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ABSTRACT. The goal of this paper is to develop the Littlewood—Paley theory
of discrete Morrey spaces. As an application, we establish the boundedness of
martingale transforms. We carefully justify the definition of martingale trans-
forms, since discrete Morrey spaces do not contain discrete Lebesgue spaces as
dense subspaces. We also obtain the boundedness of Riesz potentials.

1. Introduction

The goal of this note is to develop the Littlewood—Paley theory of discrete
Morrey spaces. As an application, we establish the boundedness of martingale
transforms.

First, we define discrete Morrey spaces. A dyadic interval is the set of integers
given by I(j,k) = Z N [27k, 27 (k + 1)) for some j € Ny = {0,1,...} and k € Z. A
dyadic cube in Z™ is a subset of the fom:

Q=1(j, k1) x I(j, k2) x -+ x I(j, kn),

where j € Ny and k = (k1, ko, ..., k,) € Z™. The family D(Z") stands for the set
of all dyadic cubes described above, while the subfamily D;(Z™) collects all dyadic
cubes of I(j,k) = ZN[27k,27(k + 1)) with j € Np.

DEFINITION 1.1. Let 1 < ¢ < p < oo. The space ME(Z") is the set of all
a = {a7}jc4n for which

11
lallppzey = sup (#Q)» 75 | D laz?

QeD(Z) jco
is finite, where @ stands for the number of elements of the dyadic cube Q.

The discrete Morrey space M¥(Z") falls within the scope of the work [1] and
has been investigated in [4, 5, 6, 7]. Our goal of this paper is to obtain an equivalent
norm by means of the Littlewood—Paley decomposition.
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We describe the Littlewood—Paley decomposition. To this end, we start with
defining the 1-dimensional Littlewood-Paley operator. For a 1-dimensional se-

quence a = {a;};cz, we let
1
or D

le@
where @ is a unique cube in Dy(Z) which contains j. Each Ej is called the average
operator of generation k. We define Dy, = Ej — Ejy1. The Littlewood—Paley
operator g(a) = {g(a);};ez is defined by

g(a); = (Z |Dk(a)j|2> (J€Z)

k=0

Having defined 1-dimensional operators, we move on to the definition of oper-
ators acting of n-fold indexed (multiply-indexed) sequences. We let [ =1,2,...,n.
The operator E,gl) acts on the [-th component as Fj with other components un-
changed. The difference operator D,(Cl) is defined by D,(Cl) = Elgl) E,(JH We write
E=(E,E,...,E). Let X = (X1, X>,...,X,) € {(D, E)}"\{E}. Define the oper-
ator Xy by X, = X,il) ) X,EQ) o---0X, (") The discrete Littlewood—Paley operator
g is given by the mapping a = {a]'}]'ezn 9(a) = {g(a);}5c4n, where

1

0o 2

YooY eiP) Gezv

k=0 Xe{(D,B)}"\{E}
The next proposition is well known as the Littlewood—Paley characterization of the
discrete ¢P(Z"™)-norm.

PROPOSITION 1.2. Let 1 < p < co. Then there exists ¢, > 0 such that
& Hlallerzny < Nlg(@)llerzny < cpllallenzn)
for all a € (P(Z™).

In this paper, we will establish the following norm equivalence and then apply
it to the boundedness of various operators:

THEOREM 1.3. Let 1 < g < p < 0co. Then there exists cp 4 > 0 such that

Cp,q_1||a||/vtf;(z") < ||9(a)||Mg(Zn) < CP,QHGHME(Z“)
for all a € ME(Z™).

