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A remark on the atomic decomposition in Hardy spaces
based on the convexification of ball Banach spaces

Yoshihiro Sawano and Kazuki Kobayashi

ABSTRACT. The purpose of the present note is to slightly shorten the proof
of the atomic decomposition based on the paper by Dekel et. al. The atomic
decomposition in the present paper is applicable to Hardy spaces based on the
convexification of ball Banach spaces. The decomposition is rather canonical
although it does not depend linearly on functions. Also, this decomposition is
applicable under a rather weak condition as we will see.

1. Introduction

The goal of the present paper is to consider the atomic decomposition of the
Hardy space HP(R™) for p € (0,00). Recall that the Hardy space HP(R™), 0 < p <
00, collects all f € §'(R™) for which

< 00,
Lp

sup |e"® f|
t>0

where {e*®};5 stands for the heat semigroup.
We use the following notation in the present paper: Let Ng = {0,1,...}. A
function f € L°°(R™) with compact support is said to have moment of order L if

/n 2% f(x)de =0

for all & € No™ with |a] < L. Let A,B > 0. Then A < B means that there
exists a constant C' > 0 such that A < CB, where C' depends only on the param-
eters of importance. The symbol A ~ B means that A < B and B < A happen
simultaneously. The index o, is given by o, = m —nfor 0 <p< oo.

The goal of the present note is to provide a short proof of a well-known theorem
based on the paper [?]. To this end, we set up some notation. Let z € R™ and
r > 0. We denote by B(z,r) the ball centered at x of radius r. Namely, we write

B(z,r)={y e R" : |z —y| <r}.

If © = 0, then omit it to write B(r) instead of B(xz,r). The set of all balls is denoted
by B.
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2 YOSHIHIRO SAWANO AND KAZUKI KOBAYASHI

THEOREM 1.1. Let 0 < p < 1. Let f € HP(R") and L € ZN [[op],00). Then
there exist a countable collection {f; 521 of LS -functions having moment of order
L and a countable collection {B;}32, C B such that

F=> 1 (1.1)
j=1

in §'(R™), that
supp(f;) C 8B, (1.2)
for all j € N and that

1

Yo Mfille="1Bsl | S f e (1.3)
j=1

Here aB; stands for the a-times expansion of B; for ¢ > 0. As in [?], the
proof of Theorem 7?7 uses some Hilbert spaces and estimates as in Lemma 77 to
control the grand maximal function. Recently Dekel, Kerkyacharian, Kyriazis and
Petrushev significantly reduced this argument [?]. The goal of the present paper is
to reexamine their proof and expand it to other Hardy spaces based on ball Banach
function spaces.

In order to extend Theorem 77 to other Hardy spaces such as the one based on
variable Lebesgue spaces, we slightly generalize Theorem ??. To this end, we recall
an equivalent definition of H?(R™). We will use the notation (x) = /1 + |z|? for
x € R™. To simplify the notation, for N € Ny, we define

pN (@) = Z (sup (JU)N|6O‘¢(I)|> . ¢ e SIR"). (1.4)

aemn \TER™

la|<N
We define the unit ball Fy with respect to py by

Fn={p € SR") : pn(¢) <1} (1.5)
For j € Z and ¢ € S(R™), we write

¢ =2T"p(272). (1.6)
Let f € S'(R™). We define the grand maximal operator My f by
Myf@)= s [¢*+f@)| (zeR?).
keZ,peFN

Let 0 < p < 1. We can say that the Hardy space HP(R™) is the set of all f € S'(R™)
for which the quantity ||f|gr = ||[Mn f||Lr is finite; this definition coincides with
the one above as long as N > 1 [?, p. 91].

Denote by xg the indicator function of a set E. We refine Theorem 77 based
on the spirit of Miyachi [?].

THEOREM 1.2. Let 0 < p < 1. Let f € HP(R") and L € Z N [[op),00). Then
there exist a countable collection { f; 524 of L -functions having moment of order
L and a countable collection {B;}32, C B satisfying (??), (??) and

1

u

D Ufile=xyp)" | SMnf (L.7)
j=1
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for all 0 < u < co with the implicit constant depends only on n, N and u.

