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GLOBAL WELL-POSEDNESS OF THE KIRCHHOFF EQUATION
TOKIO MATSUYAMA

ABSTRACT. The aim of this paper is to prove the global existence of solutions for
the Kirchhoff equation without any smallness condition on data both in Sobolev
spaces and in Gevrey ones. The approach to the construction of global solutions is
to obtain absolute integrability of time-derivative of the coefficient of the principal
term. The key of the proof is a uniform energy estimate in a suitable Sobolev
space for global in time analytic solutions. This estimate yields the boundedness
of solutions in Sobolev norm at the life span. The global existence of low regular
solutions is also proved.

1. INTRODUCTION

We consider the problem for the Kirchhoff-type equation of the form

8fu—gp(/\Vu|2da:)Au:O, t>0, ze€Q,
Q
U(07.I‘> = UO(ZE), (9tu(0,:v) = ul(x)7 T € Qv

where  is the whole space R" (n > 1), or an open set with a smooth boundary 02
and u(t, x) satisfies the Dirichlet boundary condition

(1.1)

u0,00)x00 = 0.
We assume that ¢(p) is a C! real function on R satisfying
(1.2) olp) >y forallp>0 (v >0).

Equation (1.1) has been previously considered for various positive functions ¢(p). In
the case when
n=1 ¢(p)=a+bp (a,b>0),

Equation (1.1) was proposed by Kirchhoff in 1876 to describe the transversal motions
of the elastic string (see [10]). Several authors have investigated the global existence
for these equations with real analytic data. In 1940, Bernstein first studied the
global existence for analytic data in one space dimension (see [5]). After him, in
1975, Pohozaev extended Bernstein’s result to several space dimensions (see [15]).
Later, global solvability in real analytic class was studied by D’Ancona and Spagnolo
under the assumption that

¢ is continuous on [0, o),

¢(p) >0 (p=>0)
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(see [0], and also Arosio and Spagnolo [3]). Kajitani and Yamaguti obtained the same
result under a more general principal term (see [8]). It is natural to ask whether (1.1)
admits a unique global solution with data in wider function spaces, say, quasi-analytic
class or Sobolev spaces. The global solvability for quasi-analytic data was studied
by Nishihara (see [11]), and a variant of his class in [11] was discussed by Manfrin
(see [11], and also Ghisi and Gobbino [7]). Recently, the large time existence of
solutions was proved in Gevrey spaces (see [13]). As is well known, the results on
global existence in Sobolev spaces H%2, or H? with small data are well established
(see [12], and the references therein). As to the existence of periodic solutions, there
is a result of Baldi (see [1]).

The Kirchhoff equation has a first integral (see Lemma 3.1 below). Nevertheless, it
has been a long-standing open problem whether or not, one can prove the existence of
time global solutions in Sobolev spaces or Gevrey ones without smallness condition
on data. Moreover, the existence of local solutions in low regular Sobolev spaces,
say, H” x H°™', o € [1,3/2), is still not known. The main point of the proof of
global existence of high regular solutions is to obtain boundedness of local solutions
in H%?-norm at the life span. On one hand, the main difficulty lies in controlling
an intensive oscillation of the coefficient ¢(||Vu(t)|[32). On the other hand, when
data are very small, one can avoid such an oscillation problem to get global solutions
(again see [12] and the references therein). For data without any smallness condition
in Sobolev spaces, no one has any ideas to control H*/?-norm of solutions.

The aim in this paper is to give an affirmative answer to these open problems. If the
standard energy method is employed to get a priori estimates, one faces an estimate
involving time-derivative of o(||Vu(t)||2,). However, this kind of estimate is no use
to control H3/?-norm of solutions. Our crucial tool for control of time-derivative
of o(|[Vu(t)]|72) is a uniform energy estimate for global in time analytic solutions
to (1.1), which is proved by a contradiction argument. This estimate enables us to
derive an absolute integrability of the time-derivative of (|| Vu(t)||7,) on the maximal
interval of existence of solutions. Hence, this allows us to obtain the boundedness of
H3/2-norm of solutions at the life span, and as a consequence, the solution globally
exists.

We conclude this section by stating our plan. In Section 2 we state main results.
In Section 3 local existence theorems together with H?-well-posedness in the sense
of Hadamard are discussed. In Section 4 a uniform energy estimate for global in
time analytic solutions in a suitable Sobolev space is proved. After that, absolute
integrability of time-derivative of the coefficient of equation is proved. Section 5
is devoted to proving main theorems: Theorems 2.1 and 2.2. In Section 6 energy
estimates are derived. In Section 7 the global existence of low regular solutions is
proved.

2. STATEMENT OF RESULTS

In this section we state main results. These consist of the Cauchy problem and the
initial-boundary value problem.
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2.1. The Cauchy problem. To begin with, let us consider the problem (1.1) in the
case when () is the whole space R”. We recall the definition of fractional Sobolev
spaces

H°(R") = (1-A)"2L*R"), o €R,
and their homogeneous version is
H°(R") = (-A)"3L*(R"), oeR.
We shall prove the following.

Theorem 2.1. Assume that p(p) is C' on R and satisfies (1.2). Let o > 3/2. Then
for any (ug,u;) € H°(R™) x H7Y(R"), the Cauchy problem (1.1) admits a unique
global solution u(t,z) such that

u € ([0, 00); H(R")) (1 C1([0, 00); HT™ (R")).
We have also the theorem on the global existence of H?-solutions for 1 < o < 3/2.

This topic is postponed until Section 7.

Next, we shall state a result on global solvability in Gevrey spaces. We recall the
definition of Gevrey class of L? type. For s > 1, we denote by 75,(R") the Gevrey
space of order s:

722 (R") = (5 12 (R").

n>0

Here, f belongs to 7, 1»(R") if |[fl;s ,@n) < oo, where
’ m,

7 2R = ( / ) e"'ﬁ'i|f<£>|2df)2 :

and f(&) stands for the Fourier transform of f. The class v7,(R") is endowed with
the inductive limit topology. In particular, we have

I/

12 (R") = Az2(R"),
where Az2(R™) is the space of real analytic functions f such that
105 f |l L2y < CAal

for all « € N* U {0} and for some constants A, C' > 0.

We shall prove the following.

Theorem 2.2. Assume that p(p) is C* on R and satisfies (1.2). Let s > 1. Then for
any (ug,u1) € v32(R™) x 73, (R™), the Cauchy problem (1.1) admits a unique global
solution u(t, ) such that

u € CH([0,00); 772 (R™)).
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2.2. Extension to the initial-boundary value problem. We extend Theorems
2.1 and 2.2 to the initial-boundary value problem. Replacing the Fourier transform
with the Fourier series or the generalized Fourier transform, and applying exactly the
same arguments of proofs of Theorems 2.1 and 2.2, we can prove similar results for
the initial-boundary value problem (1.1) on [0,00) x © with the boundary condition

, )><89:O

(see Theorems 2.3 and 2.4).

