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ABSTRACT. In characteristic 0, the Campana-Peternell conjecture claims that
the only smooth Fano variety with nef tangent bundle should be homogeneous.
In this paper, we study the positive characteristic version of the Campana-
Peternell conjecture. In particular, we give an affirmative answer for Fano
4-folds with nef tangent bundle and Picard number greater than one.

1. Introduction

How can one compare two given smooth projective varieties? Since any smooth
variety X has the tangent bundle Tx, we often use the tangent bundle T'x to com-
pare smooth varieties. In particular, the positivity of the tangent bundle imposes
strong restrictions on the geometry of varieties. For instance, in the celebrated pa-
per [27], Mori solved the famous Hartshorne conjecture. The Hartshorne conjecture
states that a smooth projective variety X defined over an algebraically closed field
is the projective space if Ty is ample. As a generalization of the Hartshorne con-
jecture, Campana and Peternell studied complex smooth projective varieties with
nef tangent bundle [4]. In this direction, Demailly-Peternell-Schneider [8] proved
that any complex smooth projective variety with nef tangent bundle is, up to an
étale cover, a Fano fiber space over an Abelian variety. As a consequence, the study
of complex smooth projective varieties with nef tangent bundle can be reduced to
that of Fano varieties. Moreover Campana and Peternell [4] conjectured that any
complex smooth Fano variety with nef tangent bundle is homogeneous. This con-
jecture holds for varieties of dimension at most five, but in general this is widely
open. We refer the reader to [29].

In [18], the second author and Kanemitsu proved an analogue of the theorem
by Demailly-Peternell-Schneider in positive characteristic; thus the next step is
to study smooth Fano varieties with nef tangent bundle in positive characteristic.
When the dimension is at most three, this problem was studied by the second
author [36]. In the present paper, we give a classification of Fano 4-folds with nef
tangent bundle and Picard number greater than one:
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THEOREM 1.1. Let X be a smooth Fano 4-fold defined over an algebraically
closed field. If the tangent bundle Tx is nef and the Picard number of X is greater
than one, then X is isomorphic to one of the following:

(i) P? x PL;
(i) Q3 x PL;
(iii) P2 x P?;
(iv) P2 x P! x P!;
(v) P(Tpz) x P, where Tp= is the tangent bundle of P?;
(vi) P! x P! x P! x P!;
(vii) P(N) with a null-correlation bundle N' on P3 (see Definition 3.2).

In particular, X is a homogeneous variety with reduced stabilizer.

In characteristic 0, this was proved by Camapana and Peternell [5]. However
there are some difficulties to study this kind of classification problem in positive
characteristic. For instance, the proof of [5] heavily depends on the Kodaira vanish-
ing theorem and Hodge theory, which unfortunately fail in positive characteristic.
We shall give a characteristic-free proof of [5].

The contents of this paper are organized as follows. In Section 2, we recall the
background of our problem. We also review some known properties of Fano varieties
with nef tangent bundle, paying special attention to some results in [18]. In Section
3, we shall study Fano varieties with nef tangent bundle which admit a projective
bundle structure; this study plays a crucial role in the proof of Theorem 1.1. In
Section 4, we will give a proof of Theorem 1.1.

2. Preliminaries

Notations. Let k& be an algebraically closed field of characteristic p > 0.
Throughout this paper, we work over k£ and use standard notations as in [10,
19, 21, 23, 24]. For a smooth projective variety X, we also use the following
notations:

e We denote by T'x the tangent bundle of X.

e We denote by A (X) = A" ¥(X) the group of rational equivalence classes
of algebraic k-cycles on X. We denote by A(X) := @, Ax(X) the Chow
ring of X.

e We denote by N;(X) the group of numerical equivalence classes of alge-
braic 1-cycles with real coefficients on X. The dimension dimg N;(X) as
an R-vector space is called the Picard number of X and we denote it by
PX-

e We say that a smooth projective variety X is Fano if —Kx is ample.
For a smooth Fano variety X, the pseudoinder tx of X is the minimal
anticanonical degree of rational curves on X.