Once Theorem 77 is proved, we can prove Theorem 7?7 with ease. In fact, letting
r =p € (0,1], we integrate (??) to have (??). So, we concentrate on (re)proving
Theorem ?7? in the present note after stating some preliminary facts in Section ?7?.
The proof of Theorem ?7 is quite akin to the one in [?]. Since the conclusion gets
tighter as L is larger, we may assume that L > 1. However, we start the proof from
scratch to clarify what is actually needed for the decomposition. We prove Theorem
?7? with the spirit of [?]. We actually prove Theorem ?? in Section ?7?. Section 77
expands what we proved in Section ?7. As the starting point, we consider weighted
Hardy spaces with weights in A;. After that, we investigate other function spaces
based on weighted Hardy spaces with weights in A;.

2. Preliminaries

A distribution f € 8&'(R") is said to vanish weakly at infinity if 1/ * f — 0 in
S'(R™) as j — —oo for all ¢ € S(R™). Since

97 % fllpe = O || £llar)

for all f € HP(R™), as j — —o0, any element in HP(R™) vanishes weakly at infinity.
By taking advantage of the class Fy, we use the following observation:

LEMMA 2.1. There exists A > 1 such that
sup |¢" = f(z)] < A sup |¢F * f(y)| (2.1)
PEFN PEFN

for all f € S'(R™) and k € Z if x,y € R" satisfy |z — y| < 227F.
PROOF. Let ¢ € Fy. We calculate
¢+ f(x) = (f,¢" (@ =) = (frd" (z—y) + (y =)

Let A > 1 be the constant in Lemma ?7. Set
Dray(2) =0 (25 —y)+2) (2 €R).

Then we have pn(¢r2y) < Apn(¢) with the constant A > 1 depending on N.
Thus,

sup ’¢ * f(x ’—A sup ’A ¢k$7y) *f(y)’ < A sup }(ﬁk*f(y) ,
PpEFN peEFN

proving (77?). O
We also need the well-known Whitney covering lemma.

LEMMA 2.2. Let Q be a proper open set in R™. Write p(x) = dist(z, 9Q)
xz e R”. Welet {B ( s )} be a mazimal disjoint family, where p; = p(&;)
jeN.

(1) Q= UB(J’Q)
(2) For eachJEN let

Jj = {V ENﬁ(j,OO) : B (fjvzpj> nB (§V7ipu> 75(2)}

Then £J; < 300" and 7~'p, < p; < 7p, for allv € J;.

for
for

j=1
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PROOF. This is essentially contained in [?]. However, the number 300 did not
appear in [?]. For the sake of convenience, we clarify why this number appears.
Notice that

D XB(e, ) = D Xb(e, ) < Xn(e,. )"

veJ; veJ;
since
TN TS DU ST
4/)] 4/)1/ 5PV = 0p; 5p_] =5 Pj-
Thus,
37
< T
8% 35 S
implying #7; < 259™ < 300™. (]

3. Proof of Theorem 77
We transform Theorem 7?7 to the following equivalent form:

PROPOSITION 3.1. Let0 < p < 1. Let f € HP(R™) and L € ZN{[op],00). Then
there exists a countable collection {Fj,}jenrez of L -functions having moment of
order L with the following properties:

(1) In S"(R"),
f= > Fj. (3.1)

(4,r)ENXZ
(2) For all j € N and r € Z, there exist &, € R™ and p;, > 0 such that
supp(Fj,T) - B(fj,’r’a 5pj,r)- (32)
(3) For all 0 < u < oo,
;
Z (”Fjﬂ“HLOOXB(fj,y»,Q_lpj,r))u S My, (3.3)

(4,r)ENXZ
where the implicit constant depends on u, N and n.
Section 77 is devoted to the proof of Proposition 7?7 assuming that f # 0.
For each k,r € Z, we set
Q. ={zeR" : Myf(zx)>2"}
and
Vir ={z € R" : B(z,27"1) CcQ,}.

Notice that each (2, is an open set and hence

0= |J Vir

k=—oc0

If f € S'(R")\ {0}, then

o0

U o =r"

T=—00

Here is a geometric observation we need.

