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On an Extension of Value at Risk and Its Applications

Andres Mauricio MOLINA BARRETO and Naoyuki ISHIMURA

In the quantitative risk management, the estimation of risks plays an important step,
and for this purpose, various kind of risk measures have been introduced so far. Value
at Risk (VaR), which is defined normally on single random variable, is one of well em-
ployed risk measures. In this report, a new definition of copula-based conditional Value
at Risk (CCVaR) is introduced, which is defined on multivariate random variables with
copulas and real-valued. It is recognized that copula functions provide flexible tools to
model possible nonlinear relations among several risk factors; the combination of VaR
and copula gives a natural procedure to estimate risk of multivariate risk factors in a
sense. We show several properties of this new copula-based risk measure. Empirical
studies are also implemented, which verifies the usefulness of our CCVaR.

Main contents of the present article are a summary of the part of the thesis by Andres
Mauricio Molina Barreto (2020).
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DAZERIZBWT, VA7 OFMEIIBO CTEELERTH L, VAV EFHENBFESE D
FLRABTERTINE, TOEHL ) FATA BV, ZOY AT DEEDIZD, WL Dh
DY) ATIREPEREINTE, VAZEHR—OFERHETHHL L) L T2b0TH 5,
INBVAZIED S BT, EHBICBWTH L HWLNLAFER L LT Value at Risk
(VaR) 7% % (.1 ZH), VaR &, TOEKERDSL LR TWVWI LR, ZOFI=E KM
WCHBER e EDND, JAZIREEVZITEFTE BT ONLIBEL > Tnh, L
MLBAS, VaRIZ) AZIBEE LTEFE L\we S5 coherent 14 (L1 ) %7z &
BV ELHBENTWD, ZD7%, conditional VaR 2 Z D ft { 27? VaR %% E
L7z DA SN TV 5,



£ZAHT, VaRIZEIZ 1 DOMEREHUII N L GERSNAEHETH Y, 2 2L LK
REBIIH L TREZO T I TREMAPEL V. —RIZ2OUED) AV EEZERT LI
X, £40) A7 EEMOBRPMEE 25, @EIE, FESCHEGLEDLBORS IS
MAVHERET S DSV, L LaroBETIE, 3L MV EIZRS 2w IERE
HERL LV, TSI LR R T 2EHE LT, I¥2F (copula) BT
CHWHRTWS (L228M), 22T, 2 0L EOWFELEH» SRR -7+ 1) 4
IZBWTC, A5 MWT VaR 2% 2 5 Z L IFHRABRBE 2 5, EBIZ, ZoHT
DL OPOIEPEREN TN L5, WHRNZIERREDLH L D ONPL VL) ThD,

KL TlE, a2 F %MWz L conditional VaR (CCVaR) #EA L, ZOMWH
2, ML OB AN, & SICEBOT— 5 % TEIERIZKREET 5. # L\ CCVaR
1, 2 ODMEREROR— b7+ ) MBI LCRED £ IREED Z ePMRIES N5, FF
I, ML OBRTIE, BMVoRA LT, XY EREERT AT L, 9T
B 2T OFERERT 5. stEPRBNICESRIBEL Lo TBY, VAZEHRD
FEHIIBWTHHWLNL Z L HIFEE NS,

T BARFHLIE, % 1 %% Andres Mauricio Molina Barreto @47 5m 3 “Estimation
of Value at Risk and Conditional Value at Risk” (2020) ®—&BEHULIZIF L D72 D
THhbo 72720, KwIBNHILT — 7 O L WA L T TR LAZNETH
%o Fiz, ZBEMLIVEIEL EB7z, FEL < 1F Molina Barreto (2020) & % \»i% Molina
Barreto and Ishimura (2021) #Z\7-72& 720
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I AFEBEES & OBEAARR

