexit><latexit sha1_base64="GE0RJd5Xcj4F5bz46o08cGAI6pA="></latexit>

Flat branch
<latexit sha1_base64="3hmPbWXrDZAJb5onwQPI7EA3z7w="></latexit><latexit sha1_base64="3hmPbWXrDZAJb5onwQPI7EA3z7w="></latexit><latexit sha1_base64="3hmPbWXrDZAJb5onwQPI7EA3z7w="></latexit><latexit sha1_base64="3hmPbWXrDZAJb5onwQPI7EA3z7w="></latexit><latexit sha1_base64="+RRLSx3evsG2D821BRyCPqARKW8="></latexit><latexit sha1_base64="+RRLSx3evsG2D821BRyCPqARKW8="></latexit>

0.0
<latexit sha1_base64="QCSkzK/H05vtRyrIbkkHbMiqwXM="></latexit><latexit sha1_base64="QCSkzK/H05vtRyrIbkkHbMiqwXM="></latexit><latexit sha1_base64="QCSkzK/H05vtRyrIbkkHbMiqwXM="></latexit><latexit sha1_base64="QCSkzK/H05vtRyrIbkkHbMiqwXM="></latexit><latexit sha1_base64="Pieoi50HOae5ejxPx3qJVNYQrpk="></latexit><latexit sha1_base64="Pieoi50HOae5ejxPx3qJVNYQrpk="></latexit>

0
<latexit sha1_base64="3KyNFF/pvPKe/B+nBRNkNNQ1B0g="></latexit><latexit sha1_base64="3KyNFF/pvPKe/B+nBRNkNNQ1B0g="></latexit><latexit sha1_base64="3KyNFF/pvPKe/B+nBRNkNNQ1B0g="></latexit><latexit sha1_base64="3KyNFF/pvPKe/B+nBRNkNNQ1B0g="></latexit><latexit sha1_base64="JZM/lHlugXx765zC5zV16WsTrTA="></latexit><latexit sha1_base64="JZM/lHlugXx765zC5zV16WsTrTA="></latexit>

1.0
<latexit sha1_base64="bVhutuWGzC8wjDmG6ulfDazCK/g="></latexit><latexit sha1_base64="bVhutuWGzC8wjDmG6ulfDazCK/g="></latexit><latexit sha1_base64="bVhutuWGzC8wjDmG6ulfDazCK/g="></latexit><latexit sha1_base64="bVhutuWGzC8wjDmG6ulfDazCK/g="></latexit><latexit sha1_base64="g+G+lV+T/JTt/8W58/fTVQVvhlM="></latexit><latexit sha1_base64="g+G+lV+T/JTt/8W58/fTVQVvhlM="></latexit>

0.2
<latexit sha1_base64="fNUPAqToWIwWWKwQhfY5lzyzM20="></latexit><latexit sha1_base64="fNUPAqToWIwWWKwQhfY5lzyzM20="></latexit><latexit sha1_base64="fNUPAqToWIwWWKwQhfY5lzyzM20="></latexit><latexit sha1_base64="fNUPAqToWIwWWKwQhfY5lzyzM20="></latexit><latexit sha1_base64="i+k2mJiFb4HOdnS3Lf4PjD78y9g="></latexit><latexit sha1_base64="i+k2mJiFb4HOdnS3Lf4PjD78y9g="></latexit>

0.4
<latexit sha1_base64="ihqY/O7pcJRAVuaW7GneXO2NwwE="></latexit><latexit sha1_base64="ihqY/O7pcJRAVuaW7GneXO2NwwE="></latexit><latexit sha1_base64="ihqY/O7pcJRAVuaW7GneXO2NwwE="></latexit><latexit sha1_base64="ihqY/O7pcJRAVuaW7GneXO2NwwE="></latexit><latexit sha1_base64="NqL8hbDmiSV4H2SDYabxZ5BPbeA="></latexit><latexit sha1_base64="NqL8hbDmiSV4H2SDYabxZ5BPbeA="></latexit>

0.6
<latexit sha1_base64="Mi+ySWjgsnFnHu9oMKKpfvEatdg="></latexit><latexit sha1_base64="Mi+ySWjgsnFnHu9oMKKpfvEatdg="></latexit><latexit sha1_base64="Mi+ySWjgsnFnHu9oMKKpfvEatdg="></latexit><latexit sha1_base64="Mi+ySWjgsnFnHu9oMKKpfvEatdg="></latexit><latexit sha1_base64="HEM9OPMrHTrAY8pFV54ERnAvpbs="></latexit><latexit sha1_base64="HEM9OPMrHTrAY8pFV54ERnAvpbs="></latexit>

0.8
<latexit sha1_base64="NZt+LVGH4orrtZmejEgAQzjU3eY="></latexit><latexit sha1_base64="NZt+LVGH4orrtZmejEgAQzjU3eY="></latexit><latexit sha1_base64="NZt+LVGH4orrtZmejEgAQzjU3eY="></latexit><latexit sha1_base64="NZt+LVGH4orrtZmejEgAQzjU3eY="></latexit><latexit sha1_base64="b82s74hFpnaNwqLrNbaceoqf++4="></latexit><latexit sha1_base64="b82s74hFpnaNwqLrNbaceoqf++4="></latexit>