LEMMA 3.2. Let lp,l1,k,r € Z and x € Vig+1.r \ Vig.r) " (Vig+1,041 \ Viy r41)-
(1) o <1y.
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(2) If B(z,27%) N (Vi \ Vierg1) # 0, thenlp < k <1y + 1.
(3) Iflo+2<k <l —1, then B(x,27%) C Vi \ Viert1-

ProoOF. We remark that © € (Vg1 \ Vig,r) N (Vis 41,741 \ Viy r+1) if and only
if 27l < dist(x, 09,.) < 27lF! and 270 < dist(z, 0Q,41) < 270 T
(1) Since Q, D Q,11, dist(z,0Q,41) < dist(z,09,). Thus, in view of the
above observation, the result follows immediately.
(2) Let y € B(2,27%) N (Vi \ Viers1)- Since y € Vi,

27+l > dist(x, 9Q,) > dist(y, 9Q,) — |x —y| > 217F —27F =27k,
implying k > ly. Likewise, since y ¢ Vi r41,
270 < dist(z, 0041) < dist(y, 0 y1) + |z —y| < ol=k 4 9=k 92—k

implying k£ <1; + 1.
(3) Let z € B(x,27%). Then since x € Vj,41,» and k > lo + 2,

dist(z,09,) > dist(z, 9Q,) — |z — 2| > 270 — 27k > o1-Fk,
Hence B(z,27%) C Vj,.. Likewise, since x ¢ Vi, ,41,
dist(z,09,41) < dist(z,0Q,11) + |z — 2| < 2170 427k < 21—k,
Hence B(z,27%) NV 11 = 0.
]

Fix an integer L > 7 here and below. Let ®, ¥, 0 € C® (R™) be even functions
supported in the unit ball and satisfy

U=23'-o=A"Q, ®(z)dz = 1. (3.4)
Rn

The pair (®, ¥, ©) is known to exist [?]. Write ¥ = &' + .
Let f € S'(R™) \ {0} be a distribution vanishing weakly at infinity. Also let
k,r € Z. We set

fk,r =Urx« (XVk,7-\Vk,7-+1 ’ \ijk * f)
A geometric observation shows that f; , is supported on €2,. We also need the
L*°-bound for the function of this type.

LEMMA 3.3. LetI',T € C*(R™) with supp(F),supp(f) C B(1). Also let E C
R™ be a measurable set. Then

‘Fk * (X(Vk,T\Vk,H_l)ﬁE : fk * f)(x)| 5 2r
for all x € R™.

PROOF. Since

|Fk * (X(Vk,r\vk,rﬂ)mE T« ()]

< / D% (2 — )T * f(y)ldy
Vie,r \Vie,r4+1

SA/ Iz —y ( inf f‘k*fz)dy
Vk_’r\vk‘m| (@ =l it | (2)]



6 YOSHIHIRO SAWANO AND KAZUKI KOBAYASHI

thanks to Lemma 7?7, we have
IT* % (X (Vi \Vie e one - T % )(@)] S 2r/ IM* (2 —y)|dy S 2
Vk,r\Vk,r+1
by the definition of My f, Vi r41 and ;. O

We decompose
f= D Wrabtaf= > <Z fkm>. (3.5)
k=—o00 k=—oco0 \r=—o0

We need to pay attention to the order of the summation in (??). However, if
f is good enough, then we can interchange the order of the summation.

LEMMA 3.4. Assume that f € HP(R™) with 0 < p < 1 and that the integer L
in (??) satisfies L € ZN (ﬂ oo). Then

2p’
f = Z fk?ﬂ‘
k,reZ

in the sense of absolute convergence in S'(R™). Namely,

Z |<fk,ra()0>| < o0

k,r€Z
for all p € S(R™).

PRrROOF. Fix k,r € Z. Recall that ¥ is an even function. We calculate
(frm ) = / WF o (y) T« f(y)dy.
Vk,T\Vk,r+1

Thanks to (?7?), by using integration by parts, we have
[T o(y)] = [(AFO)" x p(y)| < 27 MO ) =271 (y e RY),
if k € Z. Meanwhile, if y € Vi, \ Vi r41, we have

B8 f@)] < Apw(B) _inf | Mo (2) S27 M Slee =27 |l (3.6)

thanks to Lemma ??7. As a consequence,

kn _ o dy
s )] < 25 ~max@2KD) ) gy / %
Vie,r \Vie,r41 <y>2n+1

If we add this inequality over r € Z, then we obtain

En _pax dy
S i) S 2% (O’QkL)IIfIIHP/ e (3.7)
ez Rn \Y

~ 2%7max(0,2kL) ||f||H1’ )

If L > 2—’;, then this estimate is summable over k € Z.
Once we can prove that the series converges absolutely, we see that the series
converges back to f thanks to (77?). O
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Remark that the power 2n + 1 in the above proof (see (??) for example) seems
superfluous: This number will turn out important in Section ?7.
From Lemma 77,

f=> (Z m) (3.8)
r=—o00 \k=—o0

in §'(R™). We analyze the summand with r fixed.
LEMMA 3.5. Letr € Z. Then

> i)

k=—oc0

S22

for all x € R™.

