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Study on Rainfall-runoff analysis considering the uncertainty of model
parameters based on stochastic differential equation
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Abstract

The rainfall-runoff analysis is an essential topic in hydrology. Generally speaking, it is difficult to
directly apply first physical principles in the rainfall-runoff analysis because of the scale of river basin.
Thus, simplifying and modeling are necessary. However, modeling also means incomplete information,
when it comes to rainfall-runoff analysis, incomplete information means insufficient observation data,
simplifying the physical process, and the uncertainty of model parameters. Usually, the best fitting
parameter set will be different even in the same river basin. Researchers had done a lot of works to find
better modeling structures in order to let the parameters more stable, however, the basic conception of
deterministically rainfall-runoff analysis has its limitation.

In this study, the Rainfall-runoff system is considered to be a stochastic system. So, the uncertainty
of parameters will be natural of the system in which its effects can be described by the control equations.
Stochastic differential equations theory is used in this study. Unlike the traditional deterministic rainfall-
runoff analysis, this study gives a result of the probability distribution of runoff. Besides, the present
study also suggested a way to deal with complex hydrological models with many parameters.
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FEREL UC, e TR E W8T A — X ORHEREDTRHICRIETEEBELRD FIEERE L.

2 MY TR A T T2 e I T
ABFEOTFEIIE, &R 505> TIRE S MM R U 7 BRI AT Oz S0 T
WHT, HEEMY FRRAORE S A WEICHBI L, LW, R4S OMREMRNT .

2. 1 JEEMs AL Fokker-Planck 72
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REMERFELEE > CRd o7, ZOMBILHAROETE ThHLFHIEIC L - TR Sz, FHEE[6]
BT 1940 4RI, TRy TR IcBIT 2 3 A Em AR E L TR Y, ZoHBICL-> T, XQ-DIZLLT
@i5K%%@z5_k#T%6
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Fig.2-1 The time evolution of the velocity of Brownian particles
(500 particles ensemble).
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Fig.2-2 The time evolution of the distribution of the velocity of Brownian particles

(Fokker—Planck equation’” s solution)
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Fig. 2-3 The conception of the basic equation of rainfal |-runoff system in slope
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0P(q,t) | DagP(7(D) — P(q,t) _ 10%(aq’0\[T,) P(q,0) (2-9)
+ J——
ot aq 2 aq?

LD 22U, P(q )G qOMEREEEE THD.



e AR T T8 T X — 8 OARFEFENE R Z R L 72 MR i i FgpT (2 B 5~ 2 WF 72

0
¥—pEcs | D -REIcH —_
z — B E g — L 10E
15E€E & RO THRE
E e |20 E E s 0 E
£ H —_— RHEHR M
s g5 2
# 1g- g B 1g o
0 0
0 20 40 60 80 100 0 20 40 60 80 100
B [hour] B [hour]
Fig.2-4 Solution of the basic equation of rainfall-runoff system in slope
(left : Not considering rainfall uncertainty, right : Considering rainfall uncertainty)
q[mm/h] — ommR
40 BEOXON
LI DES ¢ B—#Eki-H
— i — gohm=a
B o T B
1.0 — axow 10 — ramLR
i, s
P{q,t)o 5 ||'[I"'|'-,,1m M m— Fokker-Planck
' Ihfhﬁxﬂ“?V’ : PEROR
|_|._l¢3y%m\
0.0d 50
20 4Qny 100
q[mm/h]

] 100

Fig.2-5 The time evolution of the probability density function of runoff rate (Fokker-
Planck equation’ s solution)
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Fig.3-1 The basic information about Kusaki dam river basin
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Fig.3-2 Rainfall runoff analysis of 2003-08-08 rainfall event in Kusaki dam river basin
considering the uncertainty of model parameters (1-layer model)
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Fig.3-3 Rainfall runoff analysis of 2003-08-08 rainfall event in Kusaki dam river basin
considering the uncertainty of model parameters
(1-layer mode, Fokker-Planck equation’ s solution)
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_”=V__r -V (4—1)

r = anm (Sn - hnm) (Sn ; hnm)

FEOFHICEF 532 BRI G- DR T X 9IS EEAKNL so 2358 ORKTT hom 28 2 72 HERTHE
THETDH. Fie, MEFAA~OIRE R Vo lXLJBNAN s lZHFITH D E LTz, &5, KE-DF D ram
Z X @-3)OEMERAHIRHICHF ST /M E L TH2 5 Z & T E#HDOARFHENMTbNA.