Let us recall the definition of Sobolev spaces of fractional order over a bounded
domain 2 with smooth boundary 0. Let {w;};, be a complete orthonormal sys-
tem of eigenfunctions of the Laplace operator —A whose domain is H?(2) N H}(Q),
where H}(Q) is the completion of C§°(Q2) in H'(Q)-norm. Let A\, be eigenvalues
corresponding to wy, i.e., {wy, A\r} satisfy the elliptic equations:

—Awk = )\kwk in Q,
{ w, =0 on 0.
Then we have
D<A < A< o< A <--v and N, — 0.

Let 0 > 0. Then we say that f € H7(Q) if

2

[IAOE (Z)\ |(f, w) 22 )]2> < 0.

Here (f, wy)12(0) stands for the inner product of f and wy, in L*(Q).

Next, let €2 be an exterior domain with a smooth compact boundary. Denoting by
Ap the Dirichlet Laplacian on €2, we define inhomogeneous and homogeneous Sobolev
spaces over §) as

H?(Q) = (1 - Ap) 2 L*(9),

() = (~Ap) F12(0)

for ¢ > 0, respectively. Here, the operators (1 — Ap)~/2 and (—Ap)~7/? are defined
via the generalized Fourier transform .%, which maps unitarily L*(Q) to L*(R"™). For
its definition we refer to, e.g., our previous paper [13]. Hereafter, for the sake of
simplicity, we denote Ap by A.

Finally, we recall the definition of Gevrey class of L? type. For s > 1, we denote
by 7:2(€2) the Gevrey space of order s on

732() = [ J 7 2()

n>0
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Here, f belongs to 7, 12(Q) 5 a(6) < 00, where

2

(Z e")‘ f W Lz(9)|2> ,  when €2 is a bounded domain,

(L

The space 77.(2) is endowed with the inductive limit topology. In particular, we
have

11z a0 = 4

1
NFF)(E )]2 d€> . when  is an exterior domain.

712() = Ar2(Q),
where A;2() is the space of real analytic functions f such that
102 f|| 2y < C Aol
for all « € N* U {0} and for some constants A, C' > 0.

We need the compatibility condition on data.

Compatibility condition. Let o > 1. Then f € H?(Q) is said to satisfy the compati-
bility condition if

1
AR f e HAQ) forOSk;SUT.

We have the following.

Theorem 2.3. Assume that Q) is an analytic domain with a compact boundary. Sup-
pose that p(p) is C* on R and satisfies (1.2). Let o > 3/2. Then for any (ug,u1) €
H(Q) x H"Y(Q) satisfying the compatibility condition, the initial-boundary value
problem (1.1) admits a unique global solution u(t,z) such that

u € C([0,00); H7(€2)) N C([0, 00); H77H()).

Let us remark that the analyticity of the domain is necessary for the theorem. For,
we approximate local solutions in Sobolev spaces by a series of analytic solutions,
which is possible if 2 is analytic. For further details, see the proof of Proposition 4.2
in Section 4.

We have also the global solvability in Gevrey spaces. In this case we have to impose
the analytic compatibility condition on initial data.

Analytic compatibility condition. f € v7,(Q) (s > 1) is said to satisfy the analytic
compatibility condition if f is analytic in some neighbourhood of Q such that

Akf:() on 9 fork=0,1,---

We have the following.
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Theorem 2.4. Assume that Q2 is an analytic domain. Suppose that o(p) is C' on
R and satisfies (1.2). Let s > 1. Then for any (ug,u1) € v;:(2) x 7v;2(82) satisfying
the analytic compatibility condition, the initial-boundary value problem (1.1) admits
a unique global solution u(t,x) such that

u € CH([0,00);772(Q))-

3. WELL-POSEDNESS IN SOBOLEV SPACES

In this section, assuming that €2 is the whole space R", or an open set of R" with a
smooth boundary 0f2, we present local existence theorems for the problem (1.1) (see
Propositions 3.2 and 3.3). After those, we state H?-well-posedness for (1.1) in the
sense of Hadamard, i.e., the continuity of solutions in Sobolev spaces H? with respect
to data (see Propositions 3.6 and 3.7). When (2 is the whole space, the compatibility
condition is not required in all of results of this section, and statements are given
without any comment on this condition.

The Kirchhoff equation has a first integral. Namely, we have:

1

Lemma 3.1. Suppose that u € ﬂ CI([0,T); HB/P79(Q)) is the solution to (1.1).
=0

Then we have

(3.1) H(u;t) = H(u;0)
for allt € [0,T], where we put

9 Hvu(tv)HiZ(Q)
H(uit) = 0t ) e + [ olo)dp
0
Proof. Multiplying Equation (1.1) by d,u and integrating, we get
d
—(u;t) =0
a8 =0

which implies (3.1). Integrating it with respect to ¢, we get (3.1). The proof of
Lemma 3.1 is complete. O

We introduce a local existence theorem in Sobolev spaces. Let us define a functional

(3.2) c(t) =cu(t) == (/Q |Vu(t, z)? dx>
and a o-energy
(3.3) Ex(uit) = [[(=2)"7 Bt ) ||} + O (=) 2ult, )2

for o > 1.

The following result is our starting point.

Proposition 3.2 (Arosio and Galavaldi ([1])). Assume that ¢(p) is C* on R and
satisfies (1.2). Let o > 3/2. Then for any (ug,u1) € H(2) x H71(Q) satisfying the
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compatibility condition, there exists a life span T,, = T,,(ug,u1) depending only on
(u;0) and E3)2(u; 0) such that the problem (1.1) admits a unique mazimal solution
u € C([0,Tn); H7 () N CH([0, Ton); HT(2)),
and at least one of the following statements is valid:
(i) T, = oc;
(ii) T}, < 0o and limsup & s(u;t) = oo.
t—Tm—0

We remark that the life span T, is to be understood as follows:
T,, = sup {t : H2-norm of the solution u(T,+) to (1.1) exists for 0 < 7 < t} :

It should be noted that, however big the regularity of data is, T},, depends only on the
norm of data in H%/? x H'/?. This means that if one would show the global existence
of smooth, or even Gevrey space solutions to (1.1), it suffices to obtain that the norm
of solutions in H%2 x H'/? is bounded on [0, T},,). Based on this observation, we shall
introduce a local existence theorem for Gevrey spaces.

Proposition 3.3. Assume that 2 is an analytic domain with a compact boundary.
Suppose that p(p) is C* on R and satisfies (1.2). Let s > 1. Then for any (ug,u;) €
V32(€2) X 752(Q2) satisfying the analytic compatibility condition, there exists a life span
Ty = To(ug,u1) depending only on J(u;0) and Es/5(u;0) such that the problem
(1.1) admits a unique solution

u e CH[0,Tn);772(2)),
and one of the following statements is valid:

(i> T = o0;

(ii) T}, < oo and limsup Es/s(u;t) = oo.
t—Tm—0

In the rest of this section, we shall discuss several results on H?-well-posedness in

the sense of Hadamard. Given a constant A > 0, let (ug, u1) be satisfied with
vy ' (u;0) < A
Combining (1.2) and (3.1), we see that the local solution u(t, z) to the problem (1.1)
satisfies
IVult, Mz < vo ' o (ust) = vg 7 (u;0) < A

for any t € [0,7,,). This means that [0, A] is the actual domain of ¢(p) which the
H?-solution u(t,z) to (1.1) exists on [0,7},). Let us define a quantity

(3.4) M = sup{p(p) : 0 < p < A}
Then we have

(35) v < (o) < M

for any p € [0,A]. Also, we put

(3.6) My =sup{l¢'(p)| : 0 < p < A}.

