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Abstract 

  In this note, we give some remarks on the Artin-Tate-Milne formula for diagonal hypersurfaces, which was 

studied by [3]. Detailed account will appear elsewhere. 

1. Prelinminaries 

1.1. Let k be a field, X be a smooth projective variety over k. Let G be a finite subgroup of Autk(X) 

and χ a Q-character of G. Put N ＝ |G |. Define an idempotent element pχ of ]][1[ G
N

Z  by 

pχ＝ ∑
∈

1

G
N

g

χ(g－1) g. 

1.2. Let R be a ring, in which N is invertible, and let F  be a contravariant functor from a category 

of varieties over k to the category of R-modules. For a Q-character of χ of G, define 

)].(→)(:χ*Im[=)( )χ( XXX FFF p  

Hence we obtain a decomposition 

,)χ(

χ

)(=)( XX FF 　　　
 

where the summation is taken over all the Q-irreducible characters of G. 

  We apply terminologies defined for varieities to the pair (X,pχ). 

Example 1.3. Let l be a prime number different from the characteristic of k. The l-adic étale 

cohomology group H ＊(X, Ql (i)) defines a contravariant functor from a category of varieties over k 

to the category of Ql-linear spaces; moreover, if l is prime to N, H ＊(X, Z/lrZ(i)), H ＊(X, Zl(i)) and    

H ＊(X,Ql/Zl(i)) define contravariant functors from a category of varieties over k to the category of 

Zl-modules. Recall that dimQlH
j (

k
X ,Ql) is called the j-th Betti number of X and denoted by Bj (X ). 

Example 1.4. If N is invertible in k, the de Rham cohomology group )/(* kXH
DR

defines a 

contravariant functor from a category of varieties over k to the category of k-linear spaces. 

Moreover the Hodge spectral sequence 

)/()Ω,(=
1

kjiijij XHXHE
DRX
+

⇒  

is functorial. Recall that dimkH
j(X, i

X
Ω ) is called the (i,j)-th Hodge number of X and denoted by 

h
ij(X ). 

  For the examples 1.5 and 1.6, we assume that k is perfect of characteristic p＞0 and that p does 
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not divide N. 

Example 1.5. (cf.[5],Ch.II, [6],Ch. Ⅳ .) The crystalline cohomology group H ＊(X/W)K defines a 

contravariant functor from a category of varieties over k to the category of K-linear spaces, and   

H ＊(X/Wn) and H ＊(X/W) define contravariant functors from a category of varieties over k to the 

category of W-modules. Here W denotes the ring of Witt vectors with components in k, and K 

denotes the field of fractions of W. Moreover the slope spectral sequences 

)/(  )Ω ,(= *
1 n

i
n

jij WXHWXHE
X
⇒  

and 

)/(  )Ω ,(= *
1

WXHWXHE
X
⇒

ijij
 

are functorial. 

  Recall the definitions 

ijij )Ω ,(Domino dim=)( *
XWXHXT  

and 

)(T + )(2 )(T+

)+)/(torsΩ ,(dim+)+)/(torsΩ ,(Hdim=)(

2+2,1+1,,

11+

XXTX

FWXHVWXX
XXW

jijiji

ij
k

ij
k

ijh

－－－

　　　　　-

 

([6], Ch.Ⅰ.2.16 and [3]). 

  Recall also the following terminologies: 

(1) X is of Hodge-Witt type in degree n if H j (X, W i
X

Ω ) is of finite type for all (i,j) with i＋j＝n; 

(2) X is ordinary if X is of Hodge-Witt type in degree n and H j (X, BW i
X

Ω )＝0 for all (i,j) with i＋j

＝n＋1 ([6],Ch.Ⅳ.4.6 and 4.12). 

  We shall say that: 

(3) X is supersingular in degree n if the F-isocrystal H n
(X/W)K is purely of slope n/2. 

  If X is an ordinary (resp. supersingular) abelian variety, X is an ordinary (resp. supersingular) in 

each degree n in the above sense. 

Example 1.6. (cf.[6],Ch.Ⅳ.3,[4],Ch.Ⅰ) The logarithmic Hodge-Witt cohomology groups 

)).(/ ,(lim=))(/,(

)),(/ ,(lim=))(,(

),Ω ,(=))(/,(

*

*

log,
－*

ii

ii

i

ZZZQ

ZZZ

ZZ

r
pp

r
p

i
r

ir

p

p

p

XHXH

XHXH

WXHXH
X

*

*

*

 

define contravariant functors from a category of varieties over k to the category of Zp-modules. 