1 Value at Risk
=25 X SR LC, S B (0 < B8 < 1) Value at Risk (VaRg) &

VaRs(X) = Fi Y (8) = int{u| Fx (u) > 8}

WKLY EDOLNDZEHETH B, 72721, HHOIOMEREH X T#me L, 72,
Fx(z) = P(X < z) 35K E£RT,

COEFTHDD L) VaR IFHHICHORML LK ED LN L7290, EHIZBNTYH
ZCHCONERREZHZHoTWD, LALEYS, VAZIREL L TCEELVEES
WEEEETMZ S eI LB HMEN TS, ZOWFED2®, B2 I1EKOD conditional
Value at Risk (CVaRg) 253EA SN TV,

1 1
CVaRs(X) = 1—15/5 VaR, (X)dt = 1—16/5 FOD (1)t
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KXo B, I€2T7%2HNTIO CVaRg 2 HHIEOMREHII LT, L) &
CHIRFTHZETH B, FELTBLA, VaR IT—fRICITEE 1 DOMEREHIIH LTE
oML, = TAE2TTE2 O LOMEEREZ 2, S5ICZOMFERBOLT
LA L IERS 2 WVEREZEET 5. Lo T, BHEMOMELERIZE L T VaR 2 ED
£9EF2LE aaTHAETHVLIOEL LABERREETH L, FEE, B2won
DEZRDPMOENTVED, KT L & < A oRHEICHE 28 L WERZ IS 5,

2 a2 7

D720 2B TEZ %o PHEEOHRAMIESF 12 =[0,1] x [0,1] D ETED SR, H
WX T = [0,1] 1% & 2865 C(u,v) I 2T TH L LI, KROFHEZHTT
&IV,

(1) fEED (u,v) € I IZH LT

C(u,0) = C(0,v) =0, C(u,1) = wu, C(l,v)=v
(2) EED (us,v;) € I2(i = 1,2), 7272 ug <wug, v <vg I LT

C(Ul,U1) — C(U1, 1]2) — C(UQ,’Ul) + O(’U,Q,’UQ) Z 0
¥ a7 OEEN L fEIX, KO Sklar OEBIZIED , BHOZD 2 EHOEHEIC

BRTEHL,

Sklar D JHBGAH Fx, (x) BL Fx,(y) Th AEEESA H(x,y), bbb

lim H(z,y) = Fx,(y), lim H(z,y) = Fx,(x)

LT, a¥ag Clu,v) 2572721 D%E Y
H(z,y) = C(Fx, (), Fx,(y))

AL RRYASH

Wi, a7 Ou,v), BLUOSHEK Fx, (z), Fx,(y) 2EEICEE, ERLo
H(z,y) = C(Fx,(z), Fx,(y)) 1%, ABSHD Fx,(z), Fx,(y) T® 5 [R50 EH%
£

