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1 Abstract.

An exact solution is presented for the problem of radi-

ation of an electromagnetic wave from an open end of a

circular waveguide cavity formed by a perfectly conduct-

ing cylinder and an internal plate termination with non

zero impedance. The cavity is excited non-symmetrically

by the TE dominant mode. This problem has been for-

mulated as a vector diffraction problem for two scalar

potentials. The key result is the correct representation

of the unknown potentials in the Fourier transform do-

main, which shows the TE and TM waves interaction

at the open end and takes into account the impedance

boundary conditions at the termination.

2 Introduction.

The analysis of electromagnetic scattering by metal-

lic waveguide cavities is an important subject in radar

cross section (RCS) reduction and target identification

studies. In the previous papers, we have considered

several two-dimensional (2-D) cavities formed by a fi-

nite parallel-plate waveguide with a planar termination

at the open end, and solved the plane wave diffraction

rigorously using the Wiener-Hopf technique [1]. It has

been shown by numerical computation that our results

are valid over a broad frequency range. We also de-

veloped the Wiener-Hopf technique for rigorous analy-

sis three-dimensional (3-D) perfectly conducting circu-

lar waveguide cavities [2] as a more realistic model for

the RCS studies.

In our previous report we have considered the value

boundary diffraction problem for vector diffraction by

the cavity formed by a semi-infinite circular waveguide

and an interior planar termination with non zero

impedance in the case of the TM dominant mode excita-

tion, and analysed the non-symmetric electromagnetic

wave diffraction by means of the Wiener-Hopf technique

[3-5]. For our theory more practical application via de-

velopment of the Generalised Scattering Matrix tech-

nique is necessary to obtain the solution of this problem

for both TM and TE non-symmetrical dominant modes

excitations. In this report we continue to develop

the Wiener-Hopf technique for the solution of the vec-

tor diffraction problems and consider the electromag-

netic excitation of the circular waveguide cavity with

the impedance termination by the TE non-symmetrical

dominant mode.

3 Statement of the problem.

The mixed boundary value problem for mentioned

above wave diffraction by cylindrical waveguide cavity

involves the unknown TM and TE scalar potential that

satisfy the Helmholtz equation

∂2ul
∂ρ2

+
1

ρ

∂ul
∂ρ

+
∂2ul
∂z2

+

(
k2−m2

ρ2

)
ul=0, l=1,2, (1)

and boundary conditions:

Cylindrical faces { −L < z < L with ρ = b− 0 } and

{ −∞ < z < L with ρ = b+ 0 }

∂2u1
∂z2

+ k2u1 = 0,

− m
iωερ

∂u1
∂z

+ ∂u2
∂ρ

= 0;

}
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Impedance plate termination: {0 < ρ < b with z = −L}

∂
∂ρ

(
Z1u

t
1− 1

iωε

∂ut
1

∂z

)
+m

ρ

(
ut2− Z1

iωµ

∂ut
2

∂z

)
=0,

m
ρ

(
Z1u

t
1− 1

iωε

∂ut
1

∂z

)
+ ∂
∂ρ

(
ut2− Z1

iωµ

∂ut
2

∂z

)
=0.


 (2)

Let the total field ui2(ρ, z) be given by

ut1(ρ, z)=

{
u1(ρ, z),
u1(ρ, z),

ut2(ρ, z)=

{
ui2(ρ, z)+u2(ρ, z), 0<ρ<b −L≤z<∞,

u2(ρ, z), ρ>b −∞<z<∞,
(3)

where ui2(ρ, z) is the incident field that consists with

TE - mode for perfectly conducting infinite cylinder,

being define as ui2(ρ, z) = c̃imjJm(ηjρ/b)e
−γ̃jz with the

complex amplitude c̃imj ; ηj for j = 1, 2, 3, . . . denote the

zeros of function J ′
m(·), γ̃j = [(ηj/b)

2 − k2]1/2 (Re γ̃j >

0).

Next we take the Fourier transform of the Helmholtz

equation and use the radiation condition. Applying the

method established in our previous papers [1-5], we de-

rive the transformed wave equations as in

Fig.1 Geometry of the problem.

�

TUl(ρ, α) = 0, (4)

in ρ > b for |τ | < k2,

�

T
[
Φl(ρ, α)+eiαLΨ+

l (ρ, α)
]
=e−iαL

[
g̃l(ρ)−iαf̃l(ρ)

]
(5)

in 0 < ρ < b for τ < −k2, for l = 1 and 2, where
�

T =

�d2/dρ2+ρ−1d/dρ−(γ2+m2/ρ2)�; γ = (α2−k2)1/2 with

Re γ > 0. In (5), f̃l(ρ) and g̃l(ρ) are the unknown inho-

mogeneous terms defined by f̃l(ρ) = (2π)−1/2utl(ρ,−L),

g̃l(ρ) = (2π)−1/2∂utl(ρ, z)/∂z|z=−L.