1.2
<latexit sha1_base64="tYTNFaY2b+W+0vlOafLD8XfQFhc="></latexit><latexit sha1_base64="tYTNFaY2b+W+0vlOafLD8XfQFhc="></latexit><latexit sha1_base64="tYTNFaY2b+W+0vlOafLD8XfQFhc="></latexit><latexit sha1_base64="tYTNFaY2b+W+0vlOafLD8XfQFhc="></latexit><latexit sha1_base64="RcgD4k2Va/kTYftWAOKRWefl3Nc="></latexit><latexit sha1_base64="RcgD4k2Va/kTYftWAOKRWefl3Nc="></latexit>

1.4
<latexit sha1_base64="ICQqYSf8xI6+VPyxABn2OJMpJZs="></latexit><latexit sha1_base64="ICQqYSf8xI6+VPyxABn2OJMpJZs="></latexit><latexit sha1_base64="ICQqYSf8xI6+VPyxABn2OJMpJZs="></latexit><latexit sha1_base64="ICQqYSf8xI6+VPyxABn2OJMpJZs="></latexit><latexit sha1_base64="L5PL2+rBtw62tXLSbaY5DCQOte4="></latexit><latexit sha1_base64="L5PL2+rBtw62tXLSbaY5DCQOte4="></latexit>

1
<latexit sha1_base64="yADXzayMoC4/tAlcAXTJP8+ILNo="></latexit><latexit sha1_base64="yADXzayMoC4/tAlcAXTJP8+ILNo="></latexit><latexit sha1_base64="yADXzayMoC4/tAlcAXTJP8+ILNo="></latexit><latexit sha1_base64="yADXzayMoC4/tAlcAXTJP8+ILNo="></latexit><latexit sha1_base64="0Pe8rMegClrc8el1NCV3WLwAy9Y="></latexit><latexit sha1_base64="0Pe8rMegClrc8el1NCV3WLwAy9Y="></latexit> 2

<latexit sha1_base64="l3/D2Jj3F9evSvnAw/ju1dF77C4="></latexit><latexit sha1_base64="l3/D2Jj3F9evSvnAw/ju1dF77C4="></latexit><latexit sha1_base64="l3/D2Jj3F9evSvnAw/ju1dF77C4="></latexit><latexit sha1_base64="l3/D2Jj3F9evSvnAw/ju1dF77C4="></latexit><latexit sha1_base64="wDtGCQRD5jTvkMwPfRfWZnzmDTQ="></latexit><latexit sha1_base64="wDtGCQRD5jTvkMwPfRfWZnzmDTQ="></latexit>

3
<latexit sha1_base64="zRjJ0eYr9mrQgVYoL3Os1qlWNoA="></latexit><latexit sha1_base64="zRjJ0eYr9mrQgVYoL3Os1qlWNoA="></latexit><latexit sha1_base64="zRjJ0eYr9mrQgVYoL3Os1qlWNoA="></latexit><latexit sha1_base64="zRjJ0eYr9mrQgVYoL3Os1qlWNoA="></latexit><latexit sha1_base64="TmBKEeQXLdIax3AN97SZdEXflX0="></latexit><latexit sha1_base64="TmBKEeQXLdIax3AN97SZdEXflX0="></latexit>

4
<latexit sha1_base64="5O5CwW9nEaNb9BfD7dsJocCnUpw="></latexit><latexit sha1_base64="5O5CwW9nEaNb9BfD7dsJocCnUpw="></latexit><latexit sha1_base64="5O5CwW9nEaNb9BfD7dsJocCnUpw="></latexit><latexit sha1_base64="5O5CwW9nEaNb9BfD7dsJocCnUpw="></latexit><latexit sha1_base64="YsDqzpZlI0REmVR5M11QW6mALw8="></latexit><latexit sha1_base64="YsDqzpZlI0REmVR5M11QW6mALw8="></latexit>

5
<latexit sha1_base64="oW6A+fOwW0aURRYxUwT582kz6PM="></latexit><latexit sha1_base64="oW6A+fOwW0aURRYxUwT582kz6PM="></latexit><latexit sha1_base64="oW6A+fOwW0aURRYxUwT582kz6PM="></latexit><latexit sha1_base64="oW6A+fOwW0aURRYxUwT582kz6PM="></latexit><latexit sha1_base64="ihA0rGB+h8oSU3rS9vzg/88aUSQ="></latexit><latexit sha1_base64="ihA0rGB+h8oSU3rS9vzg/88aUSQ="></latexit>