Theorem 1.3 is a discrete version of [8, Corollary 4.1].
We apply Theorem 1.3 to the boundedness of martingale transforms. Let
{m*}22| be a sequence of sequences in £°°(Z"). Then define

My (a) = {Mpm(a);} 5, = ZE,M Dy(a) = lim ZEk+1 Dy(a), (1.1)

where Ejy1(m”*)Dy(a) = {Ek+1( ) Dy(a)7}5¢,- We can not use the density
argument. Recall that the support of a multlply—lndexed sequence a = {a;};ezn
is the set of all indices j for which a; # 0. Since MY(Z") does not contain the

space of finitely supported multiply-indexed sequences as a dense subspace (see
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Remark 4.1), we have to justify the definition of the martingale transform M,,:
The existence of the limit defining M, (a) is not clear. Furthermore, since Theorem
1.3 is applicable for multiply-indexed sequences in M¥E(Z"), we also have to show
that M,,(a) € ME(Z") for any a € MF(Z") before we use Theorem 1.3 to obtain
the norm estimate. )
We perform this using the predual space H,,(Z") considered in [9].
DEFINITION 1.4. Let 1 < q < p < o0.
(1) A multiply-indexed sequence a = {aj};.;. is said to be a (p’,¢’)-block
11
a“m’(zn) <(#Q)r .

(2) The block space HZ: (Z™) is the set of all multiply-indexed sequences a

centered at @ if it is supported on @ and |

of the form: a = 3 AWal) where the convergence takes place in the
j=1

topology of ' (Z™), A = {)\(j)}?';l € (Y(N) and each a¥) is a (p/, ¢')-block
centered at @; € D(Z"). The norm is given by Ha”?—t’;,/(zn) = inf [|A[|g1(zny,
where A and {aU )};?‘;1 move over all possible representations.
According to the general theory [9], M} (Z") admits a predual. One predual
of MP(Z™) is the space "Hg: (7).
PROPOSITION 1.5. Let 1 < ¢’ < p' < co. Then ”Hf;: (Z™) is a Banach space.

Furthermore, the dual of Hf;: (Z") is isomorphic to MB(Z"™). More precisely, we
have the following:

(1) For all a ={az}5c5. € ME(Z") and b= {b;}34. € ’Hf;: (7™,
> laghil < llall vy Ollgse: my:
jezn

In particular,
a Lo(b) = ﬁz azbs
jezn
s a bounded linear functional.
(2) Conversely any bounded linear functional over HZ: (Z™) can be realized as
above for some a € MbE(Z").

By using Proposition 1.5 we will justify that the limit defining M,,(a) for
a € MP(Z") exists in the weak-* topology.

THEOREM 1.6. Let 1 < q <p < co. Assume that
K = sup || Ey41(m") |l zn) < 00
keN
Then the limit defining My, (a) for a € ME(Z") exists in the weak-* topology of
ME(Z™). The martingale transform a € ME(Z"™) — M, (a) € MB(Z") is bounded.
Here we list other conventions of this paper.
e A cube in Z™ is a subset which can be expressed as

Q= Q(a,r) ={m = (m1,ma,...,my,) €Z" : j=11112ax n|mj—aj| <r}

for some a = (a1, az,...,a,) and r > 0.



4 YUTO ABE, YOSHIHIRO SAWANO

e For multiply-indexed sequences a = {az}

(a,b) = Z a;b;

jezn

Gezn and b= {bs}z ., we write

as long as the right-hand side converges absolutely.
o Let A,B>0. Then A < B and B 2 A mean that there exists a constant
C > 0 such that A < CB, where C depends only on the parameters of
importance. The symbol A ~ B means that A < B and B < A happen
simultaneously, while A ~ B means that there exists a constant C' > 0
such that A = C'B. When we need to emphasize or keep in mind that the
constant C' depends on the parameters «, 3,7 etc, we write A So.84,... B
instead of A < B.
Before we conclude this section, we collect some elementary facts that can be derived
directly from the above definitions. Observe that any cube Q € Q(Z") can be
included in the union of dyadic cubes Q1, Q2,...,Q3~ satisfying £(Q;) < ((Q) <
20(Q;) for each j = 1,2,...,3". A direct consequence of this observation is the
norm equivalence: for

11
lall mzzny ~ sup Q)77 | Y lazl
QeoE) jeQ
We organize this paper as follows: Section 2 collects some preliminary facts.
Section 3 proves Theorem 1.3. As an application, we prove Theorem 1.6 in Section