Y =g 401, - q,) (4-3)
dt
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TH2. onm, Pnm THE—FEHIZEBT D EHEXFONRT A —F a0, pICENETNHIGT D, 2D LD s
FEDHZ LT, $hEREICERT 2 IEREME, M RHEICERT 2 IEEEE KB L o7, DL
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Fig.4-1 The conception of rainfall-runoff model considering the vertical infiltration
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4. 1 FEXOBEL
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dX(t) = f(X)dt (4-4)

DTS, X(8) = (x0(8), x2(8), %3 (), %0 (D), f = (Fi(X), o(X), f5(X), -, fu(X) T B . #ALT B ICiE, 2
WikE D, R@-HDOMEELUTO XL I ICHiFET 5.

X(t) = XO(t) + eX1(t) + e2X1(t) + - (4-5)
eD 1WA —F—F£TEZEL, R4-HERAL, LM% Taylor BT 2 &, eD 1 %A —F —FHENTH
AN

dX'(t) = Dof (X°()) - X*(t)dt (4-6)
2248, Dif (RO@)Ef ¥ a eAi8ITh D, (Def)y = (0f)/ (@) K(4-4)7 bR (4-6)F TORIEI
£ oTC, EBREN FRAEREATE . ZNCE ST, eD 1 RA—F—DORMENEERIETEAT
M52 EMTEB Lot

4. 2 Fokker-Planck S 2D yr{LlfiF
FREO Ry FRERO—RN BRI TO L ) IZET .

dX(t) = f(X)dt + 6(X)dw (4-7)
(4-7) & %t 9% Fokker-Planck 72T

n
6P(x1,x2,~--,xn, t) +Z6fi(x1'x2""'xn)P(xll-XZ'""xn' t)
Jat o axi
i=1 (4_8)
2 a? Ul(xl X2, Xn)U](Xl xn)pijp(x1'x2'""xn' t)
-2 axlax]

ij=1
ThbH. MR T F AERETRT D120, MERBEREAAVWGNS. MEEEREIIET &
LEBOFT R TOERPEENT VD, LL, MRBEEELEEEL Z EPRETH LGS, 704
LEPOET—A L PTRT LB TED.
¥ = A7 b EBAEEE(cumulant expansion theorem) | LA 4 L RAEL 2 & — A > MZBIT AWk cRT
TEMTEXDEITHD. FUVHXLEEDET—RAL "By nb LT EAEBEO—HOERN NS, T
B, T—A L MILLTOMEHARERZED. 1, 2, 3, 4-RE—A L MIFNETNT v & LB OB,
S, RE, RETHD. LR T, EFEBBONMBRELZEZERD L ZENRETHLIHGHIL, £
— AV FNORMFEEEARDDZENBEZOND. TV X LEHXONPEE— AL FEUTO XS ITEET D.

&y = j T PR (4-9)

K@4-9) L K@) EBEDET, T A LERDE—A L FOFBFREAL T2 FEAAZEL Z LN T
5. UTFICTG VX AEEXD 1 BE—A 2 NoXE B2 EHT 5.

d(X)(t) d(X >( ) _

= (f&) - = F((x) (4-10)

F— A b ERDBIEISIGEE 72O T, f75§n‘y?ﬁ2f‘&>éii%é\, E— A2 b ERIDBAE & fONEE AT
TX%. R CHIEAT— AL MM 2 HERAILERERE (closure problem) NNFAET 5720

LU 4.1 SilZim LI L L% o R E#ER T 5. R(4-60)% ¢ O 1 IRA—F —ORMEFEMN ) %
mz s,

dX'(t) = Dof (X0()) - X1 (0)dt + G(XO(t))dW (4-11)

HL@E-1D)D 1 fEE— A v b OIEFERUT
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d(x? . -
IO _ b p (200) - @) epae (4-12)
Rk, R@-11), R@-9)ERE-8)ZADET, XI(t)D2WE—2 > FOXRFBRALEHTE 5.
d t
—(x ) Z(Dxf)lkwx;)(t)+Z(Dxf)z,<xl x5 )(t) + pijo; o) (4-13)

K(4-13)% 2 B 3 BT T /LI AT L, E#EIZ Fokker-Planck S A iE9°12, FitiEqg Do E(q?) (6 A
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Fig.4-2 The conception of 2-tanks-3-layers model
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Fig. 4-3 Rainfall runoff analysis of 2003-08-08 rainfall event in Kusaki dam river basin,
considering the uncertainty of model parameters (2-tanks-3-layers model)
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