6
<latexit sha1_base64="XzU09UoqHLpPj3mfX20PXsGOqR0="></latexit><latexit sha1_base64="XzU09UoqHLpPj3mfX20PXsGOqR0="></latexit><latexit sha1_base64="XzU09UoqHLpPj3mfX20PXsGOqR0="></latexit><latexit sha1_base64="XzU09UoqHLpPj3mfX20PXsGOqR0="></latexit><latexit sha1_base64="clV5irMVzGPBLMblJU3FyUegHBE="></latexit><latexit sha1_base64="clV5irMVzGPBLMblJU3FyUegHBE="></latexit>

r cos θ
<latexit sha1_base64="ifOi1K7jkbIKb/fTegHlLIL4NuY="></latexit><latexit sha1_base64="g+IgxJZyDX5WOaOuRILrhhL7sz8="></latexit><latexit sha1_base64="g+IgxJZyDX5WOaOuRILrhhL7sz8="></latexit><latexit sha1_base64="g+IgxJZyDX5WOaOuRILrhhL7sz8="></latexit><latexit sha1_base64="Nm6e2zL5GEThnrZezcrJsGwmFXE="></latexit><latexit sha1_base64="LwzCRXPv/YIPAWdWXFKpeEfe6dg="></latexit>

r
si
n
θ

<latexit sha1_base64="B4ybRlm3/1sUUlZtMx5D355E/U0="></latexit><latexit sha1_base64="iRUv5xi2RsqGHElCKiqrLCeOC+E="></latexit><latexit sha1_base64="iRUv5xi2RsqGHElCKiqrLCeOC+E="></latexit><latexit sha1_base64="iRUv5xi2RsqGHElCKiqrLCeOC+E="></latexit><latexit sha1_base64="LYxC0sM+83yUMY20aeGwWhe11HU="></latexit><latexit sha1_base64="qaACCS63ojZlozPfuSwP4tYgBxw="></latexit>

Figure 4.14: The D7-brane configurations of two possible branches for E = 1
and B = 14. The black solid line represents the black-hole horizon. The
coordinate is changed following by 1/z2 = r2 +

√
r4 − 1. The black-hole

horizon is located at r = 1, the effective horizon is located at r = r∗ > 1,
and the AdS boundary is located at r = ∞.
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Figure 4.15: The behaviors of the chiral condensate 〈q̄q〉 as a function of the
current density J for B = 19, B = 20, and B = 21.

is separated from the D3-brane, which corresponds to a massive quark. In
this study, however, the external fields and the current density induce the
SO(2) rotational symmetry breaking despite the quark mass is kept zero. In
the dual gauge field theory, the SO(2) symmetry corresponds to the mass
generation by the U(1)R chiral symmetry. Since the spontaneous symme-
try breaking in our setup makes the chiral condensate to be finite while a
quark remains massless, this corresponds to the spontaneous chiral symme-
try breaking. Compared to the previous studies on the chiral symmetry
breaking in the AdS/CFT correspondence [39, 40, 41, 42, 43], the crucial
difference in our study is that we consider chiral symmetry breaking in the
NESS regime where J · E ∕= 0.

Fig. 4.15 shows the behaviors of the chiral condensate 〈q̄q〉 and the cur-
rent density J for various B. Note that if we choose the current density as a
control parameter, there is a multivalued region where 〈q̄q〉 has two or three
possible values for a given J . In this region, we expect that only the most
stable solution is realized.

In the following, we assume that the most stable solution has the lowest
thermodynamic potential which is defined by the renormalized Hamiltonian
of the D7-brane per unit volume with appropriate Legendre transformation

63



[28, 10]. In the present case, the Hamiltonian density is given by

H̃D7 = gxx
√
−gttgzz


J2 + gttg2xx cos

6 θ

gttg2xx + gttB2 + gxxE2
. (4.52)

Then the thermodynamic potential is defined as

F̃D7(B, J) = lim
ε→0

 z∗

ε
dzH̃D7 − Lcount(ε)


, (4.53)

where Lcount(ε) is the counterterm to renormalize the divergence at the
boundary z = 0. The explicit form is given in [21] except for the finite
counterterm we propose5. The details on the finite counterterm is shown in
AppendixB.

If we compute the thermodynamic potential in each plot of Fig. 4.15, we
find that as the magnetic field increases, the thermodynamic potential of
the bending branch becomes smaller and it eventually becomes more sta-
ble than the flat branch. As a result, there is a transition between these
two branches. We regard this transition as a non-equilibrium phase transi-
tion. More interestingly, when B becomes larger, the chiral condensate of
the bending branch changes from a multi-valued function to a single-valued
function, and thus the discontinuous jump of the chiral condensate becomes
continuous transition. Hence, the first-order phase transition changes to the
second-order phase transition by increasing B. In this paper, we choose the
chiral condensate 〈q̄q〉 as an order parameter.