The terms on the left-hand sides of (5) are the Fourier

transforms of the functions appearing in (3), and are

defined by

Ul(ρ, α)|ρ>b = (2π)−1/2

∫ +∞

−∞
ul(ρ, z)e

iαzdz,

Ul(ρ, α)|ρ<b = (2π)−1/2

∫ +∞

−L
ul(ρ, z)e

iαzdz

where α = Reα+ i Imα(≡ σ + iτ) and

U1(ρ, α) = Φ1(ρ, α) + eiαLΨ+
1 (ρ, α),

U2(ρ, α) = Φ2(ρ, α) + eiαLΨ+
2 (ρ, α)− U i

2(ρ, α), (6)

for 0 < ρ < b, where

Ψ+
1 (ρ, α) = U+

1 (ρ, α),

Ψ+
2 (ρ, α) = U+

2 (ρ, α) +Q+
2 (ρ, α), (7)

U+
l (ρ, α) =

1√
2π

∫ +∞

+L

ul(ρ, α)e
iα(z−L)dz,

Φl(ρ, α) =
1√
2π

∫ +L

−L
utl(ρ, α)e

iαzdz. (8)

Here U i
2(ρ, α) and Q+

2 (ρ, α) are known functions. In

(6)-(8), the subscripts ‘±’ imply that the functions are

regular in the half-planes τ>< ∓ k2; Φl(ρ, α) is an entire

function.

The unknown inhomogeneous terms are expanded as in

f̃1(ρ) = f10(ρ/b)
m +

∞∑
n=1

f1nIm(iξnρ/b),

g̃2(ρ) = g20(ρ/b)
m +

∞∑
n=1

g2nIm(iηnρ/b), (9)

f̃2(ρ) = −c1

(
ρ

b

)m
+

Z1

iωµ
g̃2(ρ),

g̃1(ρ) = −iωεc1

(
ρ

b

)m
+ iωεZ1f̃1(ρ). (10)

In (9)-(10), f1n and g2n for n = 0, 1, 2, 3, . . . and c1 are

the unknown coefficients; ξj for j = 1, 2, 3, . . . denote

the zeros of Bessel function Jm(·), Im(·) is the modified
Bessel function of the first kind. Next by following a

procedure similar to that developed in [2], we arrive at

the solution of (4) and (5) that leads to the scattered

field representation in the Fourier transform domain (6)

as follows

U1(ρ, α)=




iωεE+
1 (b, α)e

iαL Km(γρ)

γ2Km(γb)
for ρ > b,

iωεE+
1 (b, α)e

iαL Im(γρ)

γ2Im(γb)
+

+ikZ−1γ−2[c1−(Z1−Zk−1α)f10]e
−iαL( ρ

b

)m
+

+ikZ−1(Zk−1α− Z1)
∑∞

n=1
f1ne

−iαL

α2+γ2
n

Im(iξnρ/b) for 0< ρ < b.

(11a)
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U2(ρ, α)=




Ṽ +
2 (α) Km(γρ)

γ(α−k)K′
m(γb)

for ρ > b,

Ṽ +
2 (α) Im(γρ)

γ(α−k)I′m(γb)
+

+γ−2
[(
αZ1
ωµ

− 1
)
g20 − iαc1

]
e−iαL

(
ρ
b

)m
+

+
(
αZ1
ωµ

− 1
)∑∞

n=1
g2ne

−iαL

α2+γ̃2
n

Im(iηnρ/b)−
−U i

2(ρ, α) for 0< ρ < b.

(11b)

Here E+
1 (b, α) Ṽ

+
2 (α) are the unknown functions regu-

lar in the upper half-plane; { g2n } and { f1n } for n =

1, 2, 3, . . . are two sets of unknown coefficients which can

be expressed by means of the unknown functions in the

discrete points as follows

Ṽ +
1 (k)=− 1

2iZ
[c1 − (Z1 − Z)f10]e

−ikL,

Ṽ +
2 (k)=− m

2kb
[(ZZ1 − 1)g20 − ikc1]e

−ikL,

Ṽ +
1 (iγn)=

kb2

2Zξn
(Z1−iZk−1γn)(iγn−k)I ′m(iξn)e

γnLf1n,

Ṽ +
2 (iγ̃n)=

b

2

(
iγ̃n

Z1

ωµ
− 1

)
(iγ̃n − k)I ′′m(iηn)e

γ̃nLg2n,

where Ṽ +
1 (α) = iωε(α + k)−1E+

1 (b, α)e
iαL; γ̃n =

[(ηn/b)
2 −k2]1/2. Equations (11) hold in the strip |τ | <

k2 and is non standard because the terms with static

multiplier (ρ/b)m is involved. In order to ensure the

non dependence of the field components with respect to

the static terms is found, that g20 = iωµf10.