4. Section 5 is an appendix where we prove the boundedness of the fractional
integral operator.

2. Preliminaries

2.1. Embedding. We invoke a fundamental embedding result [5, 7]: If 1 <
r<qg<p< oo, then

lallmezny < lallvezny (2.1)
for any multiply-indexed sequence a = {a;}7.;. by Hélder’s inequality.
. 2.2. Maximal operator. For a multiply-indexed sequence a = {a;};ezn,
write
1
Mdyadicaj‘ = R sup @ Z ‘Clj‘; .
JEQED(Z™) "% S

We define Myyadica = {Mdyadicaj'}j’ezww The correspondence a = Mgyadica is called
the dyadic maximal operator. Gunawan and Schwanke established that the dyadic
maximal operator is bounded on D(Z") [4, Theorem 3.2].

PROPOSITION 2.1. Let 1 < q < p < oo. Then there exists cq > 0 such that
| Mayadicall mz(zny < cqllallaezn

for all a € MY(Z").
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2.3. Predual spaces. We invoke the following elementary facts: Since the
proof is similar to the classical case as in [3], se content ourselves with the statement.

LEMMA 2.2. [3, (9.2)] For any (¢, ¢')-block a = {a7};c5n, we have ||l 70y <
1.

A direct consequence of Lemma 2.2 is the following embedding result:

COROLLARY 2.3. Let1 < ¢ < p < co. Then ’HZ: (Z™) is a subset of o’ (Z™).

More quantitatively, |||y zn) < Ha||Hp:(Zn) for all a = {az}scpm-
q

Finally, we invoke [3, Lemma 341].

PROPOSITION 2.4. Let 1 < g < p < oo and Q € D(Z"™). Define

Ot

for a € 19(Z"). Then we have
11
1B (@)l gy < (55 Nl

for all a € 19(Z").

3. Littlewood—Paley decomposition—Proof of Theorem 1.3

Recall that g(a) contains the operators Dy, in its definition, which annihilate
the constant multiply-indexed sequence {1} Fezn- Therefore, seemingly the quantity
llg(a)l| pz(zny loses something that [|a[| vz (zn) has. This is the case if we consider
a multiply-indexed sequence a that does not necessarily belong to M? (Z™). To
establish that this does not apply for any multiply-indexed sequence in M?% (z™),
we use the following lemma:

LEMMA 3.1. Let R € D(Z") and 1 < q¢ < p < co. Then for each a € MB(Z")
and for each multiply-indexed sequence b which is supported on R, we have

lim (Ex(a), Ex(b)) = 0.

N—o0

PROOF. A normalization allows us to assume Z \b3|q/ = 1. Let R = 2"M,
JER
Consider an increasing sequence {Qn,}>°_; C D(Z") satisfying Qo = R, $1Qm+1 =

o0
2"4Q,- A geometric observation shows that U Q@ is nothing but a quadrant S of

m=0
Z™. That is, S is the Cartesian n-fold product of the sets [0, 00)NZ or (—oo, 0) NZ.
We decompose

U @n=0ou |J @mi1\Qm).
m=0

m=0
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Then we have

[(En(a), Ex(b))] = | Y En(a):En(b)s
jezn

< > |En(a);||En (D)
jezn

=Y |En(a)s]|En(b
7€Qo

5l
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TESDS

m=05cQ,+1\Qm

|En(a);||En (b)3]-

For the first term, we employ Hélder’s inequality and Proposition 2.1 to have

2 1Bna

7€Qo

IN

IA

Q0

1
2nN

1

P

(#Qo)+ ™

IN

(1Qo)' >

2nN

This term tends to 0 as N — oo.

For the second term, we first choose a dyadic cube S € Dy (Z™) which contains
Then we obtain an increasing sequence Qo € Q1 €
property that there is no intermediate dyadic cube between Q);_; and Q; for all

.1, where | = N — M. Suppose j € Qi1 \Qm withm =0,1,....

1
v 2 b

Qo

i=1,2,...