When M; = 0, Equation (1.1) is reduced to the classical wave equation. Hence, we
may assume that M; > 0.



8 TOKIO MATSUYAMA

For the moment, we discuss a property related to the life span. For o > 3/2,
let u(t, ) be the maximal solution to (1.1) with data (up,u;) € H°(Q2) x H°1(Q)
satisfying the compatibility condition in the sense of Proposition 3.2, and let T;, be
the life span of u(¢, x). Recalling the notation &,(u;t) (see (3.3)), we put

A |
(3.7) Ty = Ti(uo,ur) = 4 M, E35(u;0) if (uo, ) # (0,0);

00, if (ug,u1) = (0,0),
where 1 is the lower bound of ¢ (see (1.2)) and M; is the constant defined by (3.6).
Then Arosio and Panizzi proved that the problem (1.1) admits a unique solution
u(t, z) such that

(3-8) u € C([0,T1); H(Q)) N CH([0, T1); H™H(Q)),

and that (1.1) is H?-well-posed on [0,7}) (see Theorem 2.1 from [2]). The precise
statement is given in Lemma 3.5 below. It is easy to see that T, is bounded from
below like

(3.9) T, > T1.
For, suppose that
(3.10) T, <Ti.

Then we see from (3.8) that &£5(u;t) is bounded at ¢ = T),. Hence, we conclude
from Proposition 3.2 that T, = oo, which actually contradicts (3.10). Thus we get
(3.9).

We shall prove here the following.

Lemma 3.4. Assume that p(p) is C* on R and satisfies (1.2). Let o > 3/2. Suppose
that (ug,uy) € H°(2) x H~Y(Q) satisfy the compatibility condition. Let u(t,z) be a
mazimal solution to (1.1) with data (ug,u1) in the sense of Proposition 3.2. Let Ty
be as in (3.7). If Ty < T,,, then there exists a non-decreasing sequence {T}}32, such
that

3/2
Y

M153/2(U; kal)’

(3.11) To=0, Tp—Ti,= k=1,2---.

Furthermore, if T,, < 0o, we have

(3.12) Ty — T,

k—o00

Before proving Lemma 3.4, we remark that Kajitani and Satoh obtained a simi-
lar result to Lemma 3.4 for &(u;t) (see [9]). However, it is not clear whether the
corresponding sequence {7} } is convergent or not.

Proof of Lemma 3.4. We see from (3.7) that (3.11) holds true for k = 1. As to k = 2,
we regard the solution u(t, z) to the problem (1.1) as that with data

(3.13) (u(T, ), Ou(Ty,-)) € H7(Q) x H1(Q)
on (11, T,,) x Q. Introducing a new time variable s as

SIt—Th
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and defining a function
u(s,z) == u(t,x) =u(s+ T, ),
we can write the problem (1.1) with data (3.13) as

0%t — (/ |Va(s)|? dx) Au = 0, s>0, xe€f,
0
u(0,2) = u(Ty,z), 0Osu(0,x) = Owu(Th,x), x €

(3.14)

and u satisfies the Dirichlet boundary condition

0,00y 00 = 0.
Applying Theorem 2.1 from Arosio and Panizzi [2] to the problem (3.14), we find a
time S € (0,7, — T1] fulfilling

3/2 3/2
Yy Yy

- M1 E3/9(u; 0) B My Es/9(u; Th)

(3.15) Si

and u satisfies
ue C([0,51); H°(Q)) N C’l([O, S1); H”’I(Q)).
Hence, putting

T2 = Sl + Tl,
we deduce from (3.15) that
3/2
Ty—T) = — 0

My E3)5(u; Ty)

Since Sy € (0,7, — T1], it follows that Ty € (T4, T,].

If Ty = T,,, we put T = T,, for k > 2. Then (3.12) holds true. If T, < T,,, then
the sequence {T}}7°, satisfying (3.11) is constructed step by step. If there exists an
integer ¢ > 2 such that T, = T,,, we put T, = T, for k > £. Then (3.12) holds true.
Otherwise, {T}}?2, is an infinite series. We show the convergence (3.12) in this case.
Suppose that

T, := lim T, <T,,.

k—o0

Since the sequence {7} } is convergent, it follows that

T, —Tp,_1 — 0.
k—o00

We notice that &/;(u;t) is continuous in ¢ € [0,7},,). Then, letting & — oo in (3.11),
we get
53/2(U;T*) = kll_g)lo 53/2(% Tk—l) = o0,

which leads to a contradiction, since s/5(u;t) is finite at ¢ = T,. Thus we must have
T, =T,,. The proof of Lemma 3.4 is complete. 0

We now turn to the proof of H?-well-posedness result on the interval [0,7,,). For
this purpose, we prepare the preliminary result on [0,7}), which is proved by Arosio
and Panizzi (see [2]). Since ¢(p) is C' and bounded (see (3.5)), the assumptions in
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Theorems 5.1 and 5.2 from [2] are fulfilled. Let us define a variant norm of &,(u;t)

as 5o ls ,
o(ust) = H ru(t, ')HHafl(Q) H HH"

We note that when € is a bounded domain, &, (u; ¢) coincides with &,(u;t). Then we

have the following.

Lemma 3.5 ([2]). Let 0 > 3/2. Assume that ¢ is C* on R and satisfies (1.2).
Let u(t,x) be a mazimal solution to (1.1) with data (ug,u1) € H() x H 1(Q)
satisfying the compatibility condition in the sense of Proposition 3.2. Let Ty be as in
(3.7). Then the following assertions hold for every T € (0,T}):

(i) (Theorem 2.1 from [2]) The mapping
(ug,uy) — u
m m
H7(9) x H7HQ) — C(0,T]; HO(9) 1 CH(0,T]; HT ()

is continuous at the point (ug,uq).
More precisely, we have:

(ii) (Theorems 5.1 and 5.2 from [2]) Let M and My be the constants as in (3.4)
and (3.6), respectively. For every e > 0, there exists a real § > 0 depending
on e, vy, M, My, ug, uy, T and Ty such that

Eu—10)<d = & (u—uvt)<e (te[0,T))
for every og € [1,0], where
v e C([0,T]; H () N CH([0,T]; HT~H(<))
solves (1.1) with data (v(0,-),0v(0,-)) € H°(Q) x HY(Q) satisfying the

compatibility condition.

Remark 3.1. In Theorem 5.1 from [2], given a bounded set W in H3/2(Q) x HY/?(Q),
Arosio and Panizzi introduced the limit of existence time of solutions as follows:

3/2
Y

My sup{&s2(u; 0); (ug, ur) € W}

This means that 7™ is less than 7T} in Lemma 3.5. However, it is possible to take
W as a singleton {(ug,u;)} in the proof of [2], and as a result, it is sufficient for our
purpose to adopt the statement of Lemma 3.5.