4.2.4 Phase diagram

To summarize the foregoing discussions, we show the phase diagram of the
non-equilibrium phase transitions in Fig. 4.16. The thick blue curve is the
first-order phase transition line and the red curve is the critical line where
the second-order phase transition occurs. Note that there are two specific
points in the phase diagram:Bgap and BTCP. For B < Bgap, stable solutions
are only the flat branches. For B > Bgap, however, the bending branch
can be stable. The other specific point BTCP is the tricritical point (TCP)
that is defined as a point where three coexisting phases become identical
simultaneously. To see this in our system, it is necessary to consider another
parameter dimension: the quark mass mq which breaks the chiral symmetry
explicitly. In analogy with the QCD phase diagram6, we find that the (B, J)

5See also [25], for the holographic renormalization of probe D-branes.
6For example, see [44].
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phase diagram with a finite mass contains a first-order phase transition line
which terminates at a critical point. This can be understood by checking
the behaviors of the chiral condensate as a function of the current density
for small mass as shown in Fig. 4.17. Critical points for different masses
form a critical line in the (B, J,mq) phase diagram and the critical line
terminates at BTCP that is located on the slice of mq = 0. We can extend
the phase diagram into the negative mass region by performing a U(1) chiral
transformation. One finds that the extended phase diagram is symmetric
under mq → −mq. Hence, the three critical lines end at a single point BTCP.
This is why BTCP is regarded as the tricritical point.
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Figure 4.16: Phase diagram of the present system on the slice of mq =
0. There are two specific points denoted by Bgap and BTCP. The first-
order phase transitions occur along the thick blue curve and the second-
order phase transitions occur along the red curve. These curves completely
separate the phase with chiral symmetry restoration (χSR) and that with
chiral symmetry breaking (χSB).

The detailed discussion for determining Bgap and BTCP is the following.
To determine the value of Bgap, we have to find the specific value of B such
that the minimum of the thermodynamic potential in the bending branch
becomes lower than the maximum of the thermodynamic potential in the
flat branch. We define the difference of them by

∆F̃D7 ≡ min

F̃ bend
D7


−max


F̃ flat
D7


, (4.54)

and we determine the value of Bbend such that ∆F̃D7 = 0. As a result, we
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Figure 4.17: The behavior of the chiral condensate 〈q̄q〉 at m = 0.01. When
the magnetic field increases, the transition of the chiral condensate appears
to be changed from first-order (solid line) to second-order (dashed line) and
crossover (dotted line).

find Bbend ≈ 15.294 by linear fitting as shown in Fig. 4.18(a).
Next, we determine the value of BTCP in the following method. First,

we calculate the maximum values of J as a function of the thermodynamic
potential F̃D7 in the bending branch by quadratic fitting in the vicinity of
the extremum point. If the value of F̃D7 at that point is smaller than that
of the flat branch, the point (J, F̃D7) should be the transition point. Second,
we calculate the intersection points of J-F̃D7 curves of the flat branch and
the bending branch. At B = BTCP, these points obtained by two different
methods should be identical. Fig. 4.19 shows the schematic picture of our
method to determine BTCP. In Fig. 4.19, thick curves denote the quadratic
fitting of the actual plots of the bending branch near the maximum point.
The thin curve is the plot of the flat branch. The cross marks and the
circle marks show the maximum points of the quadratic fitting and the
intersection point between two curves, respectively. The actual dates are
shown in Fig. B.7 in AppendixB. Fig. 4.18 (b) shows the values of F̃D7 in two
different approaches for various B. This implies that there is a transition
of the stable point from the maximum point to the intersection point at
the specific value of B = BTCP. Consequently, the second-order phase
transitions occur for B ≥ BTCP. We find BTCP ≈ 20.086 by linear fitting as
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shown in Fig. 4.18 (b).
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Figure 4.18: (a)The difference of the thermodynamic potentials in the flat
branch and the bending branch for various B. We find Bgap ≈ 15.294 by
linear fitting. (b)The thermodynamic potentials calculated in two different
approaches for various B. We find BTCP ≈ 20.086 by linear fitting.

4.2.5 Critical exponent

In the previous section, we found second-order phase transitions in our non-
equilibrium system. To understand the critical phenomena, we analyze the
critical exponents. Critical exponents are defined for the behavior of the
order parameter near the critical point. In our analysis, we define the critical
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Figure 4.19: The schematic picture of our method to determine BTCP. The
thick curves denote the quadratic fitting of the bending branch near the
maximum point, The thin curve is the plot of the flat branch.
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exponent β as 7

〈q̄q〉 ∝ (Jc − J)β , (4.55)

where Jc is the current density at the critical point. Fig. 4.20 shows the
behaviors of 〈q̄q〉 for B > BTCP, B = BTCP, and B < BTCP. As shown
in the inset of Fig. 4.20, we find β = 1/2 for B > BTCP and β = 1/4 for
B = BTCP within the numerical error by linear fitting.
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Figure 4.20: The current density Jc−J as a function of the chiral condensate
〈q̄q〉. The numerical plots and the lines obtained by non-linear fitting to the
form of (4.59) for B = 19.8 (blue), B = BTCP (red), and B = 20.4 (green)
are shown. The inset shows numerical plots and linear fittings for B = BTCP

and B = 30.