PRrooF. Since each f , is supported on ,, we may assume that x € £2,. We
distinguish two cases:
o Let z € Q,41. Choose ly,l; € Z so that z € (Vig+1.r \ Vig.r) D (V41041 \
Viir+1). Thanks to Lemma ??(1), lp < l;. We further assume that
lop + 3 < ly; otherwise we may simply use Lemma 77?7
Fix z € R" and k € Z so that fy () # 0. Then B(x,27%) N (Vi \
Vir41) # 0. Thus lp < k <y + 1 according to Lemma ?7(2).
Due to Lemma ??(3), fi, () = UFx Uk f(z) = OFH1x @F 14 f(2) —
OF % ®F x f(x) if lo +2 < k <1y — 1. Hence thanks to Lemma ??
-1
Z fer(x) = " 5 @1« f(x) — D2 5 Plo+2 4 f(z) = O(27).
k=lo+2
We do not have to take into account the terms for £ > 1 +2or k <lp—1
since they vanish according to Lemma ?7(2). If we handle the terms for
lo <k<lp+1landly <k <Il;+1 using Lemma 7?7 again, then we obtain
the desired result.
o Let € Q. \ Q11. Thenlet I3 =co and x € V41, \ Vi,.r with lp € Z in
the above and go through the same argument.
O

We can generalize Lemma 77?7, whose proof we omit.

LEMMA 3.6. Let ly,l1,r € Z satisfy lop < l1. Then

l1
> ferl@)

k=lo

S?

for all x € R™, where the implicit constant does not depend on ly and ;.

For an arbitrary set S, define an open set Sy by Si = {y € R™ : dist(y, S) <
21—k}_

LEMMA 3.7. Letl € Z and x € S; \ Si41.

(1) Whenever k <1, B(z,27%) C Sy.
(2) Whenever k >1+2, B(z,27%)Nn Sy, = 0.

PROOF. Since x € Sy \ Sj41, 27 <dist(x, S)<2! L. Let y € B(z,27%).
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(1) Using the triangle inequality, we obtain
dist(y, S) < |x — y| + dist(z, S) < 27F 4 2171 < 217K,
implying y € Si.
(2) Using the triangle inequality again, we obtain
dist(y, §) > —|x — y| + dist(z, S) > —27F 4 2171 > 91-k,
implying y ¢ Sk.

Let S be a set. Set

Fs(z) = Z Wk (X(Vk,7'\vk,r+l)msk - UF ) (zeR™).

k=—o0

If S is bounded, then by the Fubini theorem, we see that Fyg satisfies the same
moment condition as U¥.

LEMMA 3.8. For any set S andr € Z, ||Fs||p= < 2.
PROOF. Let z € S and k € Z. Then B(z,27%) C S}, and hence
(Vier \ Virs1) N Se N B(2,27%) = (Vi \ Vieps1) N B(z,27F).
Thus

Fs(z) = Z U« (va\vk,rﬂ U f)(x) =0(2").
k=—o00
Suppose z € S\ S;41 for some [ € Z. Then thanks to Lemmas ??, ?? and 77,
-1
FS(*T) = Z T (XVk,r\Vk,r+l U f)(:li)
k=—oc0
+1 _
+ Z TP« (X(Vk,’r‘\vk,7‘+1)msk TR f)(.’L')
k=1
=0(2").

We slightly generalize Lemma, 77.
Let S be a set and x € R. Set
Fsx(z) = Z X(ﬁvoo)(k)qjk * (X(Vk,r\Vk,rﬂ)ﬂSk E flz) (zeR").

k=—o0
LEMMA 3.9. For any set S, Kk e R and r € Z, | Fs ||~ S 27.

We do not prove Lemma 77 since it is similar to Lemma ?7.

Form the Whitney decomposition of Q, = {z € R" : My f(x) > 2"} for each
r € Z. Forx € R" and r € Z, we let p,(z) = dist(z,99,). Welet {B (., %)};’il
be a maximal disjoint family, where p; , = p,(§;,-) for 7 € N and r € Z. Then we
have the following properties:

(1) Q= fle (€027 5).
L



ATOMIC DECOMPOSITION IN HARDY SPACES 9
(2) Let j e Nand r € Z. Set

3 3
~.7j,'r = {V eNn (J7OO) : B <§jﬂ"7 4pj,T) nB (51/,7’7 4pu,r> 7é (Z)} .