Ex(b)-

J J*€Qo

0

If we insert this expression into the second term, then we have

DS

> Y -

m=075eQ,,11\Qm

|En(a);||En (b);]

1

+ L
PU

+ L
7

1
||a||Mg(Zn)

2nN

7*€Qo

FIEN (D)3 < [EN(a)llea(@o) 1 EN (0)llga ()

J€Qo

| En (@)l pmz 2y

1 1 1
(5Q0) P En(@)lngizm) | D |gow O b5

J*€Qo

> bs

J*€Qo

< || MdyadlcaHM”(Z"

o

J*€Qo

m=075cQ,,11\Qm

> by

J*€Qo

- C @ = S with the

ifm+1 </,
fm+1>1.
1
Ex(a)il 5w D by
J*€Qo
-1
S d. > IEn(a)l.

Mm=07€Qm+1\Qm

Then
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By the triangle inequality, the definition of the Morrey norm || - || y4#(z»y and Propo-
sition 2.1,

Y. D IEn(a)lEn ()

M=057cQm+1\Qm

-1
Sgw | X b X X BNy

j*EQO m=Oj€Q7n+1
1 -1 .
< gaw | 20 by 2 (8Qmi) 7 BN (@) aggin
7*€Qo m=0
1 -1 ,
1—1
< onN Z b;* HMdyadicaHMg(Zn) Z (th+1) P
7*€Qo m=0
1 -1 .
S’ 2nN Z b;* HGHME(Z" Z ﬁQerl B
;*GQO m=0

Since $Qumq1 = 2MM+mHD) 1y < 5o and I = N — M,

-1 ., .
Z ﬁQm+l P S 20,
m=0

As a result,
Yoo > IEN(@)lIEN();] S SN x| > br | lallmz
Mm=0F€Qum4+1\Qm 7*€Qo
71\1
= Z b Ha||M§(Z")
J*€Qo
=0 (N —o0).
This completes the estimate for the second term. O

3.1. Proof of the right inequality. It suffices to show that

q
11
Q777 | D 9@?] < cpgllallmgn
jeQ
for each @ € D(Z"). To specify we let Q € Dy (Z").
We write a = azg +ag = K“E)j}}ezn +{(ag)j};czn, where

(ad); = xe(az, (ag); =a; — (ab)s5.

Matters are reduced to the proof of

1

q

(1Q)3 5 [ Y o)t | + 6@+ (T o)t | < enallalagen
jeQ jeQ

Q=
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for each Q € D(Z").
As for azg, we employ Proposition 1.2 to have

#Q)» 7 | Y gad)!

y: i
JEQ

< (4Q) 7 7llg(ad)ll sz

1_1
< cq(1Q)» "7 llag lles(zry

1
- E .|1q
1 |aj|

jeQ

==

= ¢q(1Q)

Thus, we are left with the task of dealing with a,.
It follows from the definition of g(ag) that

Q)i = (Zle(acg);z) :
k=0

Suppose j € Q. Then we have

glag); < Z|Dk ag)sl < 3 (1 E(ag);] + | Ersi(ag)s)) < 22|Ek ag);
k=0 k=0

by the triangle inequality. Denote by @Qj the unique cube in Dk(Z”) that contains
Q. A geometric observation shows that
0 if k<N,

Ei(aQ)j =\ % ¥ (ag);: ifk<N.
J*EQu

If we insert this expression into the definition of g(aé), then we obtain

gy =2 3 IBlagli =2 > 5| 3 (g

k=N+1 k=N+1 7 E€Qn
= 1
<2 > o > lag)zl
k=N+1 fker
<2y S Z a7
k=N+1 J*eQk
Consequently,
g ©
1_1 _ 1
Q7 [ Yoga)t] <260 Y 5w D lag
,;EQ k=N+1 j‘»‘«er

Recall that $Q = 2™V and that #Q; = 2"*. Therefore,

Q)7+ | Y glag)t] <2 RCENE 'Y lagl

jeQ k=N+1 J*EQu
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By the definition of the Morrey norm |[a||pr(zn) and embedding (2.1),

1
a oo

1_1 _ nN nky—1
(#Q)» "7 Zg(aQ);i <25 3 @) ez
jGQ k=N+1
S HGHM{;(Zn)-

Thus, the proof is complete.