e An F-bundle is a smooth morphism f :Y — X between smooth projec-
tive varieties whose fibers are isomorphic to F'.

e An elementary contraction means a contraction of an extremal ray.

e For a vector bundle £ (resp. &;) on X, we denote the tautological divisor
of P(€) (resp. P(E;)) by & (resp. &g,). When no confusion is likely, we
also simply denote the divisor & (resp. &g,) by & (resp. &;).

e For a rank two vector bundle £ on X, we denote the i-th Chern class of
E by ¢;(€). When A'(X) and A%(X) are isomorphic to Z, there exist an
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effective divisor H and an effective 2-cocycle L on X such that A'(X) =
Z[H] and A%(X) = Z|[L]; then we consider ¢;(£) and c2(€) as integers
c1 and cg, that is, ¢1(€) = ot H € A1(X) and c3(€) = 2L € A%(X). In
this setting, we say that & is normalized if ¢; = 0 or —1. We also say
that & is stable (resp. semistable) if for every invertible subsheaf £ of &,
a(L) < %cl(f)) (resp. c1(L) < %cl(é')).

e For a vector bundle £ on X, we say that £ is Fano if P(€) is a Fano
variety.

e For a vector bundle £ on X, we say that £ is numerically flat if £ and its
dual £ are nef (equivalently £ and det(£Y) are nef).

e For a projective variety X, we denote by RatCurves™(X) the family of
rational curves on X (see [19, II Definition 2.11]).

e We denote by P and Q™ projective n-space and a smooth quadric hy-
persurface in P"*! respectively.

2.1. Background of the Problem. Let X be a smooth projective variety
with nef tangent bundle. By the decomposition theorem [18, Theorem 1.7], X
admits a smooth contraction ¢ : X — M such that

e any fiber of ¢ is a smooth Fano variety with nef tangent bundle;
e the tangent bundle T, is numerically flat.

This result suggests to study two special cases:

QUESTION 2.1 ([18, Question 1.8], [4, Conjecture 11.1], [36, Question 1]). Let
X be a smooth projective variety with nef tangent bundle.

(i) If X is a Fano variety, then is X a homogeneous space with reduced
stabilizer?
(ii) If T'x is numerically flat, then is X an étale quotient of an Abelian variety?

In characteristic zero, for special varieties, including Fano varieties whose di-
mension is at most five, affirmative answers to the first question are known (see
4, 5,13, 15, 16, 17, 26, 28, 32, 34, 35, 37]), and an affirmative answer to the
second question also follows from the Beauville-Bogomolov decomposition. On the
other hand, very little is known in positive characteristic; we refer the reader to
[14, 22, 25, 36]. Here we only recall the following:

THEOREM 2.2 ([4, 36]). Let X be a smooth Fano n-fold with nef tangent bundle.
If n is at most three, then X is one of the following:

i) X is the n-dimensional projective space P™;

(ii) X is an n-dimensional hyperquadric Q™ (n = 2,3);
(iii) X =P? x P;

(iv) X =Pl x Pt x PL;

(v) X =P(Tp2)

To give a classification of complex Fano varieties with Picard number greater
than one, it is quite common to study extremal contractions, but in positive char-
acteristic, the existence of a contraction of an extremal ray is not known in general.
The following result states that there exists a contraction of an extremal ray for
Fano varieties with nef tangent bundle:
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THEOREM 2.3 (a special case of [18, Theorem 1.5]). Let X be a smooth Fano
variety X with nef tangent bundle. Let R C NE(X) be an extremal ray. Then the
contraction f: X — Y of the ray R exists and the following hold:

(i) f is smooth;

(ii) any fiber F of f is again a smooth Fano variety with nef tangent bundle;
(iii) Y is also a smooth Fano variety with nef tangent bundle;
(iv) px =py +1 and pr = 1.