T =

For the convenience of terminology, let us give a notion of H?-well-posedness in
the sense of Hadamard.

Definition 3.1. Let u(t,z) be an H?-solution to the problem (1.1) on [0,7] with
data (ug,u;) € H°(Q) x H*71(Q) for ¢ > 3/2. Then we say that the problem (1.1)
is H7-well-posed at (ug,u1) on [0, 7] if u(t, z) satisfies the assertion (ii) from Lemma
3.5 on [0,7].
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It is possible to extend the interval [0, 7)) in Lemma 3.5 to [0, T,,). More precisely,
we have the following.

Proposition 3.6. Let 0 > 3/2. Suppose that ¢ is C' on R and satisfies (1.2).
Let u(t,z) be a mazximal solution to the problem (1.1) with data (ug,uy) € H7(2) X
H° Q) satisfying the compatibility condition in the sense of Proposition 3.2. As-
sume that T,, < co. Then the problem (1.1) is H-well-posed at (ug,uy) on [0,T] for
every T € (0,T,).

Proof. 1t Ty = T,,, the proposition is entirely Lemma 3.5. We consider the case when
Ty < T,,. It follows from Lemma 3.5 that the problem (1.1) is H?-well-posed at
(ug,ur) on [0,77). We claim that the problem (1.1) is H?-well-posed even at ¢ = T7.
In fact, thanks to Lemma 3.5, for any € > 0 there exists a real § > 0 depending on
e, M, My, vy, ug, uy and 17 such that if

(3.16) Epo(u—1v;0) < 8
for every oy € [1,0], then
(3.17) Eplu—uvit)<e (t€[0,T1)).

Here, the function
v e C([0,Ty); H7 () N CY([0,Ty); H* ()

solves (1.1) with data (v(0,),9v(0,-)) € H7(Q) x H°1(Q) satisfying the compati-
bility condition. It is possible that the H?-solution v(t, -) is extended beyond ¢ = Tj.

Indeed, we suppose that
lim &,(v;t) = oo.
t—11—0

Then &,(u—v;t) is unbounded near ¢ = T;. However, this contradicts (3.17). Hence,
v(t,-) exists beyond t = Tj. Therefore, we deduce that

v e O([0,Ty]; H(2)) N CH([0, T1]; HT ().
Now, we regard the problem (1.1) as that with data
(3.18) (w(Ty = n,-), Opu(Ty —1,-)) € H7(Q) x HH(Q)

for sufficiently small n > 0. We use the idea of the proof of Lemma 3.4. Introducing
a new time variable s as

s=1— (Tl - 77)7
and defining a function
u(s,x) :=u(t,z) =u(s+ 11 —n,x),
we can write the problem (1.1) with data (3.18) as

0% — ¢ (/ |Vau(s)|? dx) Au =0, s>0, zeq,
Q
w(0,2) =u(Ty —n,z), 0Osu(0,x) = Owu(Ty —n,x) x €

(3.19)

and u satisfies the Dirichlet boundary condition

0,00y x00 = 0.
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Applying Lemma 3.5 to the problem (3.19), we find a time S; € (0, T,, — T3] fulfilling
3/2 3/2
Yo Yo

S p— — p—
' MiEsjo(u;0)  MiEspo(u; Ty — 1)

and u satisfies
i € C(0, 81); H7 () N CH([0, 81); H7(Q).

Furthermore, for any € > 0 there exists a real 5>0 depending on ¢, vy, M, My, u(0),
0su(0) and S; such that

(3.20) En(@—T:0)<d = & (U—70;s)<e (s€]0,5))
for every oy € [1, 0], where we put
(s, x) =v(s+ 11 —n,x).
We notice that & < e. If we define
T:=5 +(Ty —n),
the assertion (3.20) is written as
(3.21) Eu—v;Ty — 1) <6 = Ep(u—uvit)<e (te[li—nT))

for every oy € [1,0]. By the arbitrariness of ¢, it is possible to choose ¢ in (3.17) as g,
and some 47 as § in (3.16), respectively. Namely, we find a real 6; € (0,0) such that

(3.22) Epo(u—0;0) <0 = E(u—wv:t)<d (te[0,T1—n)

for every oo € [1,0]. Thus, recalling § < e, and combining (3.21) and (3.22), we
deduce that

Elu—0:0) <8 = E (u—wvit)<e (tel0,T)).

Since Ty < T, we conclude that (1.1) is Ho-well-posed at (uo, uy) on [0, T1].
Summarizing the above argument, we arrive at the following: For any € > 0 there
exists a real 6; > 0 such that

(3.23) Elu—10) <8 = E (u—wvit)<e (t€[0,Ty))
for every oy € [1, 0], where v(¢, x) is the H?-solution to the problem (1.1) with data
(v(0,-), Bw(0,-)) € H?(Q) x H*~'()

satisfying the compatibility condition.

Next, we extend the time interval in which (1.1) is H?-well-posed at (ug, u1). Let
{T}:.}32, be the sequence satisfying (3.11) and (3.12) in Lemma 3.4. We consider the
problem (1.1) on (T3, Ts) x Q with data

(w(Th, ), Ou(Ty, ) € HO(Q) x HTH(Q).

We may assume that T, < T),,. By Lemma 3.5 together with the time translation
method to get (3.20), we have the corresponding assertion to (3.21): There exists a

real 0; > 0 such that
(3.24) Ep(u—v;T)) <0y = En(u—vit)<e (te€[l,Th))
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for every o¢ € [1,0]. Actually, by the continuation argument as above, the assertion
(3.24) holds even at the end point T5. We notice that d; < e. Next, let us choose ¢
in (3.23) as 6;. Then there exists a real d5 € (0,0;) such that

(3.25) Ep(u—0;0) <0y = E(u—wvit)<dy (te[0,T))
for every oy € [1,0]. Combining (3.24) and (3.25), we have the following: For any
e > 0, there exist a real d5 > 0 such that

Elu—1;0) <8y = E(u—uvit)<e (tel0,Ty))
for every oy € [1,0]. Therefore, by the successive argument, for every k > 3 there
exists a real d;, € (0,0,_1) such that
(3.26) Eu—v;0) <8, = E(u—uvit)<e (tel0,Ty])

for every oq € [1, 0.
Let T € (0,7,,), and take an integer k = k(7") such that 7' € [T}y, Tx]. Then,
thanks to (3.26), there exists a real d7 > 0 such that

Eru—1;0) <bp = & (u—uvt)<e (te[0,T)
for every o9 € [1,0]. Thus, we conclude that (1.1) is H?-well-posed at (ug,u;) on

every interval [0,7"]. This completes the proof of Proposition 3.6. O

H?-well-posedness holds also for analytic solutions under an assumption that € is
an analytic domain. We shall prove here the following.