Thbh, 2O00MREHM ORI, TNFNOGHAEEE I TI12L > TEEIIR



BENDLDOTH D, BIZIE, HEFREMX, Y I THHILIE, ZOTEaIH
C(u,v) =uv

ThHhHZ LM B Ry
VT, BAEMBEDIRINTEY, ETlRAEHIZ, TEIX)RAVEER
DEEBEBREMEETLHDTH %,

3 BFOHA
VAZERPEHED LS L L&, 2o ) A7 EHEOMREZE L2 A7 BEIX
INET LI EpGEING, — /T, @EBERREEEICBWTE, —KIZY A2

ZEHENIMIE R DGES 2 2 L0 % e BIFEICIE, VA7 ZHBOBRIZLT L b L

ERS T, IR LMEROYEbH L, 2 TIV2TEAVT, ZROIEREERE R

ZHEVIHFBIC R Lo 72720, HHIHBBEIND L) ICHMR—LTIE) £ vk
o BIZIE, FEFEHOM X = (X1, Xo) I LT

CCVaR)(X) mmvﬁ / / F 0+ P, (@)dC(,g),
Vs = {(u,v)|C(u,v) = B}

mEE, WOrDLEWE M T PENOEIZEENHL L) THD, EL (I
Molina Barreto (2020) % &M Sh7zvy,

KOFTIE, FADIAC2TEHCH LW VaR ZBAL, WODOEE LW IEEA
723N TnWbZ EERT,

M a¥agzHWwHLw VaR

1 #HLUL CCVaR £ ZDHE
AR X = (X1, Xo) 1M LT

o, OFE ) () + (1= N F Y (0)dC (u, )
[y, dC(u.v) ’
Up = {(u,v)|C(u,v) > 8}

(%) CCVaRg(X) =

EBL, 722L, a7 O

P(Xy <z,X2 <y) = C(Fx, (2), Fix, (y))
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WEDEDLN, 72, 0<A<IEFR-F 74V FDEATH S,
D EIIED SN CCVaR kO %723
(i) CCVaRs(0) =0
(i) CCVaRg(X + ke) = CCVaRg(X) + k(k € R,e =(1,1))
(iii) X1 OB Xo DEBS L D stochastic order |2 X ) /M iFud

CCVaRs(X1) < CCVaRg(X>)

(iv) CCVaRg(sX) = sCCVaRg(X)(s > 0)
(v) X1 X HNEHECHIGS 5 KW T 7% 51

CCOVaRs (X + X2) < CCVaRs(X1) + CCVaRs(Xz)
72721, WEFZE X, 7% stochastic order 12 & ) AESRZEH Xy L D/NEWVEIZ
P(X1 >t)§P(X2>t)t€R

D7z ENLE X EED DL,

2o (1)-(v) OMEIL, (i) (v) 1B BWRELR LISTXTHILTHEEIL, £OVAY
BIEE1L coherent TH 5 LIFIEN L, V) A 7D TRELF LWHEE LTHHNT
w5,

2 Archimedes JE 15 DiH4E

A2 OEERKEE LT Archimedes ¥ 2 725K L VSN TWS, 2, gen-
erator EIFIEN LB p ICL-oTHREL AV 25TH D, HMlEI 2N TH 5B
@ : I = [0,00] 1X p(0) =1 Zilizd LT 5. B @ DIWIRS N2 E oD &
T2, $2bb, o) OEFREIL [0,00] TH Y MEEIE T, S5I12

5 < ¢(0))
) <5< 00)

o
—
S
—~

o

THb, ZDLE
C(u,v) = o7V (p(u) + ¢(v))
WKLo TEDOLNLEBMITI I 27 OMEEM/-L, a¥2T5%52%, 2%, generator
© @ Archimedes 2 ¥ 2 7 L5,
BlIZIE p(t) = —logt ®& &1L, Clu,v) =uv EMV.OITY 2T %H L,



SEHL WEEEROM X = (X1, Xo) I2xH9 % 2 ¥ 2 575, generator ¢ @ Archimedes =
Y2 ThoYE, (x) TED BN CCVaR 1

Lm0 CNFED (@)
BOFCY @+ -G ) (1- S50 a
¢ (B)

¢'(B)

CCVaRs(X) =

1-f+

EEC ALY (W8

ZFAAIZ Molina Barreto (2020) & %\ & Molina Barreto and Ishimura (2021) %%
RSN, FRICHESRZHOM X = (X1, Xo) OB HI oL &, 2k

FOREY 0 + 0 -0FE ) (1 2)
1— 38+ Blogp

MCV&R[; (X) =

Y, BRIZAISNTWAIEEL 25,
ROATIE, MALMEDYE &ML T \WIGE O R L Z 5 2 72

3 FIIEEDHE

LIFTid, generator 7% ¢ Td % Archimedes 2 ¥ 27 C @ CCVaRg DG &, Mz
D MCVaRg 06O KNEREBIRS S0 FBEE 1L, 8=095H2d 3 =0.99
EM0B720, 1 DOBEORNEREE R %,

Bl g=log(t"'(1—0(1—1) (-1 <O<1)DEL X, T%4bb, Ali-Mikhail-Haq
at¥ao
uv

T 1-0(1—u)(l—v)

C(u,v)