Let X be a smooth projective variety. We say that X is rationally chain con-
nected (resp. rationally connected) if two general points on X can be connected by a
connected chain of rational curves (resp. by a single rational curve); it follows from
[3], [20, Theorem 3.3] that smooth Fano varieties are rationally chain connected
(see also [19, Chapter V. Theorem 2.13]). We say that X is separably rationally
connected if there exists a rational curve f : P! — X such that f*Tx is ample. In
general, if X is separably rationally connected, then it is rationally connected; by
definition, a rationally connected variety is rationally chain connected; moreover
these notions coincide in characteristic zero, whereas there exists a rationally con-
nected variety which is not separably rationally connected in characteristic p > 0
(see for instance [19, V. Exercise 5.19]). For varieties with nef tangent bundle,
these notions coincide:

THEOREM 2.4 ([18, Theorem 1.3, Theorem 1.6]). For a smooth projective va-
riety X with nef tangent bundle, the following are equivalent to each other:

(i) X is separably rationally connected;
(ii) X is rationally connected;
(iii) X s rationally chain connected;
(iv) X is a Fano variety.

Moreover, if X satisfies the above equivalent conditions, the Kleiman-Mori cone

NE(X) is simplicial.
We also have the following:

THEOREM 2.5 (a special case of [18, Corollary 1.4]). For a smooth Fano variety
X with nef Tx, the following hold:

(i) X is algebraically simply connected;
(i) HY(X,0x) =0;
(iii) every numerically flat vector bundle on X is trivial.

2.2. Minimal birational sections. In this subsection, we recall minimal
birational sections whose idea appeared in [38, 18]. Let X be a smooth Fano variety
with nef tangent bundle. Assume that f: X — Y is an extremal contraction and
dimY > 0. Since f is a composition of contractions of extremal rays, Theorem 2.3
tells us that Y and any fiber of f are smooth Fano varieties with nef tangent bundle.
By Theorem 2.4, we see that any fiber F' of f is separably rationally connected.

DEFINITION 2.6. Under the above notation, let C' C Y be a rational curve.
We call a rational curve C' C X a birational section of f over C' if fla C—Cis
birational. A birational section C' C X of f over C is minimal if the anticanonical
degree —K x - C' is minimal among birational sections of f over C.
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Let us take a rational curve ¢ C Y such that —Ky - £ =1y and let P! >/ CY
be the normalization of ¢. We consider the fiber product:

X, — X

)

Pl ——Y

By the theorem of de Jong and Starr [7], f; admits a section {. Let us denote
z(g) by fx; then flz, {x — ( is birational; thus {x is a birational section of f
over {. This yields that there exists a minimal birational section of f over £. As a
consequence, we may find a rational curve £y C Y and a minimal birational section
of f over {y satisfying the following:

[ ] 7Ky . EO = Lly;
o —Kx -lyx =min {deg(fKX) Ix | —Ky -L=1y,[f] € RatCurves”(X)}.

Let us consider a family of rational curves M C RatCurves”(X) containing [{o x].
By the same argument as in [38, Proposition 4.14], we see that M is unsplit, that
is, M is proper as a scheme. Moreover [18, Proposition 4.4] implies that Rzo[éox]
is an extremal ray and the contraction g : X — Z of the ray R>¢ [[()X} is a smooth
geometric quotient for M in the sense of [2]. Summing up, we obtain the following:

ProproOSITION 2.7. Let X be a smooth Fano variety with nef tangent bundle.
Assume that f : X — Y is an extremal contraction and dimY > 0. Then there
exists an unsplit covering family of rational curves M C RatCurves™(X) such that

o foranyl[lx] € M, floy Ux — f(lx) is birational and —Ky - f({x) = 1y;
° RZO[[OX] s an extremal ray and the contraction g : X — Z of the ray
R>o[lox] is a smooth geometric quotient for M.

DEFINITION 2.8 ([cf. [28, Definition 1]]). Let X be a smooth projective variety
with nef tangent bundle. We say that X is an FT-manifold if every elementary
contraction of X is a P!-bundle.

EXAMPLE 2.9. The variety P(Tp2) is isomorphic to a hyperplane section of a
Segre 4-fold P? x P2 C P®. Since P(Tp2) admit two Pl-bundle structures over P2
and pp(7,,) = 2, it is an FT-manifold. The projective line P! is also a basic example
of an FT-manifold.