Then 47}, < 300" and 7*1/)1,77“ < pjr < Tpy . for each v € Jj,.
Let j € N and k,r € Z. We define Ej;, = B (&2 pjr +287%) 0 (Vi \

Vier41) if B (&.0,271 05,0 ) N (Vi \ Vieyr1) # 0. IE B (&0, 2705, ) NV (Vi \ V1) =
0, then define E; ;. = 0. We have

U Ejkr=Vir \ Vier+1 (k,r e Z).
j=1

We set -
Rikr = Ejnr\ | Evorr (ENErez).
v=j+1
We write
Fj,k,r = \I/k * (XRj,k,,'r‘ ' \ijk * f)
and

o0
Fir = E Fiir

l=—o0
for j € Nand k,r € Z. As before, we can check that the sum defining Fj . converges
absolutely in &’(R™). The next lemma shows that the limit belongs to L™ (R™).
Also observe that

f = Z fk‘,’l“ = Z Fj,k,r = Z Fj,'r“

(k,r)E€22 (3, k,r)ENXZ2 (j,r)ENXZ
LEMMA 3.10. For all j € N and r € Z, |Fj | S 2"X B¢, 80;.,)-

PROOF. The proof consists of two steps.

e Let us verify that Fj, vanishes outside B(;,,5p;r). Let k € Z sat-
ISfy Rj,k,?" 75 (. Then B(gj,mQ_lpj,r) N (Vkﬂ« \ Vk77~+1) 7é . Let z €
B(fj,ra 271pj,r) N (Vk’,r \ Vk,r—i—l)- Then

3
5,0]-,,, > [&.r — 2| + dist(& ., 09,) > dist(z,00,) > o1k

so that p;, > %-Q_k. Thus, B(&;,r, 2_1/)]',7.—1—21_16) C B(&j.+,2pj ). Since

7 _ _
supp(Fjx,r) C B (fj’r» SPir 217k 42 k) C B(&,r,5p5,r),

we obtain the desired result.
e Let us obtain the L®-bound of F},. If k € Z satisfies 27% > 2p; .., then
from the definition of p;,,,

3
sup dist(z,09,) = —p;, < 27"
2€B(&;,r,27 pj,r) 2

and hence B(&, 1.2~ ;) (Vi \Vir1) = 0. Namely, it k < —log; ;. —
1, then B(&+,2 7 pjr) N (Vi \ Vierg1) = 0. From the definition of Jj.,

_ _ 3
B(Su,r; 2 1pu,r + 2! k) cB (51/,7‘7 4Pu,r>



10 YOSHIHIRO SAWANO AND KAZUKI KOBAYASHI

for all £ > 10 — log, p;,» and v € Jj,,. Let
S= U B(gu,'rv 271pu,7')a 5’ =5U B(fj,ra 2710;‘,7-)-
veJj,r

Then we have
Sk = U B(gu,rv 271pl/,r + 217k)> (S)k = Sk U B(fj,ra 271pj,r + 217k)

veTj r
and
Rjgr= {(5')1@ N (Vier \ Vk,rJrl)} \ SN (Vi \ Viert1) } -
Thus
Fjr = Fg10 108, p,, = F's.10-10g, ., + Z Fj k-

—logy pj,r <k<—log, pj,~+10
It remains to use Lemma 77.
O

We conclude the proof of Proposition ??. Equality (?7?) is a consequence of
Lemma ??. Thanks to Lemma ??, fj , satisfies (??7). It remains to prove (?7).
Using Lemma 7?7 again and the definition of €,., we estimate

Z (||Fj77'||LOOXB(£_7',T,271P]‘,T))U 5 Z QUTXB(gj_’T,Q*lpj’T)
(4,m)ENXZ (4,r)ENXZ
S

Z 2uTXQr

r=—00

S 2 or g (M f)

T=—00

A

as required.