4 Exact solution of the boundary problem.

Using (11), we find the Fourier transform of the mag-

netic components hϕ(ρ = b± 0, z), hz(ρ = b± 0, z) and

derive, that

iωεE+
1 (b, α)

γ2bM1(α)
− m

ωµb2
αṼ +

2 (α)e−iαL

(α− k)M2(α)
−

− k

bZ
(Zk−1α− Z1)

∞∑
n=1

f1nξne
−2iαL

α2 − γ2
I ′m(iξn) +

+
mα

ωµb

(
α
Z1

ωµ
− 1

) ∞∑
n=1

g2ne
−2iαL

α2 − γ̃2
Im(iηn) +

+
Z1

iωµ

∞∑
n=1

g2ne
−2iαLIm(iηn) +

+
ãmj γ̃je

γ̃jL

ωµbη2
j

√
2π(α+ iγ̃j)

[
e−2γ̃jL − e−2iαL

]
= J−

2 (b, α), (12a)

Ṽ +
2 (α)eiαL(α+ k)

M2(α)

+
1

b

(
α
Z1

ωµ
− 1

) ∞∑
n=1

e−2iαLg2nη
2
n

α2 + γ̃2
n

Im(iηn) +

+
ãmjie

γ̃jL

√
2πb(α+ iγ̃j)

[
e−2γ̃jL − e−2iαL

]
= iωµbJ−

1 (b, α), (12b)

where ãmj = c̃imjη
2
jJm(ηj). In (12), M1(α) = Im(γb)

Km(γb),M2(α) = γ2I ′m(γb)K
′
m(γb) are the kernel func-

tions. Equations (12) are the desired coupled Wiener-

Hopf equations hold in the strip |τ | < k2. Next, we

apply the factorisation and decomposition procedure

for solution of the Wiener-Hopf equations (12). This

leads to the infinite linear algebraic system, that can

be solve for arbitrary geometrical parameters and fre-

quency with pre-specify accuracy. We also derive the

field representation and analyse the particular cases.

Field representation: (i) Mode field structure for the

cavity region 0 < ρ < b;−L < z < L. The field repre-

sentation for the cavity region is as follows:

ut1(ρ, z)=
iωε√
2π

∫ ∞

−∞

E+
1 (α)

γ2

Im(γρ)

Im(γb)
e−iα(z−L)dα+

+
iγε√
2π

(
ρ

b

)m∫ ∞

−∞

[c1−(Z1−Zk−1α)f10]

γ2
e−iα(z+L)dα+

+

∞∑
n=1

f1nIm(iξnρ/b)
iωε√
2π

∫ ∞

−∞

(Zk−1α−Z1)

α2+γ2
n

e−iα(z+L)dα,

(13a)

ut2(ρ, z) =
1√
2π

∫ ∞

−∞

Ṽ +
2 (α)e−iαLIm(γρ)

γ(α− k)I ′m(γb)
e−iα(z−L)dα+

+
1√
2π

(
ρ

b

)m ∫ ∞

−∞

(
αZ1
ωµ

− 1
)
g20 − iαc1

γ2
e−iα(z+L)dα+

+

∞∑
n=1

g2nIm(iηnρ/b)
1√
2π

∫ ∞

−∞

(
αZ1
ωµ

− 1
)

α2 + γ̃2
n

e−iα(z+L)dα.

(13b)

Since the region inside the cavity is identified by 0 <

ρ < b and |z| < L, the first integrals involved in (13a)

and (13b) can be evaluated by deforming the contours

into the upper half-plane. It is found that the singu-

larities for these integrals in such a process of defor-

mation are only simple poles at α = k, and α = iγn

with n = 1, 2, 3, . . . for (13a) and, α = k, α = iγ̃n with

n = 1, 2, 3, . . . for (13b). The second and third integrals
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involved in (13a) and (13b) can be evaluated by deform-

ing the contours into lower half-plane. It can be shown

that two second integrals in this process of deformation

clearly have simple poles at α = −k. The third integral

in (13a) and (13b) has only simple poles at α = −iγn,

and α = −iγ̃n respectively. Thus, the evaluation of the

integrals leads to the following scattered field represen-

tation:

ut1(ρ, z) = u01(ρ, z) +

+

∞∑
n=1

{
S

(1)
1n e

γn(z−L) + S
(2)
1n e

−γn(z+L)
}
Jm(ξnρ/b),

(14a)

ut2(ρ, z) = u02(ρ, z) +

+

∞∑
n=1

{
S

(1)
2n e

γ̃n(z−L) + S
(2)
2n e

−γ̃n(z+L)
}
Jm(ηnρ/b),

(14b)