ProprosITION 2.10. Let X be a smooth Fano variety with nef tangent bundle.
Assume that f : X — Y is an extremal contraction and dimY = 1. Then X is
isomorphic to a product of P* and a variety Z.

PRrROOF. We employ the notation as in Proposition 2.7. Remark that Y is P*.
The contraction g : X — Z is a P'-bundle; moreover any fiber of g is a section of
f; this yields that X is isomorphic to a product of P! and Z. ]

COROLLARY 2.11. Let M be a smooth Fano variety with nef tangent bundle.
Assume that f : M — X is an extremal contraction onto an FT-manifold X. Then
M is isomorphic to a product of X and a variety Y.

PRrOOF. This follows from Proposition 2.10, Theorem 2.3 and the same argu-
ment as in [28, Proposition 5]. [ |
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2.3. Projective bundles.

DEFINITION 2.12 ([6, Definition 3.2]). The (cohomological) Brauer group of a
scheme Y is Br(Y) := HZ,(Y,G,,).

PROPOSITION 2.13. Let f : X — Y be a P*-bundle. If the Brauer group Br(Y)
vanishes, then there exists a vector bundle £ of rank n+1 on'Y such that X = P(E).

PROOF. See for instance [12]. [

COROLLARY 2.14. Let f: X — Y be a P*-bundle. If Y is rational, then there
exists a vector bundle € of rank n+1 on'Y such that X =2 P(E).

PROOF. By [6, Theorem 5.1.3, Proposition 5.2.2], we see that
Br(Y) = Br(Py) = Br(k).

Then [6, Corollary 1.2.4] implies that Br(k) vanishes; thus our assertion follows
from Proposition 2.13. ]

3. Fano bundles over P2, P? and Q3

The major difficulty of the proof of Theorem 1.1 is to study the cases where a
smooth Fano 4-fold with nef tangent bundle admits a P2-bundle structure over P2
or a Pl-bundle structure over P? and over Q3. In this section, we shall study such
cases.

3.1. Rank three Fano bundles over P2.

PropoOSITION 3.1. Let X be a smooth Fano 4-fold with nef tangent bundle.
Assume that f1 : X — P? is a P2-bundle. Then X is isomorphic to P? x P2,

PRrROOF. By Theorem 2.3, we may find another smooth elementary contraction
f2 : X — X5 besides f;. Applying Theorem 2.2, Theorem 2.3 and [31], we see
that fo : X — X, is a P'-bundle over Q3 or a P2-bundle over P2. We claim
that fo : X — X is not a P-bundle over Q3. To prove this, assume that fo :
X — Xy is a P-bundle over Q3. Then by Corollary 2.14, f; and fo are given
by the projectivizations of vector bundles. Let us consider the Chow ring of X.
Since f1 : X — P? is a P2-bundle over P?, [9, Theorem 9.6] tells us that the rank
of the A3(X) is three; however, since fo : X — @3 is a Pl-bundle over @3, [9,
Theorem 9.6] tells us that the rank of the A%(X) is two; this is a contradiction. As
a consequence, fy : X — Xy is a P2-bundle over P2. Applying [31], we conclude
that X is isomorphic to P2 x P2. |

3.2. Rank two Fano bundles over P3. Let us first recall the definition of
the null-correlation bundle:

DEFINITION 3.2 (see for instance [30, Section 4.2], [11, Example 8.4.1] and
[39]). Let £ be a rank 2 vector bundle on P3. We say that £ is a null-correlation
bundle if it fits into an exact sequence

0— OPS i) Q]}»S(2) — 5(1) — 0,
where s is a nowhere vanishing section of Qps(2).

In this subsection, we prove the following:
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ProrosITION 3.3. Let X be a smooth Fano 4-fold with nef tangent bundle.
Assume that fi : X — P3 is a P'-bundle. Then X is isomorphic to one of the
following:

(i) P! x P3;
(ii) P(N), where N is a null-correlation bundle.