DEEL, Br1ok &
CCVaRs(X) < MCVaRg(X)
BN LD LT CTH DA, AEGIE—HIITRFETHILT %0
B2 p=1log(l—0logt) (0<H<1)DEtE, §%bL, Gumbel-Barnett [Ea¥ 27

C(u,v) = uvexp (1 — 0logulogv)
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DAL, BrlDL X
CCVaRg(X) < MCVaRg(X)

N RRYASN

#3 o= (—logt)! (1<O<o0)D&& F4hbH, Gumbel FIE 27

C(u,v) = exp(—((—logu)’ + (— logv)”)!/?
DEEE, BrlDbk &
CCVaRg(X) > MCVaRg(X)

DI 7D,
EOAY TN, ML D KEVD LIS WEE L2 5O R ESEE,
FEHMOENTVWARVWE ) TH D,

|\ ST

COHITIE, EBOT— & HWEMNEEZIT) .

1 F—4201ER

7 — %13 WSJ Markets website 75 FTSE 100 8 & 1" Euro STOXX50 {8%t% 5"
Y= FNL7z 7—%1%, 201749 H 9 HA5 20224 9 A 2 H F TOKEF 1265 O
fECHb, $72, K= b7 1) FOERMIFTE LTV,

W7 — % OB RN BN SO £ iR, T2 b 5F (mean), Ei#{RZE (standard de-
viation), H/ME (minimum), HJ94E (median), &AM (maximum), 4 (kurtosis),
FxtFrtE (asymmetry) #IROFE1LICFE LD TV 5,

R b7+ )T 2HETHELLOF— 2 ICH LT, IENHNE, BIORESAKEZN
CEDPRENTV Do FMMEIADMETHY), ZHIFADIERERE L TV 5D RED
REwz e, ERGAEVEPENZ L E2RT, S512, KIT4VT4 - 7 TAF —
bRRoLNL (K1 BH),
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# 1 FTSE100 B & 0" Euro STOXX50 @

H o Eoilas o fi st m
Statistics FTSE100 STOXX50E
Mean 0.0010 —0.0113
Std. Deviation 1.1116 1.0753
Minimum —8.6668 —7.6518
Median —0.0523 —0.0704
Maximum 11.5124 11.5021
Kurtosis 18.4289 18.7375
Asymmetry 1.1391 1.3201

1 FTSE100 3 &£ 0f Euro STOXX50 @ H %k & USHEx I

Time Series Plot: Returns FTSE100 10 Time Series Plot: Returns STOXX50E
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2 FEARHETI

JBGADETIVIEE2ICE LD TV, flek EDFF L\ IFHUE Molina Barreto
(2020) & BH S 120,

FTSE100 $ £ U Euro STOXX 50 ® &5 & OBERFI R LT H, AR(1)-GARCH(1,1)
EFVERCCERFOMBEE LTHEE Lz, 22 Laer v, Eisfpikes s L e
D 3BY) DA, T b BIERSA, Student-t 4374, Skewed-t 4345 & F\ 72,

BEAIIZHCHME D 2 EHCHBO RO SNV LA h b, 72, Ljung Box 7 A
FEATV, BN 5 10 F TS L QIR EA S v T & E sl 72,

#4413 ARMA(1,1)-GARCH(1,1) 7L 5 £ 0F AR(2)-GARCH(1,1) 125 L T b 475
7245, AR(1)-GARCH(L1) EFLOHAT— 4 125 LC L VlAERT 2 & AR L 72
g, RibiEFHRER#E (Akaike’s Information Criteria @ AIC) 25& Y /MWl ZIRL
72 HThb,

% 2 FTSE100 # & Uf Euro STOXX 50 (249 % AR(1)-GARCH(1-1) €71 ®
INT A — FHETE

FTSE100 STOXX50E

Normal Student-t Skewed-t | Normal Student-t Skewed-t

ao —0.018794 —0.049112  —0.0117 | —0.065006 —0.086856  —0.0477
(0.025432) (0.020741)  (0.0220) | (0.023052) (0.018831) (0.0215)

bo —0.029458 0.049491  —0.0616 | —0.041727 —0.06474 —0.0814
(0.030818) (0.029091)  (0.0295) | (0.033017) (0.030142) (0.0290)