Moreover the perfect groups 

)).(/ ,(  )),(/ ,(

)),( ,(*  )),( ,(

)),(/ ,(  )),(/ ,(

**

*

**

ii

ii

ipip

pppp

pp

nn

ZQZQ

ZZ

ZZZZ

XUXD

XUXD

XUXD

 

define contravariant functors from a category of varieties over k to the category of pro-algebraic 
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groups. Recall the equality 

－1)).(,(dim=)Ω,(Domino dim +* iW p
jiji

ZXUXH X  

Example 1.7. Let CH r(X ) and CH
r( k

X ) denote the Chow group of rational equivalence classes of 

algebraic cycles of codimension r on X and k
X , respectively. Recall that there is defined a cycle 

map CH
r( k

X ) → H n( k
X , Zl(r)) for each prime l. The Tate conjecture ([18]) asserts that, if k is 

finitely generated over Q or Fp, H
n( k

X ,Ql(r))Γ is spanned by the image of the composite CH
r(X )   

→ CH r ( k
X ) → H n ( k

X , Ql(r)). 

  Let N r( k
X ) denote the group of numerical equivalence classes of algebraic cycles on k

X  of 

codimension r. Then N r ( k
X ) is a free Z-module of finite rank and equipped with a nondegenerate 

symmetric bilinear from induced by the intersection pairing. Let N r
(X) denote the image of the 

composite CH
r (X ) → CH

r ( k
X ) → N r ( k

X ). 

Lemma 1.8. Let l be a prime different from the characteristic of k. Let χ be a Q-irreducible character of G. 

Assume that dimQlH
2r( k

X , Ql)
(χ)

 ＿＜ deg χ. Then the cycle map [CH
r
(X) ○×ZQl]

(χ)
 → H 2r( k

X , Ql)
(χ) is 

surjective or [N r
(X) ○×ZQ]

(χ)
＝0. 

Corollary 1.9. Under the assumption of 1.8, 

0.=])([  ,2  χ) ,( 0> (2)

0;=])([  χ), ,(≠χ) ,( 0  (1)

)χ(

)χ(
2

Q

Q

Z

Z

⊗

⊗

XNXI

XNXBXI

r

r
r

rr

rdegree the in larsupersingu not is andp sticcharacteri of is k f

h andsticcharacteri of is k f
 

2. Diagonal hypersurfaces 

2.1. Let n and m be integers ＿＞ 1. Let k be a field and X be a diagonal hypersurface of 1+n
kP  defined 

by 

0,=+…++ 1+1+1100

m
nn

mm ccc TTT  

(c0,c1,…,cn＋1) ∈k×. If c0＝c1＝...＝cn＋1＝1, X  is nothing but the Fermat variety of dimension n and 

of degree m. 

  We assume that k contains all the m-th roots of unity and that (m, p) ＝ 1 if k is of characteristic   
p ＞ 0. Let μm denote the group of m-th roots of unity in k. The group G＝(μm)n＋2/(diagonal) acts 

on X  by 

(ζ0,ζ1,...,ζn＋1)(t0,t1,...,tn＋1)＝(ζ0t0,ζ1t1,...,ζn＋1tn＋1). 

The character group Ĝ  of G is identified with the set 

∑
1+

0=

1+10
0};=  ,/∈ ; ),...(={

n

i

iin amaaa ,  ZZaa  

Let (Z/mZ)× act on Ĝ  by ta ＝ (ta0,...,tan＋1) ∈ Ĝ  for any a ∈ Ĝ  and t ∈(Z/mZ)×. Let ζm be a 

fixed primitive m-th root of unity in Q . For the (Z/mZ)×-orbit A of a ＝ (a0,..., an＋1)∈Ĝ , define a 

Q-character χA of G by χA (g) ).)((Tr 1= －1
)/(1+

g
m g

d
m

a∑
∈G

QQ ζn
 Here d＝gcd(m,a

0,..., an＋1). Note that χA is 

Q-irreducible. 