PROOF. Let X be a smooth Fano 4-fold with nef tangent bundle. Assume that
fi : X = P?is a P-bundle. By Corollary 2.14, f; : X — P2 is given by the
projectivization of a rank 2 vector bundle £ on P3, that is, f; : X = P(€) — P3.
We assume that £ is normalized and consider its Chern classes ¢1(€) and (&) as
integers ¢; and ¢y respectively. We denote by H; the ample generator of Pic(P?),
by F} a fiber of f; and by £ the tautological divisor of P(£). By the same argument
as in [33, Theorem 2.1] and [11, Example 8.4.1] (see also [39]), we see that one of
the following holds:

(i) &€ is isomorphic to Ops @ Ops;

(ii) & is isomorphic to the null-correlation bundle N;
(iii) & is isomorphic to Ops & Ops(—1);

(iv) € is isomorphic to Ops(—1) & Ops(1);
(v) & is isomorphic to Ops(—2) & Ops(1);
(vi) & is a stable bundle with (¢1,¢2) = (0, 3);
(vii) & is a stable bundle with (¢1,¢2) = (—1,4).
If £ is isomorphic to Ops & Ops(—1), Ops(—1) & Ops(1) or Ops(—2) & Ops (1),
then X = IP(€) admits a birational contraction, which contradicts to our assumption
that the tangent bundle of X is nef. To prove our assertion, it is enough to show
that the cases (vi) and (vii) do not occur. In characteristic 0, it was proved in [33,
Theorem 2.1], but we do not know whether their argument also holds in positive
characteristic or not.

From now on, we prove that the cases (vi) and (vii) do not occur. Since X
is a smooth Fano variety with nef tangent bundle, Theorem 2.3 tells us that there
exists another smooth elementary contraction fo : X — Xo. For any ample divisor
Hj € Pic(X3), there exist integers a, b such that

Ox(f3 Hz) = Ox (a& + bff H1) € Pic(X).

Let us first assume that £ is a rank 2 stable bundle on P? with (c1, c2) = (0, 3).
We claim that a and b are not equal to 0. Taking the intersection number of
aé + bff Hy and Fy, we have

a=(a+bffHy) F\ = fyHy- F1 = Hy - fo,(F1) > 0.

Moreover, if b = 0, then we have Ox (fy H2) = Ox (a) € Pic(X); in particular £ is
nef; thus £ is nef and ¢; = 0. By Corollary 2.5 (iii), £ is isomorphic to OS?SQ; this is
a contradiction. As a consequence, we see that b # 0.

Since we have €2 + coff H? = 0, ffH} =0 and £ - f{ H{ = 1, we also have

fiHY =0, & fiH} =1, &€ fiH} =0, & fiH = —c3, £' = 0.
By using these equations, we have
0= (fs H)* = (a& + bfy Hy)* = dab(—3a® + b?).

Since a,b # 0, we have

— — —

—3a®+v* = 0.
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However this is a contradiction.
Secondly assume that £ is a rank 2 stable bundle on P? with (c1,c2) = (—1,4).
By the same argument as in the case where £ is stable and (cq, ¢2) = (0, 3), we have
a>0, filH =0, & fiH! =1, & fiH} =1, & fil = =3, ¢ =T,
Thus we have an equation
0= (a& +bff Hi)* = 7a* — 12a3b — 6a%b* + 4ab®.

Since a is positive, we have

ORIORTORSE

b 1

Then it follows from the rational root theorem that — = 5 this implies that
a

26 + f{H;y is nef. Since X = P(€) is a Fano variety, we have

0.< (2 + f{H) - (~Kx)* = (2 + f{H1) - (26 + 5/ H1)* = —232.
This is a contradiction. As a consequence, our assertion holds. |

3.3. Rank two Fano bundles over Q3. In this subsection, we prove the
following:

ProrosiTION 3.4. Let X be a smooth Fano 4-fold with nef tangent bundle.
Assume that fi : X — Q3 is a P'-bundle. Then X does not admit another P!-
bundle structure on Q3.