Proposition 3.7. Assume that 2 is an analytic domain with a compact boundary.
Suppose that o(p) is C* on R and satisfies (1.2). Let M and My be the constants
as in (3.4) and (3.6), respectively. Let u(t,x) be a global in time analytic solution
to the problem (1.1) with data (ug,u1) € Ap2(Q2) x Ap2(Q) satisfying the analytic
compatibility condition. Then for every T' > 0, the mapping

Ut
(uo, uy) ( U

m m

Ap2(Q) x Ar2(Q) — C([0,T]; H(Q)) N CH([0,T]; H7~H(<2))

is continuous at the point (ug, uy) for every o > 1, where Ar2(Q) x Ap2(9) is endowed
with the induced topology of H°(2) x H°~1(Q). More precisely, for every e > 0 there
ezxists a 0 > 0 depending on €, vy, M, My, ug, uy and T such that
E,(u—v0)<d = Eu—uvit)<e (tel0,T])
for every o > 1, where
v e O[O, T): A ()
solves (1.1) with data (v(0,-),0w(0,-)) € Ar2(2) x A2(Q) satisfying the analytic

compatibility condition.

Proof. The proof is similar to that of Proposition 3.6. To make the argument self-
contained, we perform it carefully by the repetition of the previous lemmas and
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propositions. We fix data (ug,u1) € Ar2(€2) x Az2(Q2). Let 01 be an arbitrary real

such that
3
01 > max (0, 5) .

We construct a sequence {7}, fulfilling a similar property to that in Lemma 3.4.
Since
Ap2(Q) x Ar2(Q) S H(Q) N HH(Q),
thanks to Theorem 2.1 from Arosio and Panizzi [2] (cf. (3.8)), we deduce that the
global in time analytic solution u(t, z) to the problem (1.1) satisfies
u € C([0,T1); H(Q)) N C([0,Th); H" (),
where T'; is defined as in (3.7):
B 32

T =—F292
! M153/2(U§0)

Actually, u(t,-) exists at t = T;. Next, as in the proof of Lemma 3.4, there exists a
Ty € (T4, 00) such that the global in time analytic solution u(t, ) satisfies

u € O[Ty, Ty); H7(Q)) N C([T1, Ty); H1(Q))

and
Tk
M153/2(U; Tl) .

Actually, u(t,-) exists at t = T. Hence, by the successive argument, it is possible to
construct an increasing sequence {7’ }72 ; satisfying

Ty—T, =

3/2
Y

(3.27) To=0, T)—Ti 1= SN
My E3y9(u; Th—1)

k=1,2,---.

Now, we claim that

(3.28) T, — oo.

k—o0

The proof is similar to that of Lemma 3.4. Suppose that {T}} is convergent. Then
we see that

(3.29) Ty —Tr1 — 0,
k—oo
and there exists the finite limit:

T* := lim T} < 0.

k—o0

By the continuity of &3/9(u;t) in ¢, we deduce from (3.27) and (3.29) that
gg/z(u; T*) = ]}LI{.IO gg/Q(U;Tk_l) = OQ.

This contradicts that £3/o(u;t) is finite at t = T, since (¢, x) is the global in time
analytic solution. Thus (3.28) is true.

We turn to the proof of well-posedness. If T} = oo, then (ug,u;) = (0,0), and
hence, the proposition is entirely Lemma 3.5. We consider the case when T; < oo.
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We claim that for every ¢ > 0 there exists a real 6; > 0 depending on €, vy, M, My,
up, u1 and Ty such that if v € C*([0, 00); A2(Q2)) solves (1.1) with data

(U(O, ~), 8tv(0, )) S ALQ(Q) X ALz(Q)

satisfying the analytic compatibility condition and

Es(u—v;0) <&y
for every o € [1,01], then
E(u—vit)<e (te]0,Ty).

In fact, by using Lemma 3.5, we deduce that (1.1) is H?-well-posed at (ug,u;) on
[0,T) in the above sense. Furthermore, employing the continuation argument as
in the proof of Proposition 3.6, we conclude that H?-well-posedness holds even at
t =T,. Next, we consider the problem (1.1) on (T}, T5) x Q with data

(w(Ty,-), (T, ) € Ap(2) x A2() S HOH(Q) x HTY(9).

Then, from Lemma 3.5 together with the time translation method, we deduce that the
problem (1.1) is Ho-well-posed at (u(T, -), dyu(T1,-)) on [T, Ty for every o € [1,04].
Hence, by adjusting the smallness of ga(u—v; 0), we conclude that the problem (1.1) is
H?-well-posed at (ug,u;) on [0,T5] for every o € [1,0;]. Therefore, by the successive
argument, the problem (1.1) is H?-well-posed at (ug,u;) on [0,T}] for all positive
integer k and every o € [1,07]. In conclusion, the above argument implies that
the problem (1.1) is H?-well-posed at (ug,u;) on every interval [0,7]. The proof of
Proposition 3.7 is now finished. U

4. ABSOLUTE INTEGRABILITY OF TIME-DERIVATIVE OF THE COEFFICIENT

In this section we prove that time-derivative of the coefficient (|| Vu||2,) of prin-
cipal term is absolutely integrable on the maximal interval of existence of solutions.
For this purpose, we need a uniform energy estimate for analytic solutions.

We shall prove here the following.

Lemma 4.1. Assume that € is the whole space R"™, or an analytic domain with a
compact boundary. Suppose that ¢(p) is C* on R and satisfies (1.2). Let M and
M be the constants as in (3.4) and (3.6), respectively. Let o > 1, T > 0, and let
K be a compact subset of H°(Q) x H°Y(Q)). Then there exists a positive constant
Cic(M, My,v0,T) depending on M, My, vy, T and K such that

(4.1)  [[(u(t, ), Oult, ) e @)xmo-1(0) < Cc(M, My, vo, T) || (o, ur) || o @) xme-1@)

for any t € [0,T], and for any (up,u1) € (Ar2(2) x Ar2(Q)) N K satisfying the
analytic compatibility condition, where u(t,x) is a global in time analytic solution to
(1.1) with data (ug,uy).

Proof. Obviously, (4.1) is true for (ug,u;) = (0,0). Hence, we have only to prove
(4.1) for (ug,uy) # (0,0). We divide the proof into two cases:

(i) K is a finite set.
(ii) K is an infinite set.
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Case (i). We consider the case when K is a finite set. We may assume that K is a
singleton, i.e.,
K = {(uo, u1)}
without loss of generality. Suppose that (4.1) is not true. Then for every k = 1,2,. .,
there exists a sequence {t;} & [0,T] such that

(4.2) H(u(tk, '), atu(tk, '))HHG(Q)XHU—l(Q) > kH(u07 ul)HH“(Q)XHG_l(Q)'
By the compactness of [0, 7] we can extract a subsequence {t;s} such that
ty — t*
k' —o00

for some t* € [0,T]. Since the sequence
{k/H(u(hul)HH"(Q)XH"—l(Q)}
is unbounded, it follows from (4.2) that
{Il(ulter, ), Orultn, )o@ xmo-1(2)}
is unbounded, which implies that the function
[(u(t, -), Oeu(t, )|l o @) x Ho-1(2)
is unbounded near a neighbourhood of ¢t = ¢*. This contradicts the fact that
we C(0,T); H7() N C(0, T]; H ().