4.2.6 Analytical approach

We show that the values of the critical exponents can be derived analytically
as follows. Let us focus on the case for B ≥ BTCP. In the language of
the D7-brane configuration, θ(z) continuously changes from θ(z) = 0 to
θ(z) ∕= 0 when the chiral symmetry is broken in the second-order phase
transition. This means that θ(z∗) ≪ 1 in the vicinity of the critical point.

7In Ref. [10], the critical exponent related to the chiral condensate and the current

density is defined as
〈q̄q〉 − 〈q̄q〉c

 ∝ |J − Jc|1/δ. In this study, we use β since the non-
equilibrium phase transition in question is different.

69



Since J =


−gttg2xx


z∗
cos3 θ(z∗) is an even function of θ(z∗), J can be

expanded as

J = Jc + a2θ(z∗)
2 + a4θ(z∗)

4 + · · · , (4.56)

where ai(i = 2, 4, · · · ) are coefficients that depend on z∗. Here we have used
the fact that J = Jc at the critical point where θ(z∗) = 0. Note that Jc
depend only on B.

It can be shown that the chiral condensate is an odd function of θ(z∗) as
follows. For massless case, θ(z) in the vicinity of the boundary is expanded
as

θ(z) = −1

2
〈q̄q〉 z3 +O(z5). (4.57)

Thus we find that the chiral condensate flips the sign if we flip the sign of
θ(z). Therefore, the chiral condensate is an odd function of θ(z∗) which may
be expanded as

〈q̄q〉 = b1θ(z∗) + b3θ(z∗)
3 + · · · , (4.58)

where bi(i = 1, 3, · · · ) are coefficients that depend on z∗.
Suppose that b1 ∕= 0. In the case, the chiral condensate is linear in θ(z∗)

in the vicinity of the critical point, and thus Eq. (4.56) gives

Jc − J = c2 〈q̄q〉2 + c4 〈q̄q〉4 + · · · , (4.59)

where c2 and c4 are some coefficients. The numerical results given in Fig. 4.20
suggest that c2 = κ (B −BTCP) with κ > 0 and c4 > 0, in the vicinity of
B = BTCP. We have checked numerically that c2 is indeed proportional to
B−BTCP and c4 is a small positive value in the vicinity of the critical point.
Then we obtain 〈q̄q〉 ∼ (Jc − J)1/2 for B > BTCP and 〈q̄q〉 ∼ (Jc − J)1/4

for B = BTCP, respectively. The numerical results mensioned above for the
critical exponents justify the above consideration. Therefore, we conclude
that β = 1/2 for B > BTCP and β = 1/4 for B = BTCP.

4.2.7 Conductivity

In Refs. [28, 10], it has been proposed that the conductivity σ = J/E also
plays a role of order parameter at least for the purpose of detection of the
critical phenomena. From an experimental point of view, the measurement
of conductivity is much easier than that of chiral condensate. Therefore, it
is worth studying the phase transitions from the viewpoint of conductivity.
Fig. 4.21 shows the J-E characteristics for various B. In terms of the conduc-
tivity, our non-equilibrium phase transitions are regarded as the transition
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between the negative differential conductivity (NDC) phase and the posi-
tive differential conductivity (PDC) phase. They are corresponding to two
branches, the bending branch and the flat branch, respectively. As shown
in Fig. 4.21, the transition between the PDC phase and the NDC phase is
also the second-order phase transition along the critical line and the first-
order phase transition below BTCP. At the tricritical point, ∂E/∂J → ∞,
which is similar behavior to that of the chiral condensate in Fig. 4.15. This
shows that the chiral symmetry breaking is closely related to the transition
between the PDC phase and the NDC phase. In other words, our results
suggest that our non-equilibrium phase transitions and the tricritical point
will be experimentally observed as transitions between the NDC phase and
the PDC phase in a strongly coupled system with a constant current.

4.2.8 Conclusion and outlook

We studied the phase structure associated with the chiral symmetry of the
current-driven NESS by using the AdS/CFT correspondence. We have dis-
covered the current-driven tricritical point. If we define the critical exponent
β as 〈q̄q〉 ∝ (Jc − J)β , we obtain β = 1/2 on the critical line and β = 1/4
at the tricritical point. These values of the critical exponents agree with
those of the Landau theory for equilibrium systems. We also have revealed
that similar behaviors are found if we consider the conductivity as the order
parameter. Then, we propose that this type of non-equilibrium phase tran-
sitions and the current-driven tricritical point may be detected in a system
consisting of gapless chiral fermions, such as a Weyl semimetal, with a con-
stant current. We hope the results presented here provide clues to reveal
the universal properties of some classes of the NESS.