Here the terms u01(ρ, z), u02(ρ, z) correspond to the

residues of the integrands (6.1) in the simple poles at

α = k and α = −k, and we arrival at

u01(ρ, z) =−ωεk−1
√

π/2(ρ/b)meikL ×

×
{
E+

1 (k)e
−ikz + [c1 − (Z1 + Z)f10]e

ikz
}
,

(15a)

u02(ρ, z) =
√

π/2(ρ/b)meikL ×

×
{
−iE+

1 (k)e
−ikz+[ikc1−(1+Z−1Z1)g20]k

−1eikz
}
,

(15b)

The terms S
(1)
1n e

γn(z−L)Jm(ξnρ/b), S
(2)
1n e

−γn(z+L)Jm

(ξnρ/b) correspond to the residues of the integrands

(13a) in the poles at α = iγn and α = −iγn, and

S
(1)
2n e

γ̃n(z−L)Jm(ηnρ/b), S
(2)
2n e

−γ̃n(z+L)Jm(ηnρ/b) corre-

spond to the residues of integrands (13b) in the poles at

α = iγ̃n and α = −iγ̃n respectively. These terms may

be expressed as follows

S
(1)
1n = − i

√
2πωεE+

1 (iγn)

ξnγnJ ′
m(ξn)

,

S
(2)
1n =

√
2πωεeimπ/2f1n[γ

−1
n Z1 + ik−1Z],

(16a)

S
(1)
2n = −

√
2πV +

2 (iγ̃n)

bγ̃n(iγ̃n − k)J ′′
m(ηn)

,

S
(2)
2n = −

√
π/2eimπ/2

bγ̃n
g2n

(
1 + iγ̃n

Z1

ωµ

)
.

(16b)

Next we express f1n and g2n through the E+
1 (iγn) and

V +
2 (iγ̃n), respectively and derive the field components

representations. It can be shown that the terms (15a)

and (15b) do not make any contribution in the field

components expressions because are reduced.

(ii) Far field pattern. The scattered field for ρ > b is

found to be

u1(ρ, z) =
iωε√
2π

∫ ∞

−∞

E+
1 (α)Km(γρ)

γ2Km(γb)
e−iα(z−L)dα,

u2(ρ, z) =
1√
2π

∫ ∞

−∞

Ṽ +
2 (α)e−iαLKm(γρ)

γ(α− k)K′
m(γb)

e−iα(z−L)dα.

(17)

Far field can be evaluated in the usual way by deforming

the contour onto its stationary phase path. We used the

polar coordinate z = R cos θ, ρ = R sin θ for 0 < θ < π

to derive the far field asymptotic expression. Omitting

the all details of this lengthy but straightforward calcu-

lation, the final result is as follows

ez = − sin(mϕ+ ϕ0)S1(θ)
eikR

R
,

eρ = sin(mϕ+ ϕ0)S1(θ)
cos θ

sin θ

eikR

R
,

hϕ = sin(mϕ+ ϕ0)
S1(θ)

Z sin θ

eikR

R
; (18)

hz = cos(mϕ+ ϕ0)S2(θ)
sin θ

kZ

eikR

R
,

hρ = cos(mϕ+ ϕ0)
S2(θ) cos θ

kZ sin θ

eikR

R
,

eϕ = cos(mϕ+ ϕ0)k
−1S2(θ)

eikR

R

for ρ > b as |kρ| → ∞, were S1(θ) and S2(θ) can be

expressed as

S1(θ) =
(π/2)1/2e−ik cos θE+

1 (−k cos θ)

Km(−kb sin θ)
,

S2(θ) =
(π/2)1/2Ṽ +

2 (−k cos θ)

(1 + cos θ)K′
m(−kb sin θ)

. (19)

Conclusions. An exact solution of the new problem for

electromagnetic wave radiation from an open end of a

circular waveguide cavity is presented here. The key

result of this paper is the correct analytical represen-

tation of the unknown scalar potentials in the Fourier

transform domain (11) which shows the TM and TE

waves’ interaction at the open end and takes into ac-

count the impedance boundary conditions at the termi-

nation. This leads to the coupled Wiener-Hopf equa-

tions (12). Finally, the problem is reduced to the infi-

― 31―



nite system of linear algebraic equations due to the fac-

torisation and decomposition procedure. The method

provides a straightforward formulation of the solution

and is valid for arbitrary geometrical and frequency pa-

rameters. The modes field representation for the cavity

region and far field pattern using the saddle point tech-

nique for integration is also obtained. This results (the

cavity is exited by the dominant TE mode) together

with our previous results of the opposite case (the cavity

is exited by the dominant TMmode) allow to receive the

elements of the generalized scattering matrix (S-matrix)

and apply the results for study of electromagnetic wave

radiation from more complicated cavities.
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