4. Applications to Hardy spaces based on other ball Banach spaces

Here we modify the proof especially (?7) to obtain the decomposition results
for distributions in Hardy spaces based on other ball Banach spaces. As we saw in
Section 77, it matters that the distribution vanishes weakly at infinity and that the
distribution satisfies (?7?). Section ?? considers the weighted Hardy space H?(w)
with 0 < p < oo and w € A;. As an application of Section 7?7, we consider Hardy
spaces based on ball Banach function spaces. We can locate Sections 7?7, 7?7 and
77 as further examples of Section ?7?7. Hardy spaces with weight in A, variable
Hardy spaces and Hardy—Morrey spaces are considered in Sections 77, 7?7 and 77,
respectively. We will give a precise condition on L in Sections ??7, 7?7 and 77.
We need to define the above spaces by way of Mpy. It is known in [?] that the
function spaces we are going to handle in this section do not depend on the choice
of N as long as N > 1. This condition L is used to obtain the boundedness of
operators. However, as we mentioned, the condition on L can be tightened since we
are considering the decompositions of distributions. So, although we present some
concrete conditions on L in Sections 77, 77 and 77, we still may assume that L is
large enough.
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We will make use of the Hardy—Littlewood maximal operator M. The space
LO(R™) denotes the set of all complex/[0, oc]-valued measurable functions consid-
ered modulo the difference on the set of measure zero. For f € LY(R"), define a
function M f by

Mf(x) = ZE%XB(w)mB(IfD (z € R™). (4.1)

Here mp(f) stands for the average of a locally integrable or non-negative function
f over B. The mapping M : f — Mf is called the Hardy-Littlewood mazimal
operator. We also use the powered Hardy-Littlewood mazimal operator M defined
by

M (@) = sup (xs(@)mz(|fI")7

where 0 < 7 < oo and f € L°(R"). Together with the Hardy-Littlewood maximal
operator, we need to recall the notion of weights as well as their fundamental
properties, which will be done in Sections ?? and ??. See [?] for more details on
weights.

We remark that the same idea can be used for Hardy spaces based on other
function spaces such as the ones considered in [?, 7, 7, 7, 7].

4.1. Weighted Hardy space HP(w) with w € A;. As the starting point,
we seek to change LP(R™) by LP(w) for some good class of weights. Although we
work in a rather special setting, this setting will be a core of our argument. By a
weight we mean a function w € L°(R™) which satisfies 0 < w(z) < oo for almost
all z € R". We write w(A) = [w(z)dz if A is a measurable set of R". The space

A

LP(w) is the set of all f € L°(R™) for which || f]| e (w) = Hfﬂ)%HLp < 0o (cf. [?]).

To proceed further, we compare the weights w and 1. Here we introduce a
general definition following the book [?, p. 402]. A weight w; is comparable to a
weight ws if there exist a, < 1 such that wi(A) < fwy(B) for any measurable
set A and any B € B satisfying A C B and wz(A) < awy(B). It is important that
comparability is symmetric; w; is comparable to wy if and only if ws is comparable
to wi. In this case there exists § > 0 such that

wi(4) (U’?(A) ) ’ (4.2)

w1 (B) ~ \wa(B)
and that s
’U)g(A) wl(A)
3 S (i) 43

for any measurable set A and any B € B satisfying A C B.
Let 0 < p < 00, w be a weight and f € §'(R™). Define

£l 222 (w) = M Fll Lo (w)-

The weighted Hardy space HP(w) is the set of all f € S§’(R™) for which the quantity
| fI| e (w) is finite. In the present paper, as long as N >> 1, the definition of H”(w)
does not depend on the choice of N.

As a preliminary and important step, we consider A;-weights among other
classes of weights. Recall that a locally integrable weight w is said be an A;-weight,
if there exists Cy > 0 such that

Muw(z) < Cow(z) (4.4)
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for a.e. € R™. The infimum of Cy satisfying (??) is called the A;-norm.
Let I' € S(R™) and k € Z. We estimate

: Apn(T)
I'*« f(z)] <A  inf I* s fly)| < ———————|fllzre(w
R A R e L L
using Lemma ??. It follows from (??) and (??) that
)
w(BE1) _(1BED s
w(B(e,27) ~ \[Bz, 2]
for all z € R™ and k € Z \ N and that
_ _ 5
w(B(va k)) > <|B(.’E,2 k)) — 271@77,6
w(B(z,1)) 7\ |B(z,1)]
for all z € R™ and k € N. Also, it follows from (??) that
() "w(B(1)) S w(B(z,1)) S (z)"w(B(1)).
Therefore,
k 2an6 kns n
I f@) § —————<Ifllarw) S 27 @) 7 [fllar @) (4.5)

w(B(x,1))?