Hence, (4.1) is true in this case.

Case (ii). We consider the case when K is an infinite set. Suppose that (4.1)

is not true. Then for every k = 1,2,..., there exists a pair of non-trivial functions

(uk, ub) in (Ar2(Q) x Ar2(Q))NK satisfying the analytic compatibility condition and

a sequence {t;} & [0, 7] such that
(4.3) H(uk(tk, '), atuk(tk, ‘))HHU(Q)XH“—l(Q) > k”(ulocv ulf)|’H“(Q)XH”_1(Q)’

where u®(t, z) are global in time analytic solutions to (1.1) with data (uf, u¥). By
the compactness of [0,7] we can extract a subsequence {t;} such that

t — ts

k!'—o0
for some t, € [0,7]. Let U(t) be the solution operator associated to (1.1), i.e., U(t)
is the continuous mapping introduced in Proposition 3.7. Here, A2(£2) x A2(£2) is
endowed with the induced topology of H?(Q) x H°~1(Q2) for ¢ > 1. Since

{(uf ,ul)} C (Ar2(Q) x A(Q) N K,
it follows that the image {u* (¢,-)} = {U(#)(uf’,u}")} is bounded in the solution space
C([0, 7] H7 () N CH([0,T]; H77H(Q))

for every T' > 0. For the sake of convenience, £k’ is denoted by k.
We claim that the sequence

{E I (ug, u) | e @y <m0}
is bounded. In fact, if this is not true, it follows from (4.3) that the sequence

{1 (™ (te, -), O™ (t, ) e () xrro-1(00) }
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is unbounded. Therefore, the sequence of functions
{1 (t, ), e (t, )| o) x =10}
is unbounded at t = t,. This contradicts the boundedness of {u*(t,-)} in the space
C([0,T]; H7(Q)) N CH([0, T]; H7H(<)).

Therefore, there exists a positive constant A such that

(4.4) k| (ug, ui) | e @) x o1 () < A
for all k.
Put 1
(ah, uy) = (ug,uy) for k=1,2,---.

Rl ) e ) 1)
Then we have

(4.5) 1@, T e (@< me-r@) —2 0.

Let us define )

k|l (ug, ui) | e (@) s o1 (@)

ut(t,r) = ub(t, ).

Then each u*(t, z) satisfies the Kirchhoff equation with a new coefficient @y
(46) {3355’“ = GVt (t o)A =0,  te[0,T], zeq,

u*(0,7) = up(x), Ou"(0,2) = uk(z), x €}
with the boundary condition

~k
" [jo,r1x00 = 0,
where

or([Vak(t, ')”%2(9)) = <k2||(ul(§:u’f)“%—IJ(Q)XHU—l(Q)Hvak(tv ')||%2(Q)> :

We observe that functions @y (p) have a common domain [0, v 'Co] for all k, where
() is a positive constant satisfying

(4.7) H(uy;0) < Cp fork=1,2,---,
which is possible on account of (4.5). In fact, we see from Lemma 3.1 that

2
||L2(SZ) .

vk (t,)
48)  A@@t) = 04"t )12 +/ Pilp) dp = A (@*;0)
0
for all k. It follows from assumption (1.2) that

Zu(p) = ¢ (K21 b, ) e @yrros(P) = W0

for any p > 0 and all k. Hence, this inequality together with (4.7) and (4.8) imply
that

IVt Wi < v '@ t) = vy A (@50) < v ' Cy
for all £ and ¢ € [0,7T]. This proves the assertion.
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We need to check the boundedness and Lipschitz continuity of @ (p) uniformly in
k to use Proposition 3.7. Indeed, we can show that {¢).(p)} is uniformly bounded on
0,51 Cy]. Namely, we claim that

(i) {@x(p)} is uniformly bounded on [0, 7, ' Cy], and satisfies
(4.9) v < @rlp) < M
for any p € [0,v,'Cp] and all k, where we put

—~

M = sup{p(p) : 0 < p < A5 Co}.

Here A is the constant appearing in (4.4).
(ii) {@},(p)} is uniformly bounded on [0, v, 'Cy], and satisfies

(4.10) B0 < My A
for any p € [0, 1, 16’0] and all k£, where we put
(4.11) M, = sup {le'(p)] 10 < p < A% Co}

In fact, (4.9) is an immediate consequence of assumption (1.2) and the following:
sup{@k(p) : 0 < p < 15" Co} < supfp(p) : 0 < p < Ay Co}

This proves the assertion (i). As to the assertion (ii), it follows from (4.4) and (4.11)
that

2k(0) = |¢' <k2”<ulgaUlf)”%{o(@)xH%%Q)P)‘ 'kZH(UISaUlf)”%{a(Q)xHuﬂ(Q) < M A?

for any p € [0,v, 'Cy] and all k. This proves (4.10).
We are now in a position to lead to a contradiction. Obviously, the zero function

w(t, z) = 0 solves the problems (4.6) with zero initial condition:
(4.12) Fw — Ge(|[Vw(t, M7z@)Aw =0, t€0,T], ze,
' w(0,z) =0, Jw(0,z) =0, x € (),

and satisfies the Dirichlet boundary condition
wljo,r)xa0 = 0

for all k, where

eIV (t, ) 2(a) = & (B2, 0h) o s s | V0t ey )

Now, thanks to the convergence (4.5), applying Proposition 3.7 to the problems
(4.12), we find an integer ky such that

(4.13) [(@* (L, ), 0™ (t, ) oy xmo-1(0) < 1

on [0,7] for all k > ko. However, it follows from (4.3) that the sequence {u*(t,-)}
satisfies

H(ﬁk(tk, '), 8tﬂk(tk, '))HHU(Q)XHU—I(Q) >1, k=1,2,---.
This inequality contradicts (4.13). Thus, the estimate (4.1) is true. The proof of
Lemma 4.1 is now finished. UJ

We conclude this section by proving the absolute integrability of time-derivative of
the functional c(t) defined by (3.2).
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Proposition 4.2. Let Q, M, M; and vy be as in Lemma 4.1, and let u(t,x) be the
maximal solution to the problem (1.1) in the sense of Proposition 3.2 with data
(ug,u1) € H7(Q) x H™YQ) for o0 > 3/2. Suppose that T,, < oo. Then for the
functional c(t) defined by (3.2), the time-derivative ¢'(t) is absolutely integrable on
[0,T,,,], and there ezists a positive constant L(M, My, vy, T,,) depending on M, My, 1
and T, such that

(4.14) / (7Y dr < L(M, My, v, Tp)|| (to, w1 )||2 4

t
H3 (Q)xH? (Q)
for any t € [0,T,,].