3.2. Proof of the left inequality. Let R € D(Z"). It suffices to show that

q

11
(fR)? 4 Z|aj'|q < Cpyq

jeRr

|9(a)||Mg(zn)-

We linearize the left-hand side. By Holder’s inequality,

q

D lagl" | =sup 1> agbyl s b={bten | DI | <1p (1)

jeR jeR jeR

_ |~

Extend b to an element in éq,(Z") by letting b;. = 0 outside R. Then we have

N-1

> azbz| = [(a,b)| = |(En(a), En(D)) + > _ (Di(a), Di(b))

jeR k=0
< (En(a), En(b)| + Y [(Di(a), Di(b))]
k=0

for all N € N. By using the Cauchy—Schwarz inequality twice, we have

> (Drla), Du(b))] < ZZIDk ;11D ()5

k=0 Fezn k=0
<D ID(a)512, | D Dk ()51
jezn \ k=0 k=0
=Y g(a);9(b)5.
jezn

Inserting this inequality into (3.1), we have

.la
Z"‘j‘

jer

1

q

<sup} [(En(a), En(0))| + Y 9(a);9(b)7 : supp(b) C R, |b]l g (zny < 1
jezn

for all N € N. Fix b € £¢'(Z") such that
1bllga” (zny =1, supp(b) C R. (32)
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Recall that
lim (En(a), En(b)) =0

N—o0

according to Lemma 3.1. Thus, it remains to show
> 9(a);9(b)7 < epallg(@)l agzn)

jezn

for all b € £9'(Z™) supported in R with [l ga (zny = 1. Let {Qm}5i—o be the same
exhausting sequence of a quadrant S as in the proof of Lemma 3.1. In particular,
we let Qo = R. Then notice that g(b)j = 0 outside S. Thus,

> gla)z90);= > gla)zg);+ > Y. gla);g(b);

jezn J€Qo m=07€Qum11\Qm
As for the first term, we employ Holder’s inequality and Proposition 1.2 to have
> 9(a);90); < ll9(@)llea (o) 190 oo (o0
J€Qo
< c'llg(a)llea(@o) 1bllear (o)
< cqllg(a)llea(qo)

= Cg’ Z lg(a)|?

J€Qo

11
< e (#Q0) 77 lg(a)l m zn) -

It remains to handle the second term. Fix ; € Qm+1 \ @ and consider

g(b); = (Z |Dk(b);|2>
k=0

Then, since 1Q,, = 2"VT™) and 4Q,, 11 = 2"V+m+1) | we have

2

0 if £ <N +m,
_)
Ex(b); = gk D b ik>N4m.
J*€Qo

Inserting this expression into Dy (b);7 we obtain
Dy (b)7 = Ek(b)7 — Er41(b)7
0 if k< N +m,

1 .
— ey O Ui itk =N+m,
= 7%€Qo

1 1 .
7*€Qo J*€Qo
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As a result,
2 2
2
Z|Dk(b)5‘| ~ Z b, Z o2nk ™ Z b, 22n(N+m+1)
k=0 J+€Qo k=N-+m+1 F+€Qo

Hence from (3.2), we conclude
b)> < _ b <1
g( ); ~ 9n(N+m+1) H ||£q/(Zn) ~ on(N+m+1)*

If we insert 4Q,, 11 = 2"V ™+ into the above estimate and use embedding (2.1),
then we obtain

> > 9@0;8 ) sy 2 9@
mZOJEQMJ»l\Qm, m=0 ]EQm,+1\Qm
o] 1
1 P
S ||g(a)Hsz(Zn) Z <2n<N+m+1))
1
Spa (1Q0) ™ 7 [lg(a) | vz zn)
1
gp,q( 0)” pHQ(a)”M”(Z"

In total,

Slasl" | S (8Q0)7 Fllg(@) | aagcany + (4Q0) 7 l9(@) | gz
JjER

1

Multiply both sides by (ﬁQo)%_E and use the norm ||g(a)| sz (zn) to have

Q=

1_1
(#8Qo) "7 | Y laz|” | Spa ll9(@) |l vz (zny-
7€Qo

The cube R = @y being arbitrary, we obtain the desired result.

