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On Kodaira’s Vanishing Theorem
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1 Introduction

In this thesis, we discuss about Kodaira-Akizuki-Nakano vanishing theorem and its proof from the view
point of differential geometry. We explain the notation, which we need to state the theorem. The thesis
consists of 9 sections.

In Section 2, we discuss de Rham cohomologies and Dolbeault cohomologies and relationships between
them. In Section 3, we treat connections. In Section 4, we introduce K&hler manifolds. In section 5, we
discuss about Hodge identities. In Section 6, we introduce Hodge theorem which are used in the proof

essentially. In Section 7, we give Kodaira-Akizuki-Nakano vanishing theorem and its proof.

2 Motivation

We introduce Kodaira-Akizuki-Nakano vanishing theorem. Its proof from the view point of algebraic
geometry given by P.Deligne and L.Illusie. ([5]) In this thesis, its proof from the view point of differential
geometry given by Y.Akizuki and S.Nakano. ([4]) Kodaira embedding theorem is provided as application

of vanishing theorem.

3 Kodaira-Nakano's vanishing theorem

Let M be a Kéahler manifold of dimension n, E a line bundle on M and QF(E) the sheaf of holomorphic

p-forms on FE.

Theorem 1. (Kodaira-Nakano’s vanishing theorem)

If E is a positive line bundle,then
HY(M, QP(E)) =0 forp+q>n.

Where H4(M, QP(FE)) is a sheaf cohomology.

To proof the theorem, we use isomorphism between sheaf cohomology and the space of harmonic forms.
By using the isomorphism, harmonic form 7 = 0 then we obtain H?(M, QP(E)) = 0. We introduce de
Rham cohomologies, Dolbeault cohomorogies and the space of harmonic forms to state the isomorphism.

Let M be a complex manifold of dimension n, AP(M) the space of complex-valued p-forms on M,
d: AP(M) — APTL(M) a differential form, ZP(M) the subspace of closed complex-valued p-forms on M.
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The quotient group
ZP(M)
H? (M) =
DR( ) dAr—1 (M)
is called the de Rham cohomorogy group of M.
Let z = (z1, 22, .., 2,) be a point belonging to M.

T (M) := (dz1,dza, . .., dzy,),

and
T/ (M) := (dz,dzs, . ..,dz,)

the vector spaces spanned by dz;, dz;. The k-forms are decomposed into (p, q)-forms:

AF(M) = ARO(M) @ AP PH (M) @ AF22 (M) @ - @ APF(M) = @ API(M),
p+q=k

where

API(M) = {cp € AN(M); |y € ;\Té*(M)@/q\TZf’*(M),z eUC M}

In particular, d € AP9(M). We obtain dp € APTH9(M) & APITL(M) C APTITL(M).

We define operators

O 1 APA(M) — APTL(M)
0+ APA(M) — AP9TL(M)

Let Zg’q(M ) a space of O-closed forms of type (p,q). We define the Dolbeault cohomology group by

vy 20D
'O = Gemar )

for each (p, q).

Theorem 2. (The Dolbeault theorem,)
Let M be a complex manifold of dimension n, and QP a sheaf of holomorphic p-forms on M. Then we

have
HY(M, QF) = Hg’q(M).

From the inner product on AP4(M), we define the adjoint operator 9* : AP4(M) — AP9~1(M) of d by
(0*,n) = (1,0n) for all n € AP9~1(M). We define 0-Laplacian

Ay: API(M) — API(M)
by Agi := (00* + 9*0)1p for 9 is differential forms. All defferential forms satisfying the Laplace equation
Az =0

are called harmonic forms: the space of harmonic forms of type (p,q) is denoted by HP:?(M) and called
the harmonic space.

By Hodge theorem, we obtain isomorphism:
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By the Dolbeault theorem, we have the isomorphism
HO(M, QF) = HP9(M),

where H?(M, Q) is a sheaf cohomology. This isomorphism holds on line bundle. It plays a key role to
prove Kodaira-Nakano vanishing theorem.
We treat Kéhler metric and Kéahler manifold in this thesis. Let M be a compact complex manifold of

dimension n with a hermitian metric ds?. Here we have the hermitian metric ds? locally:
n n
ds® = Z hijdzi & de = Z(pz & ©i,
i,j=1 i=1

where z = (21, ..., 2) is a local coordinates on M, (¢1,...,¢x) is a coframe for the hermitian metric. We

call ds? a Kihler matric if its associated (1, 1)-form
V1 & -
W= Z i N\ i
i=1

is d-closed.

Definition. A compact complex manifold M with a hermitian metric ds® is called a Kdihler manifold if

ds? is a Kdhler metric.

We discuss about Hodge identities on Kihler manifold. Let M be a Kihler manifold of dimension n ds?

a Kahler metric associated (1,1)-form w. We define an additional operator
L : AP9(M) — Ap-&-l,q—i-l(M)

by
L(n) =nAw

for each p, q. Let
A= L*: APY(M) — AP~Ha1 (M)

be its adjoint operator. Let {AP(M),d}, be a complex. We have operators 9 and 0 satisfying d = 9 + 0.

J—1
We set d° = T(G— 0). We get identities with the operators above, which are called the Hodge identities.
T

Lemma 1. (The Hodge identities)
Let A, L,d,d° be as above. We have an identity

A, d] = —4md®,
where [A,d] := Ad — dA. Equivalently we have
[L,d*] = 4md°.

We regard the Kéhler metric as the Euclidean metric locally. Therefore, it is enough to prove the

assertion on C™.



We consider the commutator [L, A] of the operator L and A. Hodge identities and [L, A] are used in the

proof of Kodaira vanishing theorem. By the straight computation, we have the equalities:

In the proof of Kodaira vanishing theorem, we compute v/—1([A, ©]n, n), where 7 is harmonic form and
© is curvature form. Then we obtain n = 0 when p + ¢ > n. Which complete the proof.

good

[1] P. Griffiths and J. Harris, Principles of algebraic geometry, A Wiley-Interscience publication, 1978.

[2] Robin Hartshorne, Algebraic Geometry, Springer, 1977.

3] 000D0,0000,0000, 2005.

[4] Y.Akizuki and S.Nakano, Note on Kodaira-Spencer’s proof of Lefschetz’s theorem, Proc.Japan Acad.,
Vol.30, 1954.

[5] P.Deligne, L.Illusie, Relévements modulo p* et décomposition du complere de de Rham, Inventiones

math. 1987.