Proof. We note that Ap2(2) is dense in H?(Q2) for any o > 0 (see Lemma A.l in
appendix A). Let u/(t,2) be global in time analytic solutions to (1.1) with data

(ud, ul) € Ap2(Q) x A2(Q), j = 1,2, ..., satisfying the analytic compatibility con-
dition and
(4.15) (ud), ul) ]—>—o>o (ug,uy) in H7(Q) x H*1(Q)

for o > 3/2. We note that {(u},u})} U {(ug,u1)} is an infinite compact subset of
Ho(Q) x H~Y(Q) for every oy € [1,0]. Define a sequence of functionals

290(/ \Vuf'(tw)!?da:), j=1,2,--.
Q

For every T € (0,7,,), thanks to Proposition 3.6, the convergence (4.15) implies that
L j 2 . AV (£ ) (—AYiud (¢, -

(4.16) Ly (/ Vu(t, z)|? d:p) 9Re ((_A)iatu(t,-),(—A)iu(t,.))
Q

j—}OO

= c(t)

for all t € [0, T]. Here, there exists a positive constant C; such that

L2(2)

for all j. By using the upper bound M; of ¢ (see (3.6)), and by applying the estimate
(4.1) from Lemma 4.1 for K = {(u}, u])} U {(up,u1)} to u’(¢t,z) on [0,T,,], we find a
positive constant C'(M, My, vy, T,,), independent of j, such that

5] <2l (Ve (£, 2@ 1028 () g o 10 (E )2
2 2
§2M10(M,M1,V07Tm) ||(u07 )||H2(Q)XH2(Q)
<20, MC (M, My, v, T, ) ”(u07u1)H (Q)xH?(Q)

for all ¢ € [0,7,,,] and j. Thus, thanks to (4.16), Lebesgue’s dominated convergence
theorem implies that ¢/(¢) is absolutely integrable on [0, 7] and satisfies

t
/ 2 2
/0 | ()| dT < 2C,MLC'(M, My, vy, T)) H(uo,u1)||H%(Q)XH%(Q)t
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for all ¢t € [0,T]. Since T € (0,T,,) is arbitrary, we conclude (4.14). The proof of
Proposition 4.2 is finished. O

5. PROOFS OF THEOREMS 2.1 AND 2.2

In this section we prove Theorems 2.1 and 2.2. Our goal is to show that the local
H?-solution u(t, r) is bounded in H*?(R") at t = T,,; this allows us that part (ii) in
Proposition 3.2 never occurs, and hence, u(t, z) exists globally on [0, co).

Proof of Theorem 2.1. Let u(t, x) be the maximal H?-solution in Proposition 3.2 with
data (ug,u;) € H°(R™) x H° }(R"). Suppose that T}, < co. We adopt an energy

density as
E(t,&) = {[@' &) + c(t)lgl*lat)*} ],
where u(t) = u(t, £) stands for the Fourier transform of u(¢,z) and we put

ct) = ¢ (/n |Vu(t,x)|2dm) :

Eopluit) = [ B0 de
We notice that u(t) satisfies the equation "
(5.1) () + c(t)lg]*alt) =
By using the equation (5.1), we compute the time-derivative of E(t,&):
E'(t,€) = |2Re{@" (T @)} + ¢ (IEPIAE) + 20(1) € Re{@ (D)} I¢
— ()P
BT

Hence, we find from Gronwall’s lemma that

Then we can write

¢ 1</ (r)]
(5.2) Espa(ust) < Espa(u; 0)elo 7
for any ¢ € [0,7},,). Therefore, it follows from Proposition 4.2 that

vy L(M M7i,v0,Tm) || (wo,u1)]|?

limsup &/a(u;t) < Es/0(u;0)e w3212 T - o

t—Tm—0

Thus, the assertion (ii) in Proposition 3.2 never occurs, and hence, we conclude that
T,, = 0o. The proof of Theorem 2.1 is complete. 0

We prove Theorem 2.2.

Proof of Theorem 2.2. Let u(t,z) be a maximal solution to (1.1) with data (ug,u;) €
7:2(R™) x 75, (R™) in the sense of Proposition 3.3. It is sufficient to prove that
limsup &s/(u;t) < oo.
t—Tm—0
The finiteness of this superior limit is proved in the completely same way as in proof of
Theorem 2.1. Thus we conclude from Proposition 3.3 that the Gevrey class solution
u(t, z) exists globally on [0, 00). The proof of Theorem 2.2 is complete. O
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6. ENERGY ESTIMATES

In this section we prove energy estimates for global solutions to the Cauchy problem
(1.1) obtained in Theorems 2.1 and 2.2. These kinds of estimates for global solutions
to the initial-boundary value problem are proved in a completely similar manner to
the Cauchy problem.

We prepare global H?-well-posedness for (1.1).

Proposition 6.1. Let 0 > 3/2. Assume that ¢ is C' on R and satisfies (1.2).
Let u(t,z) be a global in time H?-solution to the Cauchy problem (1.1) with data
(ug,uy) € H°(R™) x H°71(R") in the sense of Theorem 2.1. Then the problem (1.1)
is H?-well-posed at (ug,uy) on [0,T] for every T > 0.

Proof. In Lemma 3.4 we constructed a sequence {7} satisfying

2/3
Y

M153/2(U; qu)’

Then, according to the proof of Proposition 3.6, (1.1) is H?-well-posed at (ug,u;) on
[0, Ty] for all k. Hence, if we prove that {7} } is divergent, then (1.1) is H?-well-posed
at (ug,u1) on [0, 7] for every T' > 0. Thus, all we have to do is to show that {7}} is
divergent. However, the proof is completely the same as that of Proposition 3.7, and
we omit it. The proof of Proposition 6.1 is complete. 0

To=0, Tp—Ti1= k=1,2,---.

We shall prove here the following.

Theorem 6.2. Suppose that p(p) is C' on R and satisfies (1.2). Let M and My be as
in (3.4) and (3.6), respectively. Let u(t,x) be the global H-solution in Theorem 2.1
for o > 3/2. Then for every T > 0, there exists a positive constant C' (M, My, vy, T)
depending on M, My, vy and T such that

6.1) [t )| ey + (Ot )| o1y
< C(M, My, vo, T) ([[woll ey + lunllsre-1en))

for any t € [0,T].

Proof. For any (ug,u;) € H°(R") x H° 1(R") let us take (uf,u¥) € Ap(R") x
Ap2(R") such that

(6.2) (uf, ul) = (ug,u1) in H7(R™) x H7 ' (R™).

Since {(uf, u¥)} U {(ug,u1)} is an infinite compact subset of H°(R") x H°~}(R"),

thanks to Lemma 4.1, there exists a positive constant C(M, My, v, T'), independent

of k, such that
(6.3) 1(u® (2, ), Bt (&, )l e ey o1 ()
< C(M, M17 W, T) “(Ulg, u’f) HH"(R")XHU_I(RTL)

for any t € [0,7] and all k, where u*(¢,x) are global in time analytic solutions to
(1.1) with data (uf,u}). Thanks to (6.2), we deduce from Proposition 6.1 that

u — u  strongly in C([0,T]; H°(R™)) n C*([0, T]; H**(R™))

k—o0



22 TOKIO MATSUYAMA

for every T" > 0. Thus, taking the limit in (6.3) as k — oo , we get the required
estimate (6.1). The proof of Theorem 6.2 is complete. O

We have also an energy estimate in Gevrey spaces.