4. Applications to martingale transforms

We apply Theorem 1.3 to martingale transforms. For N € N, b € M?(Z") and

multiply-indexed sequences m®, m!, ... satisfying | Ey41(m”)| < K for each k € Ny,

we define the martingale transform M,, (b) of a multiply-indexed sequence b by

b) = Z Ek+1(mk)Dk(b).
k=0

If m* =0 for k > 1, then we call M,,(b) a finite martingale transform. Thus, a
finite martingale transform takes the form

N
= Egya(mF)Di(b).
k=0

We consider finite martingale transforms in Section 4.1. Based on the observations
in Section 4.1, we move on to the general case in Section 4.2.
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4.1. Finite martingale transform. For N € N, b € M?(Z") and multiply-

0,1 o
,m>, ... satisfying

|Bra(m*)| < K (4.1)

indexed sequences m

for each & € Ny, we deal with the finite martingale transform M,, n)(b) of a
multiply-indexed sequence b by

N
My 3y (0) =D Egga (mF) Dy (b).
k=0

Note that M,, (v)(b) € ME(Z") whenever b € ME(Z"). In fact,

Q=

sup (ﬁQ)éf% Z|Mm,(N)(b);‘q

QeD(zm) o

<(N+1) sup (1Q)r | Y max|Bpyr (m*);Dk(b);]7
QGD(Z") JGQ k ‘

From Proposition 2.1 and (4.1), we have

sup )<ﬁ@>%*% > [ My, ) (0);]

D(Zm™ =
QeD( jeq

Q=

SKN+1) sup (4Q) ¢ [ > max|Dy(b)7]
QED(Z™) jeQ k

Q=

SKWN+1) sup (4Q)F ¢ [ Y [Mayaaichs|
QED(Z") jeo

S KN+ Dbl mz iz
< 0.

Hence, the linear functional Ly, o ) ’Hf;: (Z™) — C, given by

Lat,, oo, (@) = (My vy (0),a)  (a € HE(Z™)),

is bounded. In Section 4.2, we will show that

lim (M, (n)(),a)

N—o00

exists for all a € 'H’q): (Z™). Once this is achieved, we can say that there exists an
element M,,(b) € ME(Z") such that

My, (ny(b) = M (b) (N — 0)

in the weak-* topology. By considering the coupling of this equality with ez, we
learn that
Mm,(N)(b)j‘ — Mm(b); (N — OO)

for each j ez
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We concentrate on the proof of Theorem 1.6 for finite martingale transforms. In
this case, there is no need to consider the convergence defining the finite martingale
transform.

THEOREM 1.6 FOR FINITE MARTINGALE TRANSFORMS. Let b € MP(Z"). As
we have remarked above, M, (ny(b) € ME(Z™). Thus, from Theorem 1.3, we
deduce

9(Mypn, vy O Mz zmy 2 (1Mo, (3) (B) | a2 27y -
Thus, it suffices to show that

11
(1Q)» =« Z |9(Mm, vy | Spog 10l mzzm)
jeQ
for all @ € D(Z™). Tt follows from the definition of g(b) that

9( My, (vy(0))5 = (Z |Dk(Mm,(N)(b));|2> = (Z |Ek+1(mk);Dk(b);2>

k=0 k=0

1
2

Thus,

NS

q _ D L2

o0, 0071 = 3 (3 s 05
jeQ jeQ

Recall that we are assuming

| B 1(mP)3] < [ Brga(mP)]| e zny) < K < 00

for eachje Z"™ and k =0,1,2,.... Thus,

> 1g(Mp iy (0)7)|7 <D (Z | Er 1 (m") |7 2y | Di ()7 |2>
jeQ j€Q
%
< Sl;pHEkJrl( ez Z (Z | Dy (b) > :

jeQ

Once again from the definition of g(b), we have

(Z |Dk(b);l2> = g(b);".
k=0

If we insert this expression into the above inequality, then we obtain

D 19 (Mo 3y (0)7)7 Sq K 1g(b);

jeQ j€Q

Hence,

Q=
Q=

Q=

Q) 7 | D oMoy 017 | o KEQ) 770 | Y [g(b)7
jeQ jeQ
Sq KllgO) e zny-
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Once again from Theorem 1.3, we have

Q)77 [ D l9(Mar i) 01 | Spa Kllg®) L aggzmy
j€Q
Spa Kbl mzzny-
This proves Theorem 1.6 for finite martingale transforms. O

4.2. Proof of Theorem 1.6—-General case. We will establish that the limit
(M, (3y(b), @) as N — oo exists for all b € M?(Z") and a € H,(Z"). This amounts
to showing that {(M,, n)(b),a)}F—; is a Cauchy sequence.