We have some future outlooks. It is interesting to investigate if other
critical exponents also agree with those of the Landau theory or not. More-
over, according to the Nambu-Goldstone theorem, if the continuous symme-
try is spontaneously broken, the massless mode, so-called Nambu-Goldstone
mode, must appear in the excitations. In our case, a fluctuation along one
of rotational directions perpendicular to the D7-brane, which corresponds
to the pseudo-scalar meson in the dual gauge field theory [45], should be the
Nambu-Goldstone mode. On the other hand, it is expected that the pseudo-
scalar meson has finite lifetime due to the holographic meson melting [46].
It is great interest of whether the Nambu-Goldstone mode which has finite
lifetime appears.
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Figure 4.21: The J-E characteristics for (a)B = 19, (b)B = 20, and (c)B =
21.
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Chapter 5

Summary and future
perspectives

In this last chapter, we would like to summarize our works. In this thesis,
we have studied non-equilibrium phase transitions and critical phenomena in
the framework of the gauge/gravity duality. Employing the D3-D7 model,
we have focused on the N = 4 SU(Nc) supersymmetric Yang-Mills the-
ory coupled to flavor fields preserving N = 2 supersymmetry as the dual
field theory. Applying the electric field on the probe D7-brane, the NESS
with a constant electric current is realized in the dual field theory. The
system exhibits the non-linear J-E characteristics, which results in the non-
equilibrium phase transition.

In Section 4.1, we have presented the analysis of critical phenomena of
the non-equilibrium phase transition. We have assumed that the control
parameter is the heat bath temperature T and the current density J is
considered as an external field. Then, the phase diagram can be drawn in
the parameters (T, J) as shown in Fig. 4.6. We have obtained the values of
critical exponents as follows:

β = 1/2, δ = 3, γ = 1, α = 0.

Here, we have confirmed that these are satisfied whichever we have chosen
the conductivity σ = J/E and the chiral condensate 〈q̄q〉 as an order pa-
rameter within numerical errors. Moreover, we have found that the critical
amplitude is equal to two. All of these results agree with those of the Landau
theory in equilibrium phase transitions.

In Section 4.2, we have investigated another non-equilibrium phase tran-
sition in the presence of both the current density J and the transverse mag-
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netic field B. In this setup, we have focused on the massless quark and
regarded the chiral condensate 〈q̄q〉 as an order parameter. We have studied
the phase diagram for (J,B) with temperature fixed. We have found that
there are both the first-order phase transition line and the second-order
phase transition line in the phase diagram as shown in Fig. 4.16. Moreover,
this non-equilibrium phase transition is associated with the U(1) chiral sym-
metry breaking in the dual field theory. Considering the additional param-
eter, the quark mass mq, we have revealed that there is the tricritical point
(JTCP, BTCP) in the phase diagram. To the best of our knowledge, this type
of current-driven tricritical point has not been reported. Furthermore, we
have found that the critical exponent β is given by

β = 1/2 (critical point),

β = 1/4 (tricritical point),

which agree with those of the Landau theory again.
Our results imply that the non-equilibrium phase transitions of the

present model might be described by the Landau-like phenomenological
model as suggested by agreement of the critical exponents. Additionally,
since our non-equilibrium phase transitions are associated with the non-
linear conductivity, it is possible to realize them and detect the tricritical
point experimentally. In other words, our results propose the existence of
a current-driven tricritical point associated with the U(1) chiral symmetry
breaking in the NESS. We hope that our findings provide some clues for
understanding the universal features of the NESS.

To end this thesis, we will present some issues left for future exploration.
Firstly, as we mentioned in the previous section, we are interested in the
other critical exponents including dynamical critical exponents. This check
will ensure the agreement with critical phenomena in equilibrium phase tran-
sitions. Secondly, our primary question is whether the system in a NESS
has a free energy as defined in equilibrium systems. It would be interesting
to consider a Landau-like phenomenological model by using our results of
critical phenomena.
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Appendix A

Anti-de Sitter spacetime

In this appendix, we discuss AdS spacetime and review some properties
of that. Before we consider the AdS spacetime, let us consider an easy
example: two-dimensional sphere S2. The two-dimensional sphere is defined
by a plane which satisfies

X2 + Y 2 + Z2 = L2 (A.1)

in the three-dimensional Euclid space given by

ds2 = dX2 + dY 2 + dZ2, (A.2)

where X, Y , and Z are the coordinates of the three-dimensional Euclid
space. L is the radius of S2. The plane (A.1) is satisfied by considering the
polar coordinates

X = L sin θ cosφ,

Y = L sin θ sinφ,

Z = L cos θ.

In the polar coordinates, the metric of S2 is written by

ds2 = L2

dθ2 + sin2 θdφ2


. (A.3)

We easily find that S2 has the SO(3) symmetry. S2 has a positive curvature
and Ricci scalar is given by

R =
2

L2
. (A.4)
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Next, let us consider a two-dimensional hyperbolic space H2, which is
defined by a plane satisfying

− Z2 +X2 + Y 2 = −L2. (A.5)

The hyperbolic spaceH2 can be embedded in the three-dimensional Minkowski
space which is given by

ds2 = −dZ2 + dX2 + dY 2. (A.6)

The plane (A.5) is satisfied by considering the following coordinates

X = L sinh ρ cosφ,

Y = L sinh ρ sinφ,

Z = L cosh ρ.