Recall that T' € S(R™) is arbitrary. By letting I' = U, we learn that a counterpart
to (?7?) still holds. Estimate (??) also shows that f vanishes weakly at infinity. As
in [?], A1 N LYR™) = 0. Thus, £,., the level set of My f at 27, can not coincide
with R™, allowing us to use Lemma ??. Therefore, the same conclusion with L > 1
as Theorem 77 holds.

THEOREM 4.1. Let 0 < p < oo, f € HP(w) with w € Ay and let L > 1. Then
there exist a countable collection { f; 521 of L -functions having moment of order
L and a countable collection {B;}32, C B satisfying (??), (??) and (77).

4.2. Hardy spaces based on ball Banach function spaces. Based on
Section 77, we establish a general theory of the decomposition of distributions in
Hardy spaces based on ball Banach function spaces.

DEFINITION 4.2 (Ball Banach function space). A mapping |||y — [0, oo] is said
to be a ball Banach function norm and the couple (Y (R™), || -||y) is said to be a ball
Banach function space if (Y (R™), | - ||y) satisfies (1)-(7) for all f, g, f; C L°(R™),
j€eN,and A € C.

(1) (Y(R™),]-|ly) is a Banach space with the following property: f € Y(R")
if and only if || f]ly < oo.
(2) (Norm property):
(A1) (Positivity): ||f[ly > 0.
(A2) (Strict positivity) || f|ly = 0 if and only if f =0 a.e..
(B) (Homogeneity): [[Aflly = [A[-[|f]ly-
(C) (Triangle nequality): [If + glly < /]y + llly-
(3) (Symmetry): |flly = I 1f] lly-
(4) (Lattice property): If 0 < g < f a.e., then ||g|ly < ||flly-
(5) (Fatou property): If 0 < f; < fo <--- and jllrgofj = f, then jlggoﬂf]”y =

£y
(6) For B € B, xp € Y(R™).
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(7) If B€ Band f € Y(R"), then x5f € L'(R").

For a ball Banach function space Y (R"), we let

Y'(R") = {f eL'®R") : I fly = sup  |f-gle < 00}-
geyY, lglly=1
The space Y'(R"™) is called the Kéthe dual of Y (R™) and it is known that Y/(R™)
is a ball Banach space if Y(R™) is a ball Banach space; see [?, Proposition 2.3].
Assume that Y (R") is a ball Banach function space such that M is bounded on
Y (R") and Y'(R"™). Then there exists > 1 such that M is also bounded on
Y’(R™) according to [?, Corollary 6.1]. Thus, for all f € Y(R"),

£z aremnnayy < HFIVIM P xsmlly S IFIy Ixsally ~ 11y (4.6)

We can develop the theory of the decomposition of Hardy spaces based on
Y (R™). But we can extend the class of linear spaces to some extent. Consider the
power of Y(R"™): For 0 < p < oo, we define

£ lly e = (IFP11v)7

for all f € L°(R™). The p-convexification Y ®)(R™) of Y(R") is the set of all
f € L°(R™) for which || f||y» < oo. For example, (L?)()(R") = LP*(R") for all
O<u<ooand 1 <p<oo.

Let Y(R™) be as above and let X (R") = Y ®)(R") for some 0 < p < co. The X-
based Hardy space HX (R™) collects all f € 8'(R™) for which || f|lgx = |Mnfllx
is finite. The number N will do as long as N > 1. Asis seen from (??), HX (R") is
embedded into HP(w) for some w € A;. Therefore, the space HX (R™) falls within
the scope of Theorem ?77.

THEOREM 4.3. Let Y(R™) be a ball Banach function space such that M is
bounded on Y (R"™) and Y'(R™). Let 0 < p < oo and define X(R") = Y ®)(R").
Then for any f € HX(R") and L > 1, there exist a countable collection {f;}32; of
L& -functions having moment of order L and a countable collection {B;}32, C B
satisfying (?7), (27) and (?7).

4.3. A-Weighted Hardy spaces. We expand Section ?? using Section 77.
A locally integrable weight w is said to be an A, -weight, if

[w]a., = sup mp(w)exp(—mp(logw)) < oco.
BeB

The quantity [w]a,__ is referred to as the Ay -constant.

An important property of the class A, is that any weight in A, belongs to
Ap for some 1 < p < oo. Let 1 < p < co. A locally integrable weight w is an
Ap,-weight, if

[w]a, = sup mB(w)(mB(ufﬁ))p_1 < 0.
BeB

It is remarkable that w € A, if and only if M is bounded on LP(w). A direct
consequence of the definition is that w € A, if and only if 0 € A, where 0 =
w” 77, Remark also that {Ap}pepi,oe) I8 nested: Ay C A, C Ay C Ay if 1 <p <
q < oo.