Theorem 6.3. Let o(p), M and My be as in Theorem 6.2. Let s > 1 and T > 0.
Suppose that there exists an n > 0 such that (ug,u;) € (— A)I/Q'y L2(RY) X7 o (R™).
Let u(t, z) be the global solution with data (ug,w;) in the sense of Theorem 2.2. Then
there exists a constant no(M, My, vy, T) depending on M, My, vy and T such that
P(IVult, M ze@e) IVult, I3

7o 2 (R + || Qpult, )2
(6.4) M, M, T) o ) 2

WZ,LQ (R™)

u3/2 Rn)le/Q(Rn) X

(I VuollZ2zn))

; )
’Yq L2 (R A (R™)
for any t € [0,T].
Proof. Defining the energy density as
= {I@ @) + ()€ [a(t)? }6’”5'

we can write

10vu(t, -)

v

QZLQ(Rn)“‘C(t)HVU(t,-) if,g(R") :/ E(t,€)d¢.

Then, by the same argument of the derivation of (5.2), we deduce that

19t I3s ey + DNV IR e

,Y”Iq
Jy L ar
< (urli2 gy + O Vuol2: gy €0

for any ¢ € [0,7]. This estimate together with Proposition 4.2 for T, replaced by T
imply (6.4). The proof of Theorem 6.3 is complete. O

7. GLOBAL EXISTENCE OF LOW REGULAR SOLUTIONS

In this section we prove the global existence theorem for low regular solutions to
the problem (1.1). To begin with, we define a notion of low regular solutions.

Definition 7.1. Let o € [1,3/2). The function u(¢,x) is said to be an H?-solution
to (1.1) iff it satisfies the following:

u € C([0,00); H7(2)) N C([0, 00); H7~H(R2))

and

x{(0au(t), ) xr — x(ur, ) xr + /0 P(IVu(r)2(@)x (Vu(r), Vi) xr dr = 0

for any ¢ € C§°(Q2) and t > 0. Here, x(f, g)x’ denotes the duality pair of f € X and
g € X', and we put

X=H"'Q) and X' =H Q).
We shall prove here the following.
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Theorem 7.1. Assume that € is the whole space R™, or an analytic domain with a
compact boundary. Suppose that ¢(p) is C* on R and satisfies (1.2). Let o € [1,3/2).
Then for any (ug,u1) € (H°(Q2) N H}(Q)) x H"YQ), the problem (1.1) admits a
unique global solution u(t,z) such that

u € C([0,00); H(2)) N C*([0, 00); HTH()).
We have also an energy estimate.

Theorem 7.2. Suppose that o(p) is C' on R and satisfies (1.2). Let M and M,
be as in (3.4) and (3.6), respectively. Let u(t,x) be the global H?-solution in The-

orem 7.1 for o € [1,3/2). Then for every T > 0, there exists a positive constant
C(M, My, vy, T) depending on M, My, vy and T such that

(7.1)  [[(u(t, ), Qeu(t, )l ge@xmo-10) < C(M, My, vo,T)||(uo, u1)] o (@)xmo-1(0)
for allt € [0,T]. In particular, we have

(7.2) H(u;t) = A (u;0)

for allt > 0.

We prove these theorems.

Proof of Theorem 7.1. Let u/(t,z) be global in time analytic solutions to (1.1) with
data (ud,u]) € Ar2(Q) x Ar2(Q), j = 1,2, ..., satisfying the analytic compatibility
condition and

(7.3) (ud, u]) — (ug,u1) in H7(Q) x H*HQ)

j—o0

for o € [1,3/2). Since {(u},u])} is the Cauchy sequence in H () x H°~(Q), it
follows from Proposition 3.7 that {u/(¢,z)} is also a Cauchy sequence:

E,(w —uft) — 0
J,k—o00

for all t € [0, T]. Hence, there exists the limit
(7.4) u:=s— lim« in C([0,T]; H°(Q))NC*([0,T]); H(Q)).

Jj—00
Obviously, u/ (¢, ) satisfy the following identity:
t
(7.5) x (O’ (1), ) x+ — x (w1, ¥) x +/ PV (7)1 12(0) x (VU (1), Vib) o dr = 0
0

for any ¢ € C§°(€2) and ¢ > 0. Letting 7 — oo in (7.5), thanks to (7.4), we conclude
that

x{(0wu(t), ) xr — x(ur, ) xr + /0 PIVu(r)Z2(@)x (Vu(r), Vi) xr dT = 0

for any ¢ € Cg°(Q2) and t > 0. Thus, u(t,x) is a unique H?-solution to the problem
(1.1). The proof of Theorem 7.1 is finished. O
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Proof of Theorem T7.2. Let u’(t, ) be as in the proof of Theorem 7.1. Since K :=
{(u},u1)} U {(ug,u1)} is an infinite compact subset of H?(Q) x H°~(Q), applying
Lemma 4.1 for v/(¢,z) and K, we find a positive constant C(M, My, vy, T'), indepen-
dent of j, such that

1 (t,-), O (t, )| 1o () < 1o 10

< C(M7 Mla Lo, T)H(U(JJ? ujl)“H"(Q)XH"*l(Q)

for any ¢ € [0,7] and j. Therefore, thanks to (7.3) and (7.4), letting j — oo in (7.6),
we get the required estimate (7.1).
For analytic solutions u/ (¢, x), we have, by using (3.1),

(7.6)

(7.7) A t) = A (v;0)
for all ¢ > 0 and j. Hence, letting j — oo in (7.7), we conclude from (7.3) and (7.4)
that (7.2) holds. The proof of Theorem 7.2 is complete. O

APPENDIX A.

Lemma A.1. Let Q be the whole space R", or an exterior domain with analytic
boundary. Then Ar2(Q2) is dense in H(2) for any o > 0. In particular, Ar2(Q2) is
dense in H ().

Proof. 1t is sufficient to prove the case when 2 = R"™. If () is an exterior domain, we
can perform the argument by using generalized Fourier transform in place of Fourier
transform on R™. If € is a bounded domain, Fourier series expansion method is
employed.
Define R
A(R™) = {f € L*(R") : supp f(£) is compact in R"}.
We claim that A.(R") is dense in H°(R"). In fact, let f € H°(R"), and put
Bj:{geRn:|€’<j}7 j:1a27"'a
and
fj:]lB]<D>f7 .j:1727"'7
where 1z(D) is an operator with symbol 1z(€) which is a characteristic function of
a measurable set £ in R™. Then {f;} is a sequence in A.(R™) such that

1f = fill frony = €17 (f - 13]-]6“9(]1@) ]:2 0.
In a similar way, let g € A, 12(R") for some 1 > 0, and
gj:]lB](D)ga .]:1727

Then {g;} is a sequence in A.(R") such that

M(A

lg = gilla, oz = [le™= (G = 15,9) || f2gny 20

Hence, A.(R") is dense in Ag2(R™). Since
AR") G ApRY) G H (R G H7(R"),

we conclude the proof of Lemma A.1. O
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