In this coordinates, the metric of H2 is written by

ds2 = L2

dρ2 + sinh2 dφ2


. (A.7)

In the case of H2, the metric has the SO(1, 2) symmetry, which corresponds
to the Lorentz symmetry in (2+1)-dimensional Minkowski spacetime. H2

has a negative curvature and Ricci scalar is given by

R = − 2

L2
. (A.8)

Furthermore, we consider the spacetime which has two directions of time.
The AdS2 is defined by a plane which satisfies

−X2 − Y 2 + Z2 = −L2, (A.9)

where L is referred to as the AdS radius. AdS2 is embedded in the spacetime

ds2 = −dX2 − dY 2 + dZ2. (A.10)

In a similar way, the plane (A.9) is satisfied by considering the following
coordinates

X = L cosh ρ cos τ,

Y = L cosh ρ sin τ,

Z = L sinh ρ. (A.11)
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This coordinates (ρ, τ) are referred to as the global coordinate. In the global
coordinates, the metric of AdS2 is written by

ds2 = L2

− cosh2 ρdτ2 + dρ2


, (A.12)

where ρ and τ are defined in the range of 0 < ρ < ∞ and 0 < τ < 2π,
respectively. Since the time coordinate τ is periodic, we take the universal
cover with τ ∈ R. We find that the AdS2 spacetime has SO(2, 1) symme-
try. Note that the AdS2 spacetime has a single direction of time, while the
original spacetime has two directions of time.

For convenience, there are several coordinates to describe the AdS space-
time. If we parametrize

r = sinh ρ, (A.13)

the AdS2 metric (A.12) is rewritten by

ds2

L2
= −(r2 + 1)dτ2 +

dr2

r2 + 1
, (A.14)

where coordinates (τ, r) are defined in the range of −∞ < τ < ∞ and
0 < r < ∞, respectively.

Another choice of the coordinates is the so-called Poincarè coordinate
whose parametrization is given by

X = Lut,

Y =
1 + u2(L2 − t2)

2u
,

Z =
1− u2(L2 + t2)

2u
,

where coordinates (t, u) are defined in the range of −∞ < t < ∞ and
0 < u < ∞, respectively. In the poincarè coordinate, the AdS2 metric is
written by

ds2

L2
= −u2dt2 +

du2

u2
. (A.15)

In this coordinate, the AdS boundary is located at u = ∞.
In general (p + 2)-dimensional spacetime, the metric of AdSp+2 for the

global coordinates is written by

ds2

L2
= −(r2 + 1)dτ2 +

dr2

r2 + 1
+ r2dΩ2

p, (A.16)
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where
p+2

i=1 Ω2
i = 1. On the other hand, in the Poincarè coordinates, the

metric is written by

ds2

L2
= u2


−dt2 + dx2


+

du2

u2
, (A.17)

where x is the coordinate of the p-dimensional space. Fig. A.1 shows the
AdSp+2 spacetime in the global coordinate and the Poincarè coordinate. In
the global coordinate, the boundary geometry is given by Rt × Sp. On the
other hand, in the Poincarè coordinate, the boundary geometry is given by
R1,p, which corresponds to the p-dimensional Minkowski spacetime.

⌧
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Figure A.1: The AdS spacetime in the global coordinate (left) and in the
Poincarè coordinate. The dashed curve in the Poincarè coordinate denotes
the line with r = const.
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Appendix B

Counterterms for
themodynamic potential

In this appendix, we show the explicit form of the counterterm in Eq. (4.53)
in Section 4.2 and the behaviors of the thermodynamic potential.

Lcount(ε) in Eq. (4.53) is the counterterm that renormalize the divergence
at the boundary z = 0. Lcount(ε) consists of four components

Lcount(ε) = L1 + L2 + Lf +HF , (B.1)

where the first three terms are given in [21]:

L1 =
1

4


− det γij =

1

4
ε−4, (B.2)

L2 = −1

2


− det γijθ(ε)

2 = −1

2
ε−2θ20, (B.3)

Lf =
5

12


− det γijθ(ε)

4 =
5

12
θ40. (B.4)

Here γij is the induced metric on the z = ε slice. We aim to determine
the explicit form of HF for the massless systems of the D3-D7 model. As
discussed in [28], HF is essentially given by the Legendre transform of the
LF presented in [21]. However, the LF in [21] in the present notation is

LF = −1

2
F 2 log ε, (B.5)

and the argument of the logarithm is not explicitly dimensionless. We claim
that the argument of the logarithm should be made dimensionless by using
F 2 for the present work.
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To specify the explicit form of LF for us, we consider the simplest case.
Since the renormalization of UV divergence is not affected by the macro-
scopic setup, we consider the case that the current density is absent and the
system is in equilibrium. We achieve this by introducing only a magnetic
field, but we write F 2 = 2(B2 − E2) to make the expressions Lorentz in-
variant. Then the Hamiltonian gives the equilibrium free energy. Note that
this is equal to (−1) times the Lagrangian when the system is static and E
is absent. We take the zero-temperature limit, and we set m = 0.