Co 0.055674 0.044912 0.0402 0.059705 0.042663 0.0372
(0.0092301)  (0.01478)  (0.0140) | (0.0078071)  (0.012728)  (0.0113)

c1 0.14436 0.1482 0.1388 0.20845 0.21983 0.1967
(0.016676) (0.031492)  (0.0317) | (0.023966) (0.042341) (0.0359)

di 0.80441 0.82105 0.8342 0.74719 0.7755 0.7946
(0.021367) (0.03339) (0.0357) | (0.023174) (0.033905) (0.0302)

A 0.1537 0.1742
(0.0375) (0.0363)

A% 4.4947 4.7713 4.0963 4.5297
(0.62123) (0.6788) (0.55104) (0.6112)

AIC 3405 3289 3275 3311 3178 3161
Q2(1) 0.6236 0.2841 0.1416 0.4341 0.1461 0.0424
Q?(10) | 0.7975 0.0092 0.6739 0.7359 0.0049 0.4725
KS 0* 1.01E-05 0.1365 0* 1.9866E-8 0.0439
x2 0* 0* 0.0944 0* 0* 0.0476
AD 8.83E-05 4.70E-07 0.5560 3.28E-02 4.7022E-7 0.1171
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B 512, LR O—fMET A b & LC, Kolmogorov-Smirnov (KS) 7 A I,
Chi-square goodness-of-fit (CSG) 7 A I, B XU Anderson-Darling 7 A b Offi &
HL7z0 B ESNBERTIA, —BOHICEWIEEE T IVOMEAENEIVEEZ NS,

2, M3 Tid, EHSGA, Student-t 534, Skewed-t 734 DHE DB A RS, F72
4 TIE, BRI NIRRY ORI 2 7R o

EHICH 5 Tid, BEBESAHIER S, Student-t 534i, Skewed-t 534 OB ED, —H
PRI NTZT — ¥ OFATRO LB %R T,

2 FTSE100 OfE#554i, Student-t 5346, Skewed-t 7345 D& D
G o & R

Co_]gd. Variance for FTSE100 - Normal 70Cond. Variance for FTSE100- T C_;:ond. Variance for FTSE100- SkewT
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3 Euro STOXX50 MiZ#es4i, Student-t 774, Skewed-t 5345 DE D
ST B & e LR

Co%:l. Variance for STOXX50E - Normal

b i M .Lm{u..uﬂfw
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5 FTSE100 3 & 0 Euro STOXX50
VWZxF 3 B JE 0 3 A A IE B4 A
Student-t 53, Skewed-t 534F D
BO—HEWR SN T — & OHAiIX
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3 AEa17DONTA—4#ETE

T2 TONT A= SHEGEE, BRI (inference function for margins
(IFM) method) %M\ THr- 72

I9. ABGHD/8T A =5 %, ARMA-GARCH E7VICE D EE LWHAind LT
oM@ L LCEET 5, 70—k 7T — 1AM SN HIE, TR R
LIaCaIonNTx—3 2HfEd bo RN RE b,

10) = 3 WPy (216500), Falears 02)) + 3 S0 In fiz0i05)

FHOBBOMICITEFE OB EZEL, BASAIIK L CRERREHvws L&
Tho IWZBWT, 2HOR— P74+ FIIH LT, 32008 LLI25DRL LD
SADD ETORILHEEEZIRT 5o

RHERRSE FBfEIC B B0 B OME, B LU AIC 2 ZNEIURT, W{DHhD
EFNOLKICBWTI, RERETFTVELTRDD AIC 2 3 DOEF L% HER,

512, ARMEORIZBUT 2 HEMERBRIE 270D 2 EHMEZE 2 5, HIzI1E, &
BaVaSOENB LY RKREVWTEER B,

# 3 FTSE 100 8 X U Euro STOXX 50 1289 % Ali-Mikhail-Haq 7 ¥ =5, Gumbel-Barnett
¥ 25, Gumbel I¥ 25 D/8T A — & H#EE L IEHEREE