  Let X(n,m) denote the Fermat variery of dimension n and of degree m. Then 

）,...,,（→),...,( 1+1+11001+10 n
m

n
mm

n ctctttt tc  
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defines an misomorphis-k  of X to X (n,m), which is compatible the actions of G on X and on      

X (n,m). Hence we see that (X, χ
A) is isomorphic to (X (n,m), χ

A) over k . It follows that the Betti 

numbers, Hodge numbers and the Newton polygons, if k is characteristic p ＞ 0, of (X, χA) do not 

depend on (c0,c1,…,cn＋1), but depend only on A. 

2.2. Now assume that n＝2r. Then we have a diagram 

.11

11

)(χ)(χ

)(χ)(χ

][][

][][

][)),((][)),((

][)(][)(

AA

AA

XNXN

XNXN

mm

mm

k
rr

k
rr

mnmn ZZ

ZZ

ZZ

ZZ

⊗⊗

⊗⊗

　　　　　　

　　　　　　　　　

 

Proposition 2.2.1. Let k be a field and X a diagonal hypersuface of degree m of 1+2r
kP . Under  

.0

　,

=⊗

⊗=⊗

⊗=⊗

)(χ

)χ()χ(

)(χ)(χ

][

][][

][][

]1[)(

]1[)),((]1[)(

]1[)),((]1[)(

A

AA

AA

XN

XNXN

XNXN

m

or

m
n

m

have we
m

n
m

 tionidentifica the

r

rr

k
r

k
r

Z

ZZ

ZZ

Z

ZZ

ZZ

m

m

 

Proof. It is enough to note that X  is isomorphic to X (n,m) over an extension of k of degree dividing 

a power of m. 

Corollary 2.3. Let k be a field and X a diagonal hypersuface of degree m of 1+2r
kP . If m is prime, then Bn(X) 

－rkNr(X) is divisivle by m－1. 

Proposition 2.4. Let k be a perfect field of characteristic p ＿＞ 0 and X a diagonal hypersuface of degree m of 

1+2r
kP . Assume that: 

(1) n＝2; 

(2) n＿＞4, and m is not divisible by any prime less than n＋2; 

or (3) n ＿＞ 4, and m is a prime or 4. 

  If p ＝ 0 or p ≡ 1 mod m, det N r(X ) divides a power of m. 

Proof. The case of Fermat varieties is verified as in [15]. The proposition follows from, together with 

Proposition 2.2.1, from the assertion for Fermat varieties. 

Remark 2.4.1. Under the assumptions of 2.4, the numerical equivalence coincides with the 

homological equivalence. 

Remark 2.4.2. [3](p.8) proved the assertion for n ＝ 2r ＿＞ 4 when m is prime and k is finite under 

the assumption on the existence of Lichtenbaum complexes Z(r). 

3. The Artin-Tate formula 

3.1. Let k ＝ Fq and X a smooth projective variety over k of dimension n. Put Γ ＝ Gal( /kk ). Let Φ 

denote the geometric Frobenius of X over k and Pi(X;T) ＝ det(1－Φ＊T; H i( k
X ,Ql)), where l is a 

prime different from the characteristic of k. By Deligne, Pj(X;T) ∈ Q[T ] and independent of l. 

3.2. Now we recall the Artin-Tate-Milne formula ([9],Cor.6.4, Prop.6.6, Th.0,1,[10],Th.6.6) in a 

modified form. We refer to [7] and [10] on the formalism of Lichtenbaum complexes Z(r). 

  Define 

∏
l

lk
i

k
i

rr ))( ,(=))(,( ZZ XHXH ˆ
 

～
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and 

∏ˆ

l
l

ii
rr ))( ,(=))(,( ZZ XH XH

 

We define also 

∑

,

－1

＝0

－2
－1

－1

＝0

－1+－－1－－1

)()－( +)(2=)(

)()－( )－(+)(=)(

,

,,

r

j

jrj,rri

r

j

jij,rirriri

hjrX

hjrre

XXT

XXTXT

W

W

－α

∑
 

and 

ρr＝the multiplicity of q 
r as a reciprocal root of P2r(X;T)＝0. 

  Letε2r: H 2r(X, Ẑ )→H 2r＋1(X, Ẑ ) denote a map defined by the cup-product with 1 ∈ Ẑ ＝H 1(k, Ẑ ). 

3.2.1.(Artin-Tate-Milne formula Ⅰ) Assume that i≠2r. Then H
i( k

X , Ẑ (r))Γ and H
i( k

X , Ẑ (r))Γ are 

finite. Moreover, 

｜｜

｜｜

Γ

Γ

XH

XH
qqXP

))(,(

))(,(
±=);( )(－

r

r

k
i

k
i

rer
i

i

Z

Z

ˆ

ˆ

. 