Let us evaluate the Lagrangian explicitly. We introduce coordinates
(ρ, y) given by 1/z2 = ρ2 + y2 i.e., ρ = cos θ(z)/z and y = sin θ(z)/z. If
we expand θ(z) near the AdS boundary, we find that the value of y at the
boundary gives the mass of the charged particles: y → m at ρ → ∞. Notice
that ρ has a mass dimension in our convention.

Then the Lagrangian of D7-brane (per unit volume) is given by

LD7 =

 ∞

0
dρ ρ3



1 +
F 2

ρ4
. (B.6)

If we introduce cutoffs ρmax and ρmin at the boundary and the origin, re-
spectively, the Lagrangian density is rewritten as

LD7 =

 ρmax

ρmin

dρ ρ3



1 +
F 2

ρ4

=


1

4
ρ2


F 2 + ρ4 +
1

4
F 2 log


ρ2 +


F 2 + ρ4

ρmax

ρmin

≃ 1

4
ρ2max


F 2 + ρ4max +

1

4
F 2 log

ρ2max +


F 2 + ρ4max

ρ2min +


F 2 + ρ4min

≃ ρ4max

4
+

F 2

8
log


4e

F 2
ρ4max


, (B.7)

where e is the Napier number. Notice that ρmax is related to the UV cutoff
z = ε in the z coordinate as ρmax = 1/ε. Here we approximate


F 2 + ρ4max ≃ ρ2max


1 +

F 2

2ρ4max


, (B.8)

and ignore the terms that go to zero in the limit ρmax → ∞ and ρmin → 0.
We note that for finite F 2, ρmin is harmlessly taken to be 0. The first term
is renormalized by L1, and the second term may be renormalized by

LF =
F 2

2
log ρmax, (B.9)
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given in [21]. However, in this case, there is a remaining finite contribution
from the second term which causes divergence in the susceptibility

∂2H

∂B2


B=0,E=0

= − ∂2LD7

∂B2


B=0,E=0

(B.10)

at the zero-field limit. In order to avoid the divergence in the susceptibility,
we need to subtract the finite contribution together with the logarithmic UV
divergence. We have an ambiguity to choose the finite contribution which
does not cause the divergence in the susceptibility. We set this finite term
so that the susceptibilities are zero for the vacuum state where T = F 2 = 0.
Then one finds that the second term in (B.7) has to be subtracted entirely.
We do not put any further finite term which is independent of F 2, because
we need to make the Hamiltonian zero for the supersymmetric setup of
T = F 2 = 0. Then we conclude that our LF should be

LF =
F 2

8
log


4eρ4max

F 2


= −F 2

8
log


F 2ε4

4e


. (B.11)

Now, the argument in the logarithm is made dimensionless. So far, we have
switched off the electric field. However, E2 can be safely revived in F 2 since
the renormalization must be made in a Lorentz invariant way.

The counterterm for the Hamiltonian is straightforwardly obtained by
performing Legendre transformation

HF = −LF + E
∂LF

∂E
. (B.12)

The result is

HF =
F 2
E

8
log


F 2ε4

4e


+

E2

2
, (B.13)

where F 2
E = 2(E2 + B2). One finds that the last term comes from the

Legendre transformation.
We compute the renormalized thermodynamic potential using the coun-

terterms given above. The behaviors of the thermodynamic potential as a
function of J for several values of B are shown in the left column of Fig. B.7.
In Fig. B.7, we also show the J-E characteristics and 〈q̄q〉 as a function of
J . The arrows in the plots indicate the first-order transition point based
on the assumption that the stable state has the lowest thermodynamic po-
tential. As we mention in the main text, when B is small, the flat branch
is always favored as shown in Fig. B.7 for B = 14. However, if we increase

81



B, the bending branch gradually becomes stable as shown in Fig. B.7 for
B = 16. This indicates that the first-order phase transition appears at the
specific value of B = Bgap. For larger B, the bending branch is always
stable compared to the flat branch as shown in Fig. B.7 for B = 18, B = 20,
and B = 22. Furthermore, the bending branch becomes single-valued for
B = 22. This indicates that the first-order phase transition is changed to
the second-order phase transition at the specific point B = BTCP.
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Figure B.7: Figures in the left column show the thermodynamic potential
F̃D7 as a function of J for B = 14, B = 16, B = 18, B = 20, and B = 22
from top to bottom. In the middle column, J-E characteristics are shown
for each value of B. In the right column, we show 〈q̄q〉 as a function of J
for each value of B. The red dashed plots denote the bending branch and
the solid blue plots denote the flat branch. The arrows in the plots indicate
the points where the first-order phase transition occurs.
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