Copula Margins 0 Std, Error Log-lik AIC do.o5 dp.99
AlMiha, | Normal  0.9985  G.84E-04 —415.7783 8335566 13.1517 13.6988
Haq Student-t 0.999  25.0000  —372.3306 746.6612  13.1276 13.5698

Skewed-t 0.999  25.0000  —448.5727 899.1454  13.5418 14.2950
Normal  1.06E-05  0.0370 0.0085  1.9829  14.1135 14.6217
Gumbel- Student-t 1.00E-05  1.4336 0.0047  1.9906 14.1233 14.5327
Barnett Skewed-t 1.05E-05  0.0315 0.0095  1.9810 14.3583 15.0670
Normal 27085  0.1454  —810.4336  1.62E4+03 13.2172 13.7962
Gumbel Student-t 3.512 0.0300  —891.9042  1.79E+03 13.1560 13.6301
Skewed-t 2.8068  0.0688  —846.1839  1.69E+03 13.7298 14.5204

4 MCVaR & CCVaR DfEDLLE

MCVaR 5 £ 0 CCVaR Ofli%, §=0,95 £ § =0,99 124 L Ckd 7z, a2 &5
MO ZFZNZENIZDOWT, EE O CCVaR 082 & ) MATLAB # W CRHE L 72,
EREFRAITRT,
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F 4 B bJEB5A % Lo Ali-Mikhail-Haq 2 ¥ 2 5, Gumbel-Barnett
a¥ 25, Gumbel 2¥ 25040, FTSE 100 & Euro STOXX
50 R — b+ 7)) F12x$ % MCVaR & CCVaR O i
£ =0,9 £ =0,99
Copula Margins | MCVaR CCVaR | MCVaR CCVaR
Normal 2.578 2.5755 | 3.2585 3.2581
Ali-Mikhail-Haq | Student-t | 4.3622  4.3541 | 6.9453  6.9431
Skewed-t | 3.3209  3.3146 | 5.2946  5.2929
Normal | 2.578 2.578 3.2585  3.2585
Gumbel-Barnett | Student-t | 4.3622  4.3622 | 6.9453  6.9453
Skewed-t | 3.3209 3.3209 | 5.2946 5.2946
Normal 2.578 2.5202 | 3.2585 3.21
Gumbel Student-t | 4.3622  4.0575 |6.9453  6.5194
Skewed-t | 3.3209  3.1602 | 5.2946  5.0785

Ali-Mikhail 2 ¥ 2 F & Gumbel 2 ¥ 2 522\ TiZ, 7o MCVaR OfEins CCVaR
DOfEL Y KE WD, Gumbel-Barnett 7 ¥ 25122\ Tik CCVaR Oflia MCVaR O fEi%
EHIS vy 4l Gumbel-Barnett 7 ¥ 25 @R TIX, CCVaR Ofié MCVaR
DIEIZEDRD SN VDS, E#FTHIZIE, CCVaR Ofids MCVaR Ofi & ) b3 Ao k&
WZEDPTRENT VS,

Z D MCVaR & CCVaR ORNRIE, JEB5 A ASIERL S, Student-t 4346, Skewed-t
GRENZIUCE L TREL TS, INOHIIMERE D L —FLTwh, LI
Molina Barreto (2020) % & 372wy,

V BbDhIZ

a ¥ o F % w728 L conditional Value at Risk (CCVaR) OEA#{T-72, I
&, B 1A A7 ZRICH L CER S NS Value at Risk (VaR) 22 L, #5%E
Dlon 27 ZwBOI G 2BERE GO TRATE L) AVERELE Lo TWnD, Z0D7:
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