  In the following assertions, we assume that n ＝ 2r. 

3.2.2. (Artin-Tate-Milne formula IIa) H 2r( k
X , Ẑ (r))Γtors  and H 2r ( k

X , Ẑ (r))Γ,tors, are finite. Moreover, 

assume that for all l, the action of Φ＊ on H 2r ( k
X , Ql(r)) is semi-simple. Then det (ε2r) is defined and 

.
ˆˆ

ˆ

｜))(,(｜｜))(,(｜

｜))(,(｜
)det(ε±=

)(1－

);(

torstors

tors
)(

－=
ρ 1+22

1+2
2

2
2

ΓΓ
qT

XHXH

XH
q

Tq

TXP

rr

r

k
r

k
r

r
rrre

r
rr

r

ZZ

Z
 

3.2.3. (Artin-Tate-Milne formula IIb) Assume that for all l, the action of Φ＊ on H
i( k

X , Ql(r)) is 

semi-simple. Then 

.
ˆ

ˆ

22

1+22
2

｜))(,(｜

｜))(,(｜)det(ε
±=

)(1－

);(

tors

tors

)(α
－=

ρ Γ
X

qT
XH

XH

qTq

TXP

r

r

k
r

r

r

r

r
rr

r

Z

Z

 

3.2.4. (Artin-Tate-Milne formula IIc) Assume that: 

(1) There exists a Lichtenbaum complex Z(r); 

(2) the Tate conjecture holds for r and all l;  

(3) the cycle map CH
r(X ) →H 2r(X, Z(r)) is surjective. 

Then. 

.
)( 2

2

｜)(｜

)/tors]()｜det[(｜Br
±=

)(1－

);(

tors－=
ρ

XCq

XCX

Tq

TXP

X
qT

rr

rr

r
rr

r

α
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Here Brr
(X) ＝ H 2r＋1(X, Z(r)) and C

r(X ) denotes the image of the cycle map CH
r(X ) → H 2r( k

X , Ẑ (r)). 

Remark 3.2.5. Milne [9] defined e j(r) and αr(X ) in a different form: 

∑
r

rre riri

υ(α)＜

－－1 －υ(α))(－=)( ,T
 

and 

,∑
r

rX rrrrr

υ(α)＜

－11+－1 －υ(α))(+－2=)(α ,, TT
 

where the summation is taken over all the reciprocal roots α of Pr(X;T )＝0 and υ is the p-adic 

order nomalized by υ(q)＝1. Now we verify 

∑=
1

0=

1+－－1－

υ(α)＜

)()－()－(－υ(α))(
,

－r

j

rirjij, Xhjrr
r

XT
W∑ . 

Indeed, by the definition, 

).(+)()－2(+

)+)/(torsΩ ,(dim+)+)/(torsΩ ,(dim=)(

2+－－21+－－1

1+1+－

,, XTXTXT

FWXHVWXHXh
XXW

jijjijjij,

ji
k

jji
k

jij,

－

－－

　　　　　　　　　　　　　　　　　　　　

j

 

Therefore, 

∑

∑∑∑

∑

∑

r

r

j

jji
k

jji
k

r

j

r

j

rirjij,

r

jrjjr

jrjr

hjr

jjjj

υ(α)＜

1+υ(α)＜1+υ(α)＜

－1

0=

－－

－1

0=

－1

0=

1+－－1－

υ(α)).(

)(υ(α)－1)－(+1－υ(α))+()－(

)+)/(torsΩ ,(－1)dim－(+)+)/(torsΩ ,(dim )－(

)()－()－( ,

－＝

－

　　

}{
≤≤

=

=

j

}{ FWXHVWXH

XTX

XX

W

 

Example 3.3. Let X be a smooth complete intersection in a projective space over k. Let n ＝ dimX. 