Let w € A and 0 < p < oo. Based on Section ??, we consider HP(w).
Let w € Ay, so that w € A, for some 1 < u < oo. Then as we saw, M is
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bounded on Y (R") = L*(w) and on Y'(R") = L¥ (), where o = w1, Since
Y®)(R™) = LP*(w) for all 0 < p < oo, the space LP(w) with 0 < p < co and
w € A falls within the scope of Theorem ??. In particular, Theorem ?? below
can be used for another proof of the decomposition result in [?].

THEOREM 4.4. The same conclusion as Theorem 7?7 holds if we assume merely
w € Ay tn Theorem 7.

4.4. Variable Hardy spaces. For a measurable function p(:) : R™ — (0, 00),
the variable Lebesgue space Lp(')(R”) with variable exponent p(-) is defined by

LPOR") = | J{f € L°(R") = pp(A7"f) < o0},
A>0
where
po(f) = IFPO) o

Moreover, for f € LPC)(R™) we define the variable Lebesque norm || - || 1) by

£l Loy =inf ({A >0 : p,(A'f) <1} U {oo}).
Here we postulate the following conditions with some positive constants c,, c¢*
and ps independent of x and y:
e Local log-Holder continuity condition:
Cx
= log(le — o)
e log-Holder-type decay condition at infinity:

*

1
Ip(z) — p(y)] for 7,y € R" satisfying |z —y| < 5, (4.7)

c
— Poo| L —F—— fi e R™. 4.8
IP(®) = Pl < oy P e (4.8)
Assuming (??) and (??) as well as 0 < p_ = infp(-) < p; = supp(-) < oo, we

can define variable Hardy space HP()(R™) as the set of all f € S’(R") for which
My f € LPO)(R™). The number N will do as long as N > 1. Theorem ?? did not
use the structure of the underlying space LP(R™) heavily except in (??) and in the
proof of the fact that the distribution vanishes weakly at infinity. Modify slightly
the proof of Theorem ?7?, in particular (??), to have the following short proof of
the key estimates of the decomposition theorems in [?, ?].

THEOREM 4.5. Assume that the exponent p(-) satisfies the above conditions.
Let f € HPO(R™) and L € Z N [[o,_],00). Then there exist a countable collec-
tion { f; }j’;l of L -functions having moment of order L and a countable collection
{B;}321 C B satisfying (??), (77) and (?7).

We may use Theorem 77 for another proof of Theorem ?7?, since M is bounded
on LPO)(R™) and on LP ()(R™) as long as p(-) satisfies (??) and (??) as well as

1<p_ <p; <oo. Here p/'() = p(p_g%l stands for the dual exponent.
4.5. Hardy—Morrey spaces. First of all, let us recall the Morrey space
ME(R™) with 0 < ¢ < p < oo. Define the Morrey norm || - || x4z by

1_1
1£llagg = sup {IBI> "% | flzas) : B € B}

for f € L°(R™). See [?] for example. The Morrey space ME(R™) is the set of all
f € L°(R™) for which || f|| sz is finite. The Hardy-Morrey space HME(R™) is the
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set of all f € §'(R™) for which || f[| g amz = [ Mn fll mz is finite. The number N will
do as long as N > 1.
We recall the following facts:

(1) Thanks to [?], M is bounded on ME(R") if 1 < ¢ < p < oc.

(2) In [?7], the Kothe dual of M#(IR™) is specified if 1 < ¢ <p < c0.

(3) Thanks to [?], M is bounded on the Kothe dual of MP(R") if 1 < ¢ <
p < o0.

Let 0 < ¢ < p < oo again. Then from the above observation the space M{Z’(R")
falls under the scope of Theorem 77.

THEOREM 4.6. Let 0 < ¢ <p < oo. Let f € HME(R™) and L € ZN [[0,],00).
Then there exist a countable collection {f; 521 of L -functions having moment of
order L and a countable collection {B;}32, C B satisfying (??), (?7) and (?7).

Theorem ?7? recovers the results in [?, 7, ?]. It is noteworthy that in the present
paper we did not depend on the diagonal argument in [?, ?]. As we did for variable

Hardy spaces, we may also reexamine the proof of Theorem 7?7 to prove Theorem
?7
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