Let us start with the case where a is a (p’, ¢')-block centered at Q. Let ny,ng €
N satisfy n; > no. Suppose #Q = 2"V. By linearity, we have

<Mm,(n1)(b)7 a> - <Mm,(n2)(b)va> = <Mm,(n1)(b) - Mm,(nz)(b)a a>'
By the Cauchy—Schwarz inequality, we have

|<Mm,(n1)(b) - Mm,(nz)(b)7 a’>|

<D DMy () (0) = Moy () (b)), Die())]
k=0

<> Z | Dic(My, (1) (8) = Mo () (0))31| Do ().
jEZ"k n2

By the Cauchy—Schwarz inequality and Proposition 1.5, we have
|<Mm,(n1) (b) - Mm,(nz) (b)v (1> |

< Z Z |Dk m, nl) ) Mm,(ng)(b));P Z |Dk:(a')32

jezn \ k=n2 k=ns
ny n1
< | D2 1Pk (Mo () (6) = My, ) (0))? > IDk(a))?
h=ne IVHCON A s #r, (2n)

Since |Ex41(m*)| < K, thanks to what we did for finite martingale transforms,

Z|Dk m,(n1) (0) = My (ng) (D) [? S K10l ag z)-
k= Mi(zm)

Let ]‘e Z". We decompose

> 1Dila);]?

k=n2

n1
> IDk(a); ]2 + xzm o ()

k=n2

e (zm)
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thanks to Proposition 2.4. Due to Proposition 1.2, we have

1
oy 3 [Dia)? < 19(@) L2y S Nallyor
k:nz Zq/(Z")

whenever integers ny and ng satisfy n; > ng > 1. By the dominated convergence
theorem, we have

3 IDi(a)l?

lim XQ = lim =0.
ni,nN2—>00 ny,ne—o0
hne e’ (zm) e (zm)
We move on to the second term. Let ]gé . Then for each k € Ny,
XQk .
Bu(a)s = ok Za if k> N and Q C Qy,
RAE)F J*eQ
0 otherwise,
where #Q) = 2™*. Furthermore, since
ni ni ni ni1+1

> IDk(@)512 < > IDk(a)zl = > [Brla); — Brra(a);] <2 ) |Ei(a

k}:’l’bz k}:’l’bz k?:nz k= no
if ng > N, then we have

ni ni 1
> [Di(a)f? <[> 2 X 3ok > agn
k=nz jezn HPI(Z") k=ns J*EQ ’HZ:(ZN)
q
ni 1
S ) (PREE So
h=na *€Q g (zm)
1 1
(#Qxk)7 7
Syl a5 P
k=na AS jezr 09" (Qr)

Since #Q;, = 2%,

1
2nk Z = Z Wzaj;

JEQk J*€Q

¢\ 7
J*€Q

jeZ"L qu (Qk)

= (207 Y aql.

J*€Q
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If we insert this equality into the above estimate, then we have

ni ni
_1
> IDi(a);]? S e Y (#Qw) T
k=nq ;EZ” ’HP:(Z") J*EQ k=no
q
> 1
S an| > QT
jx€Q  |k=nz
= p aj* 1_2_%
J*€Q

Since p,n < oo, the last term vanishes as ne — oco. This implies that the limit
defining (M, (n)(b), a) exists as long as a is a (p’, ¢’)-block.