Then it is known that 

)( allfor  = ji,hh ijij
W  

and 

.≠+ if 0= njiijT  

Hence 

∑
－1

0=

－1+－－1 )－(－=)( ,
r

j

jnj,rnrn hjrre T  

and, if n＝2r, 

.∑
－1

0=

－2)－(=)(α

r

j

jn j,r hjrX  

Moreover, if n ≠ 2r, 



 2002/03/05N06088_諏訪紀幸_理工学研究.doc 

SOME REMARKS ON THE ARTIN-TATE FORMULA 
FOR DIAGONAL HYPERSURFACES 

－ 7 － 

))( ,(→))( ,(－1 rr n
k

n
ZZ XHXH Γ

~ˆ  

and 

0;=))(,( ΓXH r
k

n
Ẑ  

if n ＝ 2r, 

0=)(  0,=))( ,(=))( ,( torstors XCXHXH Γ r
k

n
l

n rr ZZ ˆˆ  

and 

.))(,())(,( torstors,
1+ rr n

k
n

ZZ ˆ~ˆ XHXH Γ →  

Remark 3.3.1. Let X be a smooth complete intersection in a projective space of dimension n over a 

perfect field of characteristic p＞0. Assume that X is supersingular. Then we have 

∑
i

k

jn,kiinini, hki
0=

－2+－2－－ )1(== , －+TT  

for 0 ＿＜ i ＿＜ r－1 if n ＝ 2r or 2r ＋1. 

Remark 3.3.2. [3](Prop.8.4) proved the assertions of 3.2 when X is a diagonal hypersurface of 

Hodge-Witt type. 

Example 3.4. Let X be an abelian variety over k. Let n ＝ dimX. Then it is known that 

).(  allfor  = ji,h ijij h
W  

Hence we obtain 

∑
－1

0=

－1+－－1－－1 )－(－=)( ,,

r

j

jij,rirriri hjrre TT +  

and 

.∑
－1

0=

－2－1 )－(－2=)(α ,

r

j

jr j,rrr hjrX +T  

Remark 3.5. Here are some easy consequences of the hypotheses, from which Milne [10] deduced 

the Artin-Tate-Milne formula. Assume that: 

(1) there exists a Lichtenbaum complex Z(r); 

(2) Brr(X )＝H 2r＋1(X,Z(r)) is finite, 

  Then we have gotten bijections 

tors

－torscotors

))(,(

)(Br→))(/,(

1+2

2

r

r

l
r

l
r

ll
r

Z

ZQ

XH

XXH

↓　　　　　

~

 

for all l. It follows that, if n ＝ 2r,｜Brr(X )｜is a square up to 2. Moreover, assume that CH
r(X ) ○×Z Ql 

→ H 2r( k
X , Ql(r)) is surjective for some l ≠ p. Then we have an exact sequence 

～



 2002/03/05N06088_諏訪紀幸_理工学研究.doc 

NORIYUKI SUWA 

－ 8 － 

Γ
Γ XHXXH tors－torstors, ))(,(→)(Br→))(,( 1+22 rr lk

r
l

r
lk

r
ZZ  

for all l. In particular, if H 2r( k
X , Zl(r))tors ＝ H 2r＋1( k

X , Zl(r))tors ＝ 0 for all l ≠ p, then Brr
(X) is a 

p-group. 

Remark 3.6. Let k be a field and X a smooth projective variety over k of dimension n. Let 2r ＿＜ n. 

Assume that the cycle map CH
r(X ) ○×Z Ql → H 2r( k

X , Ql(r)) is surjective for some l. Then the 

numerical equivalence coincides with the homological equivalence up to torsion for algebraic 

cycles of k
X  of codimension r  and n－r. 

Remark 3.7. Let k be a field of characteristic p ＞ 0 and X a smooth projective variety over k of 

dimension n ＝ 2r.  Assume that CH
r(X ) ○×Z Zl → H 2r( k

X ,Zl(r)) is surjective for all l ≠ p. Then 

detN r(X ) is a power of p. 

Remark 3.8. Let G be a finite subgroup of Autk(X ) and N ＝ ｜G｜. Let χ be a Q-character of G. Put 

Pi(X, χ;T ) ＝ det(1－Φ＊T ;H i( k
X ,Ql)(

χ)). Then Pi(X,x;T ) ∈ Q[T ]. Moreover, we have gotten a 

factorization Pi(X;T )＝∏
x

),χ;,( TXPj  where the summation is taken over all the Q-irreducible 

characters of G. There is no difficulty to pass the Artin-Tate-Milne formula for X  to the pair (X,pχ) 

up to the prime factors of N. For example, the case of Fermat varieties is studied in [15],[17], and 

the case of diagonal hypersurfaces in [3]. 
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