PROOF. Let X be a smooth Fano 4-fold with nef tangent bundle. Assume
that f1 : X — X; := Q3 is a P'-bundle. To prove Proposition 3.4, assume the
contrary; then we have another P!-bundle structure fo : X — X, := Q> besides
f1- By Corollary 2.14, f; : X — X; (i = 1,2) is given by the projectivization of
a rank 2 vector bundle & on Q3. Denoting by &; the divisor corresponding to the
tautological line bundle Op(g,)(1) and by H; the ample generator of Pic(X;), we
have

Pic(X) 2 Z[§] @ Z[fFfH;] fori=1, 2.
Remark that the Chow groups A!'(Q3) and A2(Q?) are isomorphic to Z; then we
consider the Chern classes ¢1(&1), ¢1(E2), c2(E1) and c2(E2) as integers ¢y, ¢}, co and
¢, respectively:
¢ s
c1(&1) = erHy, e1(E) = ¢ Hy, ca(&1) = §H127 c2(&2) = 52
We may assume that &;’s are normalized, that is, ¢;,¢) € {—1,0}. We denote by
F; a fiber of f;.

By Proposition 2.7, fs is nothing but the elementary contraction which con-

tracts minimal birational sections of f; over lines on @Q3; this implies that

fiH, - Fy=1.

H3.

Then we obtain
2= —Kx~F2 :251 'F2+(3—01).
Comparing the parity of both sides of this equation, we see that ¢; = —1; thus we

obtain
&y =1
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1
Since we have &7 + & - ff Hy + 502f1*H12 =0, ffH{ =0 and & - f{ H} = 2, we also
have
fiH{ =0, & - f{H? =2, & - fiH} = =2, & - fiH1 =2 —ca, § =2¢2 — 2.

For the ample generator Hy of Pic(Xs), there exist integers a,b such that
Ox(f3Hy) 2 Ox(a&1 + bfyHy) € Pic(X). By this definition, (a,b) # (0,0). More-
over we have

0= (afl +bffH1) . FQ =—a+b.
Hence, we obtain a = b # 0; then we obtain
0= (51 + ffH1)4 = —2¢9 + 2.

Hence we obtain ¢y = 1. Let us take integers «, 3,7, as follows:
(1) 61 = OéfQ‘i‘ﬁngQ
fTH1 =7&+6f3Ho

Remark that |ad — Bv| = 1, because {&;, fFH;} is a Z-basis of Pic(X) for i = 1, 2.
Since we have

-1=4 - Fh=a, 1=6-Fi=-6&-Fi+B8f;Hy- Fy

and
l=f{Hy-Fy=7~, 0=f{H-F1=8& F1+dfyHy-F,
we obtain
146 F
&1 =&+ #fz H,
. g
K =gy 52771 ey
fitdy =& f2*H2~F1f2 2
Then the equality |ad — 8y| = 1 implies that f5 Hs - F; = 1. Computing —Kx - F7,
we see that ¢f = —1 and & - F; = —1. Thus the equation (2) can be written as
follows:

®) & s
TH =&+ f3Ho

Now we have
2=H] = [{H [;H]
= fiHi-(fiHi+&)°
= f{H!+3f;Hig +3f{ HIE + fiH & =1

This is a contradiction. [ |

4. Proof of the main theorem

We prove Theorem 1.1. Let X be a smooth Fano 4-fold defined over an alge-
braically closed field k. Assume that the tangent bundle T'x is nef and the Picard
number of X is greater than one. By Theorem 2.3, we may find a smooth elemen-
tary contraction f: X — Y. We denote any fiber of f by F; then by Theorem 2.3
again, F' and Y are smooth Fano varieties with nef tangent bundle, and we also
have px = pr + py, dimF +dimY = 4 and dim F,dimY > 0. If X admits a
contraction onto an FT-manifold W, then it follows from Corollary 2.11 that X
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is isomorphic to Z x W for some variety Z; then Z is one of varieties in Theo-
rem 2.2. Thus our assertion holds in this case. By Theorem 2.2, we may assume
that Y is isomorphic to P2,P? or Q3. Then by Corollary 2.11, Proposition 3.1,
Proposition 3.3 and Proposition 3.4, we may conclude our assertion.
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