Next, we remove the assumption that a is a (p/,¢')-block. Let a € ’HS: (Z").
Then there exist A = {A?}22, € /}(N) and a collection {a\9)}32, of (p’,¢')-blocks

oo . .
such that a = > A@a(), From this expression of a, we deduce
j=1

(M, (ny(b), @) = <Mm,<m<b>, > A<j>a<j>> = A (M, (v (b), aD).
j=1 j=1

As we have established, the limit of (M, n)(b), a)) as N — oo exists for each j.
Meanwhile, since M, (n)(b) € MP(Z"),

(M vy (b), 0| < ||Mm,(N)(b)||M§;(zn)||a(j)||Hp;(Zn) S K16l sz 2y
q

by virtue of what we proved in Section 4.1. By the dominated convergence theorem,
we conclude

]\}gnoo _ )‘(J) <Mm,(N) (b)a a(j)> - _ 1\}51100 )‘(j) <Mm,(N) (b)7 a(j)>'

j=1 Jj=1
In particular, the limit Nlim <Mm7(N)(b),a(j)> exists.

—00

We end this section with the remark that finitely supported multiply-indexed
sequences do not form a dense subspace in M} (Z™); if we let X be the set of
all finitely supported sequences, then X C MPB(Z"™). This means that we are not
allowed to use the “so called” density argument.

REMARK 4.1. Let n = 1. Define a = {xz(log, |j|)};ez, where it is understood
that logy 0 = —oo and hence xz(log, |0]) = 0. Notice that any cube @ € Dy can
contain at most k points in the support of a: #(Q N supp(a)) < k. If we take
Q = 7ZN[0,2%), then #(Q Nsupp(a)) = k. Observe also that

11 1 k_ k1
lallpmzzny = sup (#Q)» "4 (3(Q Nsupp(a)))s = sup 27~ ak7 < oo.
QeD(z™) keNp

Therefore, a € MP(Z") whenever 1 < g < p < oo. However, since

lla = bl pmzzny 2 1
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for any b € X, a is not in the closure of the space of finitely supported multiply-
indexed sequences.

5. Appendix—dyadic Riesz potential
For a € ML(Z"), we set
oo
Roa=)»_ 2V*Dya.
N=0
For the time being let 0 < aw < n. The next lemma contains a flavor of the original

observation by Morrey. This observation allows us to conclude that the function f
is Holder continuous if f has a derivative in some classical Morrey spaces.

_nN
LEMMA 5.1. For all a € ME(Z") ||[Dnallg(zny S 27 7 |lallpmezzny -
PROOF. Observe that Dya is constant on each @ € Dy (Z™). Hence

_1
[Dnallg=(zny = sup (#Q) 7 [[Dnallea(q)-
QeDN

Let Q € Dn(ZM), or equivalently #Q = 2™V. It follows from the definition of
Mgyagica and Proposition 2.1 that

_1 _1
sup (4Q) “||DN(1||£q(Q) < sup (4Q) q2||Mdyadica||Zq(Q)
QeDy QeDy
_1 1_1
S sup (HQ) 7 (HQ)7 || Mayadicallra(q)
QEDN

_1
< sup (8Q) 7 | Mayadicall pmz zn)
QEDN

_aN
< 277 [lal mz zn)-
Putting together these observations, we obtain the desired result. (]

A direct consequence of Lemma 5.1 is that

oo oo - . oy
(Raa)il < 3 2¥%(Dya)s < 3 min (2N sup| Di(a), 2V~ ||a|Mg(Zn>>.
N=0 N=0 keN
If n
I<a< —,
p
then
=] _pa
(Raa);] < ) 2V |Dwa| < Kllal| o ) 5P [ Di(a)7]
N—=0 keN

for some positive constant K > 0. As a result, by taking the M3 (Z"™)-norm, we
obtain the following theorem, which corresponds to the discrete version of a result
in [2, 7, 11]:

THEOREM 5.2. Let1<q§p<ooand1<t§s<oosatisfy%—%=fand
iz%. Then

S ||a||Mg(Zn)
M (zZm)

Z QNQ‘DNCL|
N=0
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for all a € MY(Z™). In particular,

| Raalpmzzny S llall pmezny

for all a € MY(Z").

(1]
(2]

(3]

(9]

(